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Algebraic K-theory of toric hypersurfaces

CHARLES F. DORAN AND MATT KERR

We construct classes in the motivic cohomology of certain 1-para-
meter families of Calabi—Yau hypersurfaces in toric Fano n-folds,
with applications to local mirror symmetry (growth of genus 0
instanton numbers) and inhomogeneous Picard—Fuchs equations.
In the case where the family is classically modular the classes are
related to Beilinson’s Eisenstein symbol; the Abel-Jacobi map (or
rational regulator) is computed in this paper for both kinds of
cycles. For the “modular toric” families where the cycles essentially
coincide, we obtain a motivic (and computationally effective) expla-
nation of a phenomenon observed by Villegas, Stienstra, and Bertin.
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Writing in 1997 on vanishing of constant terms in powers of Laurent poly-

nomials!
¢ € CIT"] = (C[a:l,xfl, T,

Duistermaat and van der Kallen [36] proved the following

Completion Theorem. Given ¢ € C[T"] such that the interior of its
Newton polytope contains the origin, there exists a good compactification
X DT, i.e., the complement X\T" is a normal crossings divisor (NCD)

in X, together with

(a) a holomorphic map X — P! extending ¢, and

(b) a holomorphic form Q € Q*(X\¢ (o)) extending \" dlogz.
—_———

= X_

For a simple example, take n = 2 and

2 2

+1 1 i}

¢:||<ZE¢—M +), we C
i=1 K Li

Here T = G,,.



Algebraic K-theory of toric hypersurfaces 401

- s 1 B 1
1 1 2
. " -B B B
m n
? i ! -1
i
two level sets of ¢ Newton(0)

(with coefficients)

Figure 1: An elliptic pencil.

In the “initial compactification” P! x P*(D C* x C*), the level sets 1 — t¢ =
0 (see figure 1, where 3 := @) complete to a pencil of elliptic curves, with
generic member smooth. For ¢ to extend to a well-defined function we must
blow P! x P! up at the eight points (marked in the figure) in the base locus;
this yields £ 7" P} as in the Completion Theorem.

What that result does not address at all is the periods of €). Since the
Haar form 4+ A\"dlogz = 528 A ... A 5922 has only rational periods,

(2mi)m 2mizy 2miz,,
one might ask under what circumstances this remains true for €.

Question 1 (Nori). Write Hg(—) := Hom,,,.(Q(0), —); we have A"
dlogz € Hg(H"(T",Q(n)). Is © € Hg(H"(X_,Q(n)))?

In the above example, the easiest way to compute periods of ) against
topological two-cycles on £_ is to do a bit of homological algebra. Writing
Ey = ¢ 1(00), E([)O] = ENO = I1*P!, E([)l] = sing(Fy), we instead can pair two-
cocycles in the double-complex of currents

_4 Gysin 1, .e—9 Gysin

D —— —— F?D2
EMN (2ri) EX (2mi) 2
(deg. 0)
against two-cycles in
intersect intersect

cior(Bl; Q) 2% cior (B Q) 0 Clor(£;Q) 4

(where “#” means chains and their boundaries properly intersect relevant
substrata). If L; = {(z,y) = (1,0)} and Ly = {(z,y) = (%,0)} are the
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sections of £ and I" = {path from (y,0) to (i, 0) on ENO}, then we can pair

<({1a _17 1a _1}7 {dw, *@a *djv dy} 7Q) )
x Yy r y

({0,0,0,0},{I",0,0,0}, L; — L2)>

d
:/ Q+27ri/x:—47rilog,u.
Lyi—Ls re

So the answer is yes precisely when £ has no nontorsion section, or equiva-
lently when

1 is a root of unity.

This points the way toward some sort of arithmetic restriction on ¢. (Indeed,
the condition on u, not that on the sections, is the one which generalizes.)

Now assume K C Q is a number field, and take ¢ € K[T"]. If the cel-
ebrated Hodge and Bloch—Beilinson conjectures are assumed to hold, an
equivalent problem is

Question 2. Does the “toric symbol” {x1,...,x,} € H}(T",Q(n)), or
some other symbol with fundamental class [\" dlogz] € H"(T",Q(n)),
extend to E € H(X_,Q(n))?

So, in light of the isomorphisms
HJy(T", Q(n)) = K¥(T")g) = CH"(T"n) ),

the question about periods of the “extended Haar form” is replaced by a
question about algebraic K-theory. If one does not assume the conjectures
then of course this is a stronger criterion than that in Nori’s question; but in
fact there are very concrete sufficient conditions for an affirmative answer.
To state these conditions we first fix the specific compactifications we
will use (for n <4). The Newton polytope A := Newton(¢) is the convex
hull in R™ of the exponent vectors of all nonzero monomials appearing in ¢.
Assume this (hence ¢) is reflezive, i.e., its polar polytope A° C R™ has only
integral vertices; and demand that 1 — t¢(x) be A-regular for general ¢. This
last is a mild genericity condition (cf. [3] or Section 2.5 below). (We actually
make a weaker, but more technical, assumption in Theorem 3.1 for n < 3.)
Associated to the fan on A° is a (compact) toric Fano n-fold Po D T™ where
the components of the “divisor at co” I = PA\T" correspond to the facets
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of A. This is usually too singular, and we replace it by Px,2 the toric variety
associated to the fan on a maximal projective triangulation of A°. (In the
example, P! x P! =P =P &) Taking Zariski closure of the level sets

1 —to(z) =0

then leads to a one-parameter family of X of anticanonical hypersurfaces
X, C P, ie., Calabi-Yau (n — 1)-folds. (Again, as in the example, X is
nothing but Pz blown up along [successive proper transforms of] the com-
ponents of the base locus. Our actual definition of X in Sections 3 and 4 is
slightly different from that used here; note that X replaces X in Questions 1
and 2.) If we define 7 := é C X — P}, two more properties all these families
have in common is:

e the local system R 1%,Q has maximal unipotent monodromy about
t = 0 (for n = 4 an extra assumption is needed for this; cf. Remark 4.1)

e the relative dualizing sheaf wzj, := K3 ® 7104, has
degws;s =1 (cf. Section 10.3).

We write £ C P! for the discriminant locus of 7, and D := DN X; for the
base locus of the family.

Also writing in 1997, Rodriguez-Villegas [69] introduced the arithmetic
condition on ¢ for n = 2, that forces the toric symbol & := {z1, 22} in Ques-
tion 2 to extend. Namely, by decorating the integral points in A with the
corresponding coefficients (in some field K C C) of monomials in ¢, the coef-
ficients along each edge of A yield a one-variable polynomial. If these “edge
polynomials” are cyclotomic, then all Tame symbols of £ are torsion and
Villegas says ¢ is tempered. In Section 3 of this paper, Villegas’s definition is
extended to n < 4 in order to prove Theorem 3.1, which is a stronger version
of the following

Theorem 0.1. Let ¢ € K[T"| (n <4, K a number field) be reflexive, tem-
pered, and regular. (For n =4 assume also that K s totally real and that
the components of the one-skeleton of D are rational /K.) Then Question 2
(and therefore Question 1) has a positive answer.

