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Algebro-Geometric Isomonodromic Deformations Linking
Hauptmoduls: Variation of the Mirror Map

Charles F. Doran

ABSTRACT. We introduce a class of parameter-dependent g-series arising from
the moduli of certain pencils of elliptic curves and rank 19 lattice polarized
K3 surfaces. These series serve to “link” the various Hauptmoduls which
arise as modular mirror maps (as characterized in [Dor2, Dor3]), and can in
principle be computed from the functional invariants of the pencils. Each cor-
responds to an algebraic solution to an isomonodromic deformation equation
which parametrizes the Hurwitz space for those invariants. The discussion is
made more concrete in the context of the Painlevé VI equation.

The author’s talk at the workshop, based on a portion of his Harvard thesis
[Dor1], gave an algebro-geometric characterization of when the mirror map of cer-
tain pencils of elliptic curves or K3 surfaces is a Hauptmodul. This work [Dor2],
and a significant generalization of it to multiparamter K3 surface families and pen-
cils of Calabi-Yau threefolds [Dor3], has since appeared in print.

The goal of the present paper is to provide motivation, coming from study of
the variation of the mirror map in families, for another story: Algebro-geometric
deformations of ordinary differential equations “linking” the uniformizing differen-
tial equations for various Hauptmoduls. The deformation theory used is the theory
of isomonodromic (monodromy-preserving) deformation of Fuchsian ordinary dif-
ferential equations on the one hand and the theory of Hurwitz spaces parametrizing
covers of curves with specified ramification on the other.

As a mathematically comprehensive exposition unmotivated by mirror map
considerations will appear elsewhere [Dord], here we shall show how these results
naturally emerge from the study of mirror maps for certain families of pencils of
elliptic curves and K3 surfaces.

REMARK. As one might expect, much use is made of notions already introduced
in [Dor2]. For the convenience of the reader, we will frequently make specific
citations to that paper.
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