For example, for n = 3, given a reflexive A C R? with only triangular
facets, ¢ :={characteristic Laurent polynomial of the vertex set of A} will

2D will denote the new divisor at infinity (not a desingularization).
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satisfy the Theorem. Conversely, we show (cf. Proposition 4.2) that the toric
symbol cannot extend if the coefficients of ¢ do not belong to a number field
(up to a common constant factor).

The upshot is that we get in each case a family Z; := E[ 3 € CH™(X;,n)
of Milnor K (resp. K3, K4) classes on elliptic curves (resp. K3 surfaces, CY
three-folds). In Section 4 we show that these classes are always nontorsion
by evaluating their image under the Abel-Jacobi map (or “rational regula-
tor map”)

AT HY(R,Q(n) — Hp(X, Q(n)

CH”(X},TL) H”*l()?t,(C/Q(n))

against a family of topological cycles ¢; vanishing at ¢ = 0. This yields the
formula (Theorem 4.5)
(0.1)

U(t) = (Br, AJ(Ep)) = (2n0)" !  log(t) + )

m>1

[¢Z]Otm mod Q(n)

(where [-]p takes the constant term). The treatment of Theorem 0.1 and for-
mula (0.1) (and other material) becomes rather technical in places, partly
from the desire to prove results in sufficient generality to accommodate spe-
cific key examples. We have included in Sections 1 and 2 a guide to the
regulator formulas and aspects of toric geometry that we use.

A fundamental goal of writing this paper has been to broaden the rel-
evancy of (generalized) algebraic cycles and (generalized) normal functions
beyond their traditional context of Hodge theory and motives. In particular,
we want to persuade the reader that higher cycles are not just to be sought
out in the context of the Beilinson conjectures, but instead also are behind
things like solutions of inhomogeneous Picard-Fuchs (IPF) equations — even
ones arising in string theory. Already in the context of open mirror symme-
try in [61], the domainwall tension for D-branes wrapped on the quintic
mirror has been interpreted as the Poincaré normal function associated to
a family of algebraic one-cycles. This yields not only the solution of an IPF
equation, but also data on “counting holomorphic disks” on the real quintic
C P*. The higher cycles we consider in this paper are instead related to the
local mirror symmetry setting, and their associated “regulator periods” W(t)
furnish the mirror map in that context. Hence for n = 2, assuming a conjec-
tural “central charge formula” of Hosono [45], we obtain information on the
asymptotics of instanton numbers {nq} for Kp,,. This story is worked out
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in Section 5, with explicit computations connecting the exponential growth
rate of the {ng} to limits of AJ mappings in Section 6.

The “higher normal functions” V(¢) obtained from our generalized
cycles, on the other hand, provide solutions to certain IPF equations (cf.
Section 4.3). While we do not know if these play any distinguished role in
local mirror symmetry, they do play a central part in the Apéry—Beukers
irrationality proofs of ((2) and ¢(3), and provide a missing link for complet-
ing the “algebro-geometrization” of these proofs begun by Beukers, Peters,
and Stienstra [15,16,67,68]. We will try to convey this link below, but for a
complete discussion/proof the reader is referred to [48].

Another number-theoretic phenomenon on which our construction sheds
light is the “modularity” of the logarithmic Mahler measure

1 1 1 A
. — ) = —— 1 - dlogx.
02 mi =gy o [ ol -l Adosa

Specifically, several authors [9,59,69,77] have noted computationally that
(for n = 2, 3) pullbacks of (0.2) by the inverse of the mirror map frequently
yield Eisenstein—Kronecker—Lerch series. In Corollary 4.4, ¥(t) is related to
(0.2), and in Section 10 we use AJ computations (done in Sections 7-9)
for Beilinson’s Eisenstein symbol to prove a general result on pullbacks of
¥ by automorphic functions (Theorem 10.1). This completely explains the
observations on Mahler measures.

One more noteworthy application of Theorem 0.1 is to the splitting of
the MHS on the cohomology H ”_1(5(0) of the “large complex structure”
singular fiber. In fact, whenever Question 1 has a positive answer, taking
Poincaré residue of Q € Hom,,,,.(Q(0), H"(X_,Q(n))) yields

Res(f2) € Hom,,,,. (Q(0), Hn_1(X0; Q))
hence (dually) a morphism
(0.3) H"1(X0,Q(5)) — Q)
of MHS for any j. Now the cycle = produced by the Theorem obviously does
not extend through Xo. Given a second cycle 3 € CHY( X\ Ui X¢,,27 —n)

(all t; € £\{0}) which does extend, together with a family w € I'(P! W1 )
of holomorphic forms, one has the associated (multivalued) normal function

v(t) = (AJ(3lx,), w(t)
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over PI\L. If 2j = n one must also assume that [1%, 3] =0¢€ H%(Xy). If
we normalize w so that w(O) im{w(0)} € H,_1(Xo,C) is just [Res(Q)],
e.g., one could just take w = Vs, [AJ¢ (Z¢)], then the splitting (0.3) gives
“meaning” to

(0.4) hm v(t) € C/Q(j),

that is, nontriviality of (0.4) implies nontriviality of AJ(3|z,) as a section
of the sheaf of generalized Jacobians J72/="(X;). This “splitting principle”
will be elaborated upon in a future work.

In the remainder of this Introduction, we want to convey some of the
main ideas behind these applications (including the ones not done in this
paper) through three key examples

(z —1)*(y —1)°

(0.5) ¢ = ” , n=2,
(0.6) o= @D -DE-Die-D-1)-zyz] 5
TYZ
(0.7) po Ay bl
TYZW

all of which satisfy the strengthened version (Theorem 3.1) of Theorem 0.1.
Begin by considering the sequence

—4, -4, -12,-48, —240, —1356, —8428, —56000, —392040, —2859120, . ..

of genus zero local instanton numbers {ng}q>1 for Kp:xp: [21]. The related
Gromov—Witten invariants { Ng} count (roughly speaking) the contribution
to the “number of rational curves of degree d” on a CY three-fold made
by an embedded P! x P! (when there is one). They have, according to [59],
exponential growth rate

(0.8) lim |2et Nd+1 — e @
’ d—oo | Ng d—>oo ’
where G :=1— 3% + 5% — % + ... is Catalan’s constant. The exponent of

(0.8) also appears as a special value of a hypergeometric integral in a formula
(0.9)

2 1
8 (*™) . i 11 dt

n>1
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essentially due to Ramanujan. The surprising fact is that a family of higher
cycles, in K2'® of a family of elliptic curves, is behind (0.8) and (0.9). In
order to illustrate how this works, we shall first offer a brief review of the
relevant AJ maps.

To begin with, recall Griffiths’s AJ map [42] for one-cycles homologous
to zero on a smooth projective three-fold X/C. Writing

Z = quC’L € Zﬁom(X)a 0= Pl\{1}>
we want to know whether Z is rationally equivalent to zero:

rat PN IW € Z?(X x O) (properly intersecting X x {0, 00})
with W - (X x {0}) =W - (X x {o0}) = Z.

Here ¢; € Q, and except where otherwise indicated all cycle groups and inter-
mediate Jacobians in this paper are taken ®Q. Also note that ZP(X) denotes
complex codimension p algebraic cycles, while Zf, (X) (resp. Cf, (X))
means real codimension p (piecewise) smooth topological cycles (resp.

chains). The map?

i _ H3(X,C) . FPH(X,C)}Y
Zhon(X) == JX) = T, ©) + B(X, Q@) © m{Hs(X,002)]
test forms

o AT

(F?A%) Jd[D(F2A%)]}Y
{ I ixaen O}

d-closed

induced by

zr— mif [ ()
0~z
where 9717 € C3°°(X;Q) is any (piecewise smooth) three-chain bounding

on Z, descends modulo 2 4o yield
AJ: CHE, L (X) — JX(X).

This is the type of AJ-map which yields the normal functions considered
in [61], and detects classes in Ko(X)? = CH?(X).

3AK = @)y q=r AR? denotes C> k-forms on X.
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Now suppose we have an elliptic curve
E C Pa = toric Fano surface,
and would like to detect classes in

Ky(E) = Ko(Ex C xC) = CH*Ex*FExd1?) ,
~—
*de-loop” nodal X

affine
curve

where the right-hand term is a relative Chow group and
0% := ({0,00} x O) U (O x {0,00}) C 02

The “relative cycles” Z = 3" ¢;C; € Z?(X) are just those whose component
curves C; properly intersect? E x 900% and satisfy Z - (E x 000%) = 0, and
relative rational equivalences are defined similarly, i.e., W € Z2(E x [0?)
must intersect £ x 12 properly and have W - (E x 900% x [J) = 0. Writing

I? := ({1} x C*) U (C* x {1}) € (C*)?,
XV :=(E x (C"? E xI?
for the “Lefschetz dual” variety, the test forms live on XV; and

H3(X,C) _AF?H3(XV,C)}V

P = FE, O + X)X, Q@))

HY(E,C)®dl dl v
= R AE G o STasT = Hom (' (£.Q), €/Q(2).

To produce a map
AJ: CH*(X) — J*(X),

Q(0), i=1

_ which implies that
0 otherwise

one first notes that H*(O,000) = {

Hg*(H'(X)) = Hg*(H*(E) ® Q(0)**) = {0} .

4All coskeleta of i.e., components of E x 00?, and intersections of these compo-
nents.
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Figure 2: Newton polytope for (0.5).

Iy I, ; %IT
1/16
=0 o0 1

P,
Figure 3: Singular fibers for (0.11).

Thus CH?*(X) = CH?

hom

(X). Hence for any Z € Z%(X), we essentially® have

Z=0I in CYP(Ex (C*)?% ExT?).

We can then consider on test forms in T', ., (AL)
d d
(0.10) AJx(Z) == /(-) AN 2 e 2,
r 21 22

which we now turn to computing in one example.
The Laurent polynomial (0.5) has Newton polytope as shown in figure 2,
which corresponds to Pa = P! x P!, A projective description of the fibers of

X — P} is then
(0.11) By = {XYZW = t(X — W)*(Y = W)?} C Py x P,
and after a minimal desingularization at ¢t = oo, 7 has singular fibers as in

figure 3. Now consider the pair of meromorphic functions

X Y
zi=g YiE g € C(Ey)*

®For a more precise statement see [50, Section 5.8] and references cited therein.
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Figure 4: Marked 4-torsion in (0.11).
arising from the toric coordinates; their divisors
(z) = 2[b] — 2[d], (y) = 2[a] —2[¢]

are supported on marked four-torsion points (see figure 4), and in fact X" is
nothing but the modular family over X1(4). Most importantly, we have the
following pair of (chains of) implications

use
r=00rco = XoaW=0 = Y=72 = y=1,
(0.11)
y=0oroco — -+ = z=1

Recalling that 1 ¢ O, if we consider the “graph” (in the sense of calculus,
not combinatorics!) of the symbol {z,y}

Zy = {(e,z(e),y(e)) | e € By} € Z2(E x O, x O,,),
then Z; - (E x 000%) =0
—— Zt S CHz(X)7

i.e., Z; is a relative cycle. Interestingly, this example appears in [22] as the
degeneration of a Ceresa cycle on the Jacobian of a nonhyperelliptic genus
3 curve, as that curve acquires two successive nodes.

To construct an explicit three-chain I'; bounding on Z;, we use a proce-
dure similar to that in [13] which was generalized in [47,50]. First look at
the picture of Z; C F; x [ x [ in figure 5. For a first approximation of T,
“squash” Z; to {1} in the zj-coordinate and write down the membrane

(0.12) {(e, La(e), y(e)) |e € E}

which it traces out. Here we recall that for purposes of bounding Z;, E; x I?
is a sort of “topological trashcan”. The path 1.z(e) C P'\T}, can be chosen

5We use the notation Y (4) for this in Sections 7-10.
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Figure 5: Higher Chow cycle on (0.11).

continuously in e € E\T,, where T, := {e € E;|z(e) € RSO U {oo}} is the
cut in the branch of log(x). Along T, we have a problem, namely that
(0.12) has {(e, SL,y(e)) | e € T} as an additional (and unwanted) boundary
component. So we squash this component to {1} in the z9-coordinate and
continue on, obtaining at last

0= {(e.La(e)ye)} _ +{(.sL 1y ]
+{(e, S;I ) S;Q)}eea—l(TmTy)-

ecT,

Thus (0.10) becomes

/ wg A dlogz) A dlog zo

t

—/wE/\logacdlogy—Qﬂi/ wElogy—47r2/ wE
E T, =1 (T.NT,)

log x dlogy — 2milog yor,
B =: R{x,y} € DY (E})

- 47T2561(Tmey)> (WE),

where D! denotes one-currents; in fact, there is nothing preventing us from
taking [Poincaré duals of] topological one-cycles 7 as our test forms, and so

CH2(E,,2) = CH*(X;) 22 Hom(H,(E;, Q), C/Q(2))
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is induced (on our cycle) by

(0.13) Z {7 = [yR{x,y}}.

Explicit computation on a particular choice of 7; (using not much more than
residue theory; see Section 4.1) yields (0.1), which in this case is

(0.14) wit)= [ R{z,y} L 2mid logt + > (mm)tm

Nontriviality of the family of cycles then follows from nonconstancy of the

“regulator period” W. Both (0.8) and (0.9) are obtained by computing its

value \11(1—16) at the “conifold point,” by pulling back the current R{z,y}

along a desingularization of the nodal rational curve E.. (See the “Ds”
16

computation in Section 6.3.) In particular, the relation to the asymptotics

of the {N4} (cf. (0.8)) comes from the conjectural mirror theorem”
1 Y(t)
dP*NyQ? =
02 Z d 3
(271)* o (Fi(3, 35 1541))
in which
1

(0.15) the r.h.s. blows up at 6 and

W(t
(0.16) the mirror map Q(t) = exp {2()} .

i

Equation (0.16) is based on an analysis (Section 5.1) of periods on the (open
CY three-fold) mirror manifold of Kp:.p1, which generalizes nicely to higher
dimensions (for periods on certain open CY four- and five-folds).

As suggested above, the family of cycles {Z; € CH?*(Xy,2)} can be
canonically constructed on the universal family £;(4) — Y1(4) = T1(4\H
of elliptic curves with a marked four-torsion point. (Similar constructions
are possible in any level > 3 and even in higher dimension, by working on
Kuga varieties, or fiber products of such universal families; this construc-
tion is recalled in Section 7.) Using fiberwise double Fourier series for cur-
rents on &1 (4), we obtain a very different expression for the regulator period

"The Ny here is actually ]\éf“ﬂ”’1> in Section 5.3.
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(p,AJ(Z)) as a function of T € 9,

- 2 2
B(r) L omi 27—42% S o) | ¢

p,>1 rlp

where gg = e’1 7. (See Theorem 9.1 and formulas (9.11), (9.16) for the gen-
eral result.) This must coincide with (0.14) in the sense that

B(r(t)) L
where 7(t) = 5= logt +tC[[t]] is the period map. The rich interactions
between the genus 0 case of the modular/Kuga construction and the toric
construction, including a complete classification of the elliptic curve families
where the constructions coincide, are explained in Section 10.

Before turning to our next example Laurent polynomial (0.6), we give a
brief outline of how the A.J-formulas (0.10), (0.13) for CH?(FE, 2) generalize
to the setting

W(t),

AT CHP(X,n) —  Hy!7"(X,Q(p)).

absolute Hodge cohomology

(This will be expanded upon in Section 1; references are [50, Section 5]
and [49, Section 8|.) Here X is smooth (quasi-projective) and the higher
Chow groups satisfy

HY"(X.Q@p) = CHM(X.n)  =GPEK.(X)o,
I

CHP(X x O™ X x o00")

motivic cohomology

where 000" := {z € 0" |some z; = 0 or oo} C J". When X is singular these
isomorphisms fail, but one still has

ATR™ : HE (X, Q(p) — HiY (X, Q(p))

which is treated using hyper-resolutions in [49, Section §].
Recall that the higher Chow groups were defined [14] as the homology
of the complex

“admissible” cycles in X x [J®: components
properly intersect all coskeleta of X x 9[1®

sy

{“degenerate” cycles}
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with differential dz taking the alternating sum of the restrictions to “facets”
of X x 000°. The KLM formula for AJP™ on X smooth projective (and some
quasi-projective cases) is given simply as a map of complexes

(0.17) ZB(X,—e) — CZT*(X,Q(p))
= Ol " (X: Q) ® FPD(X) @ D71 (X),

where ZE(X,—e) C ZP(X,—e) is a quasi-isomorphic subcomplex. The
proper intersection condition is extended to include certain real semi-
algebraic subsets of X x [J® in order to make the formulas (0.18-20) well-
defined (e.g., the intersections of T7.’s). The (cone) differential on the r.h.
complex in (0.17) sends (a,b,c)+— (—0a,—d[b],d[c] —b+d,). (0.17) is
defined on an irreducible R-admissible cycle Z C X x " by

(0.18) Z — 2m)P" " ((2m1)"T2,Qz,Rz) .
Here T is a C*° chain, while € and Rz are currents. Writing

o [ desingularization
of |Z]

J/WX

X

)

T, = QT = Q {zi € R="U{oo})} € CF,(OM)

N d dzy
Q, = /\dlogzi e NP N F"p™(O")
(0.19) “1 n
R, = R{z1,...,2,} = Z(iQwi)%l log(z;) Tl A
P Zi+1
dzy n—1/—n
A - . 5Tzlﬂ~~ﬂTzi,1 eD (D ),

the KLM (normal) currents are defined by

(0.20) Ty =nx{Z (X xT,)}, {%j} = mxL O {%‘} .
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Suppose we are given a higher Chow cycle, i.e., a dz-closed precycle (= admis-
sible cycle) Z € Z{(X,n). Then

d[Rz) = Qz — (2mi)"6r,,

or just —(271)"dp, if dim X < por p < n. So for asymbol {f} = {f1,..., fn} €
Z™(U,n) (where f; € O*(U) and U is smooth quasi-projective of dim < n),
Rigy = R{f1,..., fu} (as in (0.19)) satisfies

(0.21) d[Rigy] = —(2m1)" 1), 01y, =1 —(271)" 07,
In Theorem 0.1, Z; € Z™(Xy,n) is dp-closed and dim(X;) = n — 1; hence

RL, := Rz, + (27i)"0p-17, € D" H(Xy)
is d-closed and defines a lift of AJ(Z;) € H" 1(X;,C/Q(n)) to H* 1(X;, C).
This lift is multivalued if £ is allowed to vary. We are interested in the higher
normal function

(0.22) V(t) = ([Rg,], [wi])

associated to = and a section w € T'(P!, wey,) of the dualizing sheaf. If Digp.
is the Picard—Fuchs operator associated to w (which kills its periods over
topological cycles), then nonvanishing of

DppV (t) =: g=u(t) € Cc(Ph

implies generic nontriviality of AJ(Z;). This gives a connection to IPF equa-
tions, explained in Section 4.3. One way to evaluate (0.22) is to observe that
the restriction of Z; to X; := X; N'T" is = (
toric symbol {z1,... ,:L“n}|)~(t*, and so

by a dg-coboundary) to the

[RL, 5] = [R{71l g, -y @alge )+ (20)"00,] € H'(%;,C)

for some Ty € C*°?, (X;, D; Q). When we can arrange for T; to vanish (which
is true in the calculation below), a careful analytic argument with KLM
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currents demonstrates that
(0.23) V() :/~ Rizilg,, . . anlg,} At

What originally got us thinking about higher normal functions was the fol-
lowing integral from a paper [15] of Beukers:

(0.24) o
dX dY dZ
R(A):/O /0 /0 1-(1-XY)Z - \XYZ(1-X)1-Y)1-2)

with R(0) = 2¢(3). This is the unique linear combination of the generating
series of the two sequences {a, }, {bn} used by Apéry to prove irrationality
of ¢(3), with larger radius of convergence than those series. (This leads to
Beukers’s simpler, geometrically motivated proof.) Substituting X = —*3,
Y =L Z=_%- (0.24) becomes

y—1 =1
dlogz N dlogy A dlog z
yhlz TYz
3
dlog x;
_ Aiogx = /(2771)3(2»\,
T A —d(x) T

where ¢ is as in (0.6) and (writing t = A™1) @y € Q3 (Pj) <logXt> (A is
shown in figure 6). Differentiating @) as a current on Py,

(0.26) d[d))\] = 27Ti(L)~(t)*ReSXt((2),\) = (Lf(t)*(,U)\

Figure 6: Newton polytope for (0.6).
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defines our section {wy € I'(K'g ) }tepr of the dualizing sheaf. Using (0.26)
and the generalization

3
d[Rzy] = Z{terms supported on D} + /\dlogg — (2mi)36p

of (0.21) to Pz, (0.25) becomes

/Ipn (27Ti)35T AWy = / d[R{g}] A @y

Px

J by
Rigy Neg,oox = | Riaye, Awa,
parts Px X ¢

which is (0.23).% In fact, R()\)’s interpretation as a higher normal function
associated to a family of K3(K3)-classes extending through singular fibers,
other than A = oo/t = 0, leads (almost) automatically to the “larger radius
of convergence” mentioned above, as well as to its satisfaction of an IPF
equation (which then produces a recursion on the {b,,}).

One knows from [67] that the family of K3 surfaces X associated to (0.6)
is the canonical family of Kummer surfaces over I'g(6) T\ $*. From the toric
(Section 4.2) and modular (Section 9.3) computations of the “fundamental
regulator period” one gets two rather different expressions

(1) = (2ni)? logt+Z Z( ) <m+k>

m>1

U(7) = —12(27i)’r q) = 2¢4(¢%) + 3vu(q”) — 42¢a(¢%) }

(where ¢ := 27 and Ya(q) = X >t %{Zﬂ 4 72}) which must coincide

modulo Q(3) under the “period map” 7(t) = f”’l “* (see Section 10.3).

In general when a toric-hypersurface pencil arising from Theorem 0.1 is
modular (in a sense to be made precise in Section 10.3), the limit MHS at
t = 0 is trivialized by taking q := exp(27r1 (t)) (for some N € Z) as the local
parameter (or more generally ¢y with lim;_, % a root of unity). An exam-
ple of a nonmodular case — with nontrivial LMHS (see Section 10.6) — is

80f course, much of the above needs more thorough justification, as R{x} is not
technically a current on P4, and this will be done in [48].
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the mirror quintic family obtained from ¢ =z +y+ 2+ w + xylzw. It fol-
lows that the Fermat quintic family X obtained from (0.7) (of which the
mirror quintic is essentially a quotient) also has extensions in H_(Xo) not
trivializable by change of parameter. What is still true is that we have the
splitting (0.3) of MHS

H?(Xo) — Q(0)
induced by (- ,J(E)), and inducing

J2(Xy) " C/Q(2).

This follows from the existence of = in the theorem, and is false if we change
. . ce . _ o425+ 725 +wb+1 :
the coefficients in (0.7) (e.g., writing instead ¢ = e ) without
regard for the “generalized temperedness” criterion.
Sticking with the Fermat family, here is why this is important. Let D* :=
D\{0} € P! be a punctured disk about ¢ = 0, and suppose we are given a

hom

“local” family of cycles {Z; € Zﬁom(Xt)}teD* satisfying 3* := Uiep-Z; = 0
on #~1(D*) C X. Then by Green et al. [40, Section IILB] limy_o AJ g (Z;) €
J?(X) is well-defined as an invariant of the family of rational equivalence
classes, and by applying 6 so is O(limy—o AJg, (Z¢)) = lim—ov(t) =: v(0)
(cf. (0.4)). In [40, Section IV.C] such a family is constructed, with

3(v(0)) = Da(vV=3),

and so the general Zth%t 0. Here, Dy denotes the Bloch—Wigner function.

To conclude, we comment on a few intriguing issues arising in the present
work, which might form the basis for later projects. We would like to have a
better understanding of the geometry of families of K3 surfaces supporting
K3-classes which are not Eisenstein symbols. There are scores of Laurent
polynomials ¢ € Q[T3] satisfying Theorem 3.1, corresponding to (at least)
about a quarter of the 4319 reflexive polytopes in R3; see Section 3.3. We
are only able to show that the generic Picard number rk(Pic(X,)) = 19 for
a handful of these. While there are techniques for obtaining lower bounds
on this number, we are aware of no methods for (nontrivially) bounding it
above. Do any of the families have generic Picard rank < 197 Are any of
them not elliptic fibrations? In fact, on those that admit a torically defined
elliptic fiber structure, we are able to construct (and partially evaluate the
regulator on) families of K-classes.

For CY three-folds, it turns out that none of the Ky-classes constructed
by Theorem 3.1 are Eisenstein symbols, because none of the allowed CY
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families are classically modular (Proposition 10.3). This would likely be
remedied by generalizing the construction to admit singularities on the
generic fiber as we have done for K3’s; this hard work has yet to be done.

The conjectural mirror theorem of Section 5.4 relates Hodge theory
of the (open CY three-fold) B-model family Y; := {1 — t¢(z) + u® + v? =
0} C (C*)? x C? to enumerative geometry of the (A-model) total space of
the canonical bundle Kp,,. But the mirror map and the VHS H3(Y;) are
determined from the data of the underlying elliptic curve family X; =
{1 —t¢(z) =0} C (C*)? and the toric symbol {1,725} € Ka(X;) (whose
AJ class in Ext! (Q(0), H'(X;,Q(2))) projects to H3(Y;), cf. Proposi-
tion 5.1ff). The mirror X° of {X;} is the (elliptic curve) zero locus of a
section of Ky . Is it possible to recast the Gromov-Witten invariants of
Kp,, directly in terms of X°, and thus rewrite the mirror theorem in terms
of Xy «— X°? A starting point might be to think of H*V*"(Kp,,) as an
extension of H*V*"(X°) by Q(0) and reduce the quantum product to one on
Heven(Xo)'

Collino [22] has studied the behavior of the Ceresa cycle associated to a
nonhyperelliptic genus 3 curve as this curve acquires two successive nodes.
Working modulo two-isogenies, with each degeneration a G, splits off from
the (Jacobian) abelian variety on which the cycle sits. Under this process
CH2 < abelian ) — CH2 ( abelian ’ 1) — CH2 < elliptic 2). the

three-fold surface curve

Ceresa cycle limits to the Eisenstein symbol over Yj(4), which should be
thought of as the intersection of two boundary components in moduli space.
Obviously this admits generalization, essentially by considering moduli of
genus 3 Jacobians with level N structure. It is of great interest, there-
fore, to attempt a modular computation of the normal function for such
“modular Ceresa cycles,” which should limit to an integral of an Eisenstein
series. Certain singularities of this normal function in the sense of Grif-
fiths and Green [39] (equivalently, the residues of the corresponding Hodge
class [39]), must then be given by the rational residues (in the sense of
Section 7.1.5 below) of “Q-Eisenstein series” EéQ(N ). It is a fundamental
property of Eisenstein series that they are determined by their residues.

In fact, there is a beautiful analogy between the picture in Section 4
of [39] and the Eisenstein situation reviewed in Sections 7-8.1. Given a pro-
jective variety X2P, a (p,p)-class ¢, and a sufficiently ample line bundle
L — X, the infinitesimal invariant of ¢ (pulled back to the incidence variety
X C X x PHY(Ox(L))) maps to certain “residues” over higher-codimension
substrata of XV C PH(Ox(L)). An explicit form of Deligne’s “Hodge =
Absolute Hodge” conjecture, is that this map should be injective on Hodge
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classes? — that is, that the rational (p, p) classes are “generalized
Q-Eisenstein series.” That all such should be motivated by a “generalized
Eisenstein symbol” is, of course, the Hodge Conjecture. In the context of
Kuga varieties over modular curves (and higher cycles), we have spelled out
how Beilinson’s work established the relevant (Beilinson-)Hodge Conjecture
in Sections 7-8.1 below.

1. Review of the KLM formula

In this expository section, we review a construction of the motivic cohomol-
ogy groups H$,(X,Q(p)) for varieties with “reasonable” singularities, first
putting some meat on the bones of the description of higher Chow cycles
and formulas for AJ maps from the Introduction. Our choice of material is
geared toward what is needed for the reader to follow specific computations
in later sections.

1.1. Higher cycle groups and their properties

Let 0" := (P'\{1})" with coordinates (z1,...,z2,). For a multi-index J C
{1,...,n} and function f: J— {O,qo}, define subsets 8{D” = \jes {7 =
f(j)}, and put 90" := (J,(90" U 3%0O"). One has obvious inclusion and
projection maps

Lj,€ - Dn_l — " (Zl, v ,Zn_l) — (2’1, ce s Ri—1,6, %5, .00y Zn—l)
(e =0 or o0) and
m 0" — O (z1,...,2,) — (21, s Zjy ooy 2n).
Let X be an algebraic variety defined over an infinite field k, and ZP(X x
0") the abelian group of codimension-p algebraic cycles defined over k.
(It is generated by closed irreducible subvarieties of codimension p.) The

admissible subvarieties Z C X x 0" of codimension p, are those for which
ZN (X x 8§JD”) has codimension p in X X G{D” (V J,f) — ie. “Z meets

9The point is that the map preserves Q-structure and the target Q-structure is
“algebraic” (in the sense of being Galois-invariant).
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X x 8{ 0" properly” — and they generate the subgroup
A(X,n)C ZP(X x O")
of admissible cycles. Its quotient by the degenerate cycles

dP(X,n) = ZW;CP(X,n— 1) C P(X,n)
J

defines the higher Chow precycles
ZP(X,n) := PXon)

The pullback/intersection maps

e P (Xyn) — P(X,n—1)

are well-defined on admissible cycles. Writing 0! for the map induced on
ZP(X,n)’s, we may define the Bloch differential
og:Z°(X,n) — Z°(X,n—1),
7> (1) (-7,
J

which satisfies 9z 0 93 = 0. A higher Chow cycle is a precycle Z € ker(9p),
and the higher Chow groups are

ker{Op : ZP(X,n) — ZP(X,n — 1)}

CHP(X,n) := H " {ZP(X, —e),05} = im{0s : 2°(X,n + 1) — Z°(X,n)}’

the class of Z in C HP(X, n) is written (Z). There are good reasons for writing
this as a cohomology (rather than homology) group; the drawback, of course,
is the awkward negative indices. The Bloch—Grothendieck—Riemann—Roch
theorem then says that for X smooth

(1.1) K8(X)o =2 @ CHP(X,n)o,
p

where the subscript Q means ®Q. More precisely, CHP(X,n)q is the pth
Adams graded piece GrﬁKﬁlg (X)q of K-theory.
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A number of higher Chow groups are familiar: from the geometric side,
usual algebraic cycles are

CHP(X) = CHP(X,0),

and for X smooth,

CHY(X,1) = T(X,0%).
More generally, since rational equivalences on usual algebraic cycles are given
by 0gZP(X, 1), the groups CHP(X,1) can be thought of as empty rational
equivalences.

From the arithmetic side, if we let X be a point Spec(k), then writ-
ing CHP(Spec(k),n) =: CHP(k,n), the Beilinson-Soulé vanishing conjec-
ture (known for n < 3) says that CHP(k,n) = {0} for p < . For n =
2m — 1 odd, if we assume this then one of the extreme terms in (1.1) is
CH™(k,2m — 1)g, which is conjecturally the Bloch group B,,(k)qg related
to the mth polylogarithm. If k is a number field, then it is known that

Kalg<k)(@ o~ O, n = 2m,
" CH™(k,2m —1)g, n=2m—1

and that (writing [k : Q] = r1 + 2r9)

k*, m =1,
CH™(k,2m —1)g = < Q", m > 2 even,
Qnt2 m > 3 odd.

For example, CH?(k,3) = {0} for k totally real (r2 = 0), a fact which we
shall use repeatedly. On the other hand, an example of a higher Chow cycle
with nontrivial class, for k = Q((3), is

(1.2) Z = {1<1Ct3,1t,t>t3€]?1}ﬂm3
+3{<1—C3,H,t>‘tepl}ﬂm3
€ker(p) < Z*(Q(G3),3).

For more general fields, the other extreme term in (1.1) is the Milnor K-
group

(1.3) CH"(k,n) = KM (k)
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(isomorphism due independently to Totaro [79], Nesterenko and Suslin).
This is the nth graded piece of the quotient of the exterior algebra A k* by
the ideal generated by terms a A (1 — a) (for o € k\{0,1}). Alternatively,
KM (k) is the free abelian group generated by the symbols {a1,...,a,},
modulo the relations subgroup generated by all elements of the form:

{oa, ..., 05, a0} —{oa, ..., B, an) —{at, ..y, an )

where o; = 7,

{o, ..o, 0, ot +H{an, 0y, . an )
and
{ou,..., o} where a; + a; = 1.

Obviously these imply further relations, for example {aq, ..., 0™, ..., a,} =
m{aq,...,0,...,an}tand {a1,...,1,...,a,} = 0; and if one is working ®Q,
also {a1,...,a,} =0 when a; = —a;, and {a,...,(,..., o} =0if (is a
root of 1.

The isomorphism (1.3) is induced simply by sending a symbol {ay,...,
ay, } to the point (aq, ..., a,) € O™\0O" viewed as an admissible zero-cycle

(unless some «; =1, in which case the symbol is sent to 0). When k =
K(X) for X smooth over K, one thinks of Spec(k) as the generic point
nx. If dimgx X = d, then the zero-cycle (over k) corresponding to a symbol
{1, oy fu} € KM(K(X)) should be thought of as the restriction to nx of
the d-cycle defined (over K) by the graph of the n meromorphic functions
{f; € K(X)*}. More precisely, if we let & = X\{U}]_|(f;)[}, then this graph

{(z; fi(@),..., ful@) |z €cU} CcU xO"

is a Jp-closed admissible precycle; we write {f} = {f1,..., fn} € Z™"(U,n)
(still called a “symbol”) and ({f}) € CH™(U,n). It restricts to the “syn-
onymous” Milnor K-theory element in CH"(ny,n) = KM(K(X)). In the
constructions we study below, ({f}) will frequently extend to a class in
CH"(X,n), even as the closure of {f} in X x O" fails to be admissible.
The mechanisms for dealing with this are the Bloch moving lemma, residue
maps and the localization sequence, which we now explain from a general
perspective.
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Let F: Y — X be a proper morphism of varieties over k, of relative
dimension r; push-forward of cycles induces a homomorphism

CHP(Y,n) 2= CHP™"(X,n).

On the other hand, if F' is any morphism of smooth varieties, then there is
a pullback homomorphism

CHP(X,n) = CHP(Y,n),

though it is not in general well-defined on cycles Z € ZP(X,n) (e.g., Z may
not intersect im(F') properly). We will say how to deal with this in Sec-
tion 1.3.

Here we only need the case of F' = 7 : Y — X an open embedding, where
(for restriction of cycles Z — 7*Z) no issues arise. Write D = X\Y for the
complement, which we assume is of pure codimension 1 in X. (While X is
smooth, D can be singular.)

The Bloch moving lemma [11] says that

ZP(X,e)
Zp=1(D, )

is a quasi-isomorphism. Intuitively, this means that we can modify (or
“move”) a dg-closed precycle on Y by adding a dp-exact cycle, so that it
extends to an admissible precycle on X. Since 0p of this extended precycle
is supported on D, we get a residue map

Res: CHP(Y,n) — CHP"Y(D,n —1).

This fits in the long-exact localization sequence

*

— CHP(X,n) & CHP(Y,n) % CHP Y (D,n — 1) & CHP(X,n — 1) 5,

which says that for extending a higher cycle-class (Z) from Y to X, we must
only check vanishing of Res({Z)). Nothing like this happens for ordinary
algebraic cycles, which always extend.

The difficulty with this is that D may be singular, in which case it
is not necessarily practical to directly check vanishing of something in its
higher Chow groups. It is better to break it into smooth substrata and check
vanishing of classes on these, an idea which leads to the local-global spectral



Algebraic K-theory of toric hypersurfaces 425

sequence. Writing d = dim(X), let

be a filtration of D by subvarieties D7 of pure dimension d — j, with each
DJ* := DI\ DJ*! smooth. Putting

CHP*(D*, —a—1b), a>1,
E(p)}" :=  CHP(Y,-b), a=0,
0 a <0.

d; = Res: E(p)‘f’b — E(p)‘f“’b

leads to a fourth-quadrant spectral sequence converging to C HP (X, —a — b).
In particular,

im {CHP(X,n) — CH?(Y,n)}
= BE(p)ss " = {(Nj>1 ker(d;)) € CHP(Y,n)},

where the target of each d; is a subquotient of C H?~(D%* n — 1). How to
compute the d; for j > 2 is described in [47]; also see [49, Section 3.4].

1.2. Abel-Jacobi maps for higher cycles

For most of this paper we shall work rationally, that is, all cycle groups are
implicitly ®Q (and we omit the subscript Q); one exception is Section 5
where the AJ computation on CH?(X},2) is done integrally. Henceforth
we adopt this convention, and assume that the field of definition k for X
is a subfield of C. In this subsection we also take X to be smooth, and let
X&" denote the complex analytic space associated to X ®; C. Note that
Q(p) = (2r/—1)PQ has, by convention, Hodge type (—p, —p).

The coarsest invariant attached to a higher Chow cycle is its fundamen-
tal class

" CHP(X,n) — Hg""(X") := HomMHS(Q(O),H2p7”(X%n,Q(p)))
= PPEN (X, C) 0 HP (X, Q).
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(We will take the (-)& to be “understood” when required from here on.)
This is followed by a secondary invariant, the Abel-Jacobi map

AT ker(clP™) — JPM(X) := Extypg (Q(0), H#7"H(X, Q(p)))
——
=:CH?(X,n)hom

~ Wy, H»~"~1(X,C)
— FPWo,H2P——1(X,C) + Wa, H?»— "= 1(X,Q)

One has the short-exact sequence
0 — JP™(X) — Hy (X, Q(p)) — Hg""(X) — 0,

so that absolute Hodge cohomology (resp. Deligne cohomology if X is pro-
jective) and the cycle-class map

cx(resp. ep) : CHP(X,n) — HyY (X, Q(p))

collects both pieces of information together. This is how the results of [49,50]
are formulated.

The situation can simplify vastly: HgP™(X) vanishes if n > p, or p >
d(=dim X), or X is projective and n > 1; in those cases CHP(X,n) =
CHP(X,n)hom- When n>p or p>d, FPH® " 1(X C)={0} and
Wap H?~"=1(X) = H?*~"~1(X), so that

JPM(X) = HPTMH(X,C/Q(p))
= Hom(HQp—n—l (X> @)7 (C/Q(p))

If X is a point, then JP"™(X) =0 unless n =2p—1, in which case it is
C/Q(p).

These invariants are functorial with respect to pullback, pushforward,
and residue maps. Here is a special case which gets substantial use in Sec-
tions 4 and 5: let Y C X be a Zariski open subset with complement D = UD;,
where the D; are irreducible hypersurfaces and D} := D;\{U;j;(D; N D;)}
are smooth. Given Z € CH" (Y, n + 1) where d = n, let & € CH" (D}, n)
be the residues of Z on the D}. Consider topological cycles v; € Z,tlofl (D) of
real dimension n — 1 and let " € C’,t;fl (X\{Ui<;jD; N Dj}) be such that I' N
Dj = ; for each i; and put v = 9T € Z;*P(Y). Then noting that J™»"(Y) =
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Hom(H,—1(X,Q),C/Q(n)) etc., we have that (mod Q(n + 1))

(1.4) AT E) () = 2V =T Y ATENE) ()

One writes v = Tube({~;}), {&} = Res(E), and says that Res and Tube are
adjoint.

The {AJP"™} are frequently called regulator maps due to their close rela-
tionship with the Beilinson regulator. Assume X is projective and defined
over a number field F; then by composing structure morphisms X —
Spec(F') — Spec(Q) we may actually view X as a variety over Q(=: k).
Only then, X&" looks like the disjoint union of all Galois conjugates of the
original X/k. Applying c%” = AJP" for this X to those cycle classes which
lift to an integral model X — Spec(Op), and composing with the projection
to real Deligne cohomology yields'®

DR
e CHY(X,n) — (HY (X8 R(p)) )

Now suppose n > 2 (or n =1, but with additional fiddling). The right-
hand side has a natural rational substructure which allows one to measure
the covolume of the image up to a multiplicative rational constant, and
the Beilinson conjectures assert that this is & L(H*~""Y(X),p). (When

X = Spec(F) this is essentially Borel’s theorem.) This relation to the coho-
mological L-function is the source of the arithmetic interest of the AJ maps.

Continuing to assume X smooth projective, but defined over any subfield
of C, we define a map of complexes of the form (0.17) inducing AJ;’(’". In
order that the currents which we shall associate to precycles be well-defined,
we must further restrict what it means for these precycles to be admissible.
First, for any meromorphic function f € C(&X') on a smooth quasi-projective
variety, let Ty be the real-codimension-1 chain f~!(R~) oriented so that
0Ty = (f). For j¢ I C{l,...,n}, f:I— {0,00}, write 8{%5” = 8{5”0
{ﬂw[’gSszg} (and 8{[]” for j = 0). Then the subcomplex of R-admissible
cycles

ZP(X,—e) C ZP(X, —e)

10“DR” is an involution on real Deligne cohomology; cf. [46] or [71] for more
details on this paragraph.
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is defined by demanding that cycles meet properly (as real analytic varieties)
all X x 8]([7 20" In [49, Section 8.2], it is shown that this inclusion is a quasi-
isomorphism, so that the Zf (X, —e) still compute CH?(X,n); and that the
restricted cycles satisfy a Bloch moving lemma.

We now describe the terms of the Deligne cohomology complex C’%p te (X,
Q(p)) from (0.17), which computes H%p+*(X, Q(p)). Again for smooth quasi-
projective (d-dimensional) X, a-currents D%(X’) are simply functionals on
compactly supported C®° forms of degree 2d — a, with F®D*(X) killing
[ (F4-tH1Q2%70)  Elementary examples include

e the current of integration against a real-codimension-a C*°-Borel-
Moore!! chain I' on X, denoted dr;

e differential a-forms with log poles along subvarieties of X (and any
behavior “at infinity”);

e the O-current log f (for f € C(X)*), which denotes the branch with
imaginary part in (—,7) and a discontinuity along 7.

Exterior derivative is defined as the adjoint of that for C*° forms, so that e.g.,

dflog f] = Ci{ — 27T\/—715Tf7

and the resulting complex of currents computes de Rham cohomology of
X. Now let T € Cffp_n(X; Q(p)) be a chain, and Q € FPD?’~"(X) and R €
D*~"=1(X) currents, so that (T,Q, R) € C%p_”(X,Q(p)); then the (cone)

differential is defined by
D(T,Q, R) := (—0T,—d[Q],d[R] — Q4+ o7).
The KLM formula, which has been given as a map of complexes in

the Introduction, simply says that for Z € Z& (X, n) dp-closed, AJY"(Z) is
represented by

(1.5) (2nV=1)PTyz, 2nvV/—1)P""Qz, (2nV—1)P""Ry)

"'"This means (roughly) that I' can extend to the “boundary” of X, i.e., should
be considered as a relative chain on (X, X\X). More precisely, one works with so
called “integral currents,” but this level of precision will not concern us below.
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in H%p_n(X,Q(p)). The meaning of (for example) Rz := (7x).(m0)" R, €
D?*~"=1(X) in (0.20), is that for a C* form w € P(Q?;QPMLH) on X,

/RZ/\w = /ﬂ*DRn/\ﬂ}“(w
X z

for Z irreducible; and then Ry, 7, = > -m;Ryz,. The classes of Tz and Qy
represent cl”"(Z); assuming this is 0 (automatic if n > 0), there exist I' €
CP"H(X; Q) and Q € FPD*~"~1(X) with T = Ty, d[{)] = Q5. Adding

D (zm/j)pr,(%ﬁ)ﬁ*n@,o) to (1.5) gives (0,0, (2my/—1)P "Rl

where the closed (2p —n — 1)-current
Ry =Rz — Q+ (2nvV/—1)"6r

now represents a lift of AJP"(Z) to H*’~"~1(X,C). For n = 0, this recovers
the Griffiths AJ map.
Ifn>porp>d, FPD?*7"(X) = {0} and

/Z =Rz + (27T\/ —1)”5F.

In this range, we are merely after a C/Q(p)-valued functional on topological
(2p — n — 1)-cycles, and this is just given by

ZP(X, n) A‘]l: Hom(HQp—n—l(X7 Q): (C/Q(p))

z — b1~ erve / Rz}

since f7(27r\/—1)p5p € Q(p). In fact, this formula works for quasi-projective

X (cf. [50, Section 5.9]).
To ease their use for the reader, we survey some properties and examples
of the R-currents. We have

Ry =log z(1),

Ry = log z1dlog 23 — (2mv/—1) log 2201,

R3 = log z1dlog 23 A dlog z3 + (2mv/—1) log z2d log 2307,
+ (2mv/=1)?log 2307, 1.,

and in general R, = R, 1 Adlogz, + (2my/—1)""!log 2,67, _,. That the
KLM formula gives a morphism of complexes is one consequence of the
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residue formula
d[Rp) — QU + 27V =1)01, =27V =1) (1)'R(21,. .., 5y, 20)0(z,)-
=1

Here is another: if in (1.4), we take 2 = {f1, ..., fu+1} (fi € C(X)*, X quasi-
projective) and D; = |(f;)| (that the |(f;)| do not share components is a big
assumption), then the formula is

n+1
/WR(fl,---,an) w2V / R(frree o Foreos fust).

R

m

REi

Finally, we look at the AJ map over a point,
2™ (k,2m — 1) — C/Q(m)

sending
Rz

Lr— —

(2my/—1)m~1
where Ry = fZ Roy—1. If m = 1 this just sends a € k* to log a, a map related
(essentially via the rpe discussion above) to the Dirichlet regulator. The
remaining maps are tied to the Borel regulator; we shall compute A.J?3 on
(1.2) to demonstrate the process. Only the first term (1 — 2,1 — ¢, )

t
Zy will contribute, and | 7, B3 1s computed by pulling back to P'. So

tepl

AJ(Z)
1 (3
=——— [ R(1-21—¢t1t
27/ —1 P1 < t >
1 (3
= log (1 — 22 ) dlog(1 —t) Adlogt
praves o AR < ; ) og(l—1t) Adlog
+ 2my/=1log(1 — t)dlog(t)dr ., + (2mv/=1)*(logt)d7, _, T
v t

0

¢ dt
= —/ log(1 — t)dlogt = —/ log(1 — t)T = Lia((3).
T17<73 0
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In fact, denoting by Z the complex conjugate cycle, we obtain

AJ(Z - Z) = Liy((3) — Lia(G3) = vV=3L(x-3,2).

1.3. Higher cycles on singular varieties

Let X be smooth projective over kK C C, and V CXa nonsingular closed
subvariety. Define ZP(X,n)y C ZP(X,n) to consist of those admissible pre-
cycles which meet all V' x 8{ 0" properly. Cycle-theoretic intersection Z —
Z - (V x [O") then defines a morphism of complexes

Vv ZP(X, —e)y — ZP(V, —e).

Levine’s moving lemma says that ZP(X, —e)y — ZP(X,—e) is a quasi-
isomorphism, so that +* induces pullback maps

CHP(X,n) — CHP(V,n).

Replacing V' by a finite collection & = {S,} of (possibly singular) closed
subvarieties, we define ZP(X, —e)s by imposing the proper intersection con-
dition with respect to each S; x 8{ 0", This still yields a (quasi-isomorphic)
subcomplex computing CHP(X,n). (There is a version of this whole story
for Z§’s too, cf. [49].)

If V is singular, then the best possible pullback maps are not to higher
Chow groups, since these play the role of motivic “Borel-Moore homology”
in general and pullback is most natural for cohomology groups. To construct
the motivic cohomology groups Hif’f"(V, Q(p)) (=2 CHP(V,n) for smooth),
one first replaces V' by a diagram of smooth quasi-projective varieties called
a hyper-resolution. Taking ZP(-,—e) of this diagram, the associated simple
complex then computes Hug. In what follows we explain how to do this
in the cases required below, in ad hoc fashion. The general procedure is
described for example in [53].

First, suppose V = Uﬁ\;IVi is a “smooth normal crossing divisor”, in
particular that all Vi = N;erV; are smooth of dimension d — |I|. Denote by
V! the collection of all V; with J 2 I, and put

(1.6) ZHp) = @ ZP(Vi,~b)vs
[I|=a+1
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with differentials g : Z%* — Z%b*1 and

* o~ a,b a+1,b
E E ZVIU{}CVI) ENRRVALS A ,

[I|=a+1 i¢I

where (i); := the position of ¢ in {1,...,N}\I. Then (1.6) is a double
complex; and its associated simple complex Z% (p) := Gqtp=eZy/ b (p) (differ-
ential D = 9 + (—1)°3) has H "(Z3(p)) 2p "(V,Q(p)). The pullback
map from CHP(X,n) to this is given by Sendlng Z € Z°(X,n)(Vitica.
to the element of Z;,"(p) consisting of {Z - (V; x O")}Y | € Z‘O/’_n(p) and 0
in each Z7"“"(p) (a > 1). We shall need the AJ map for Haq of a NCD
in Section 6 and it is introduced there.

Second, suppose V is irreducible but singular, with subvariety S (<i> V)
the support of its singularities. Let §: V — V be a resolution of singular-

ities, and assume that both E := 871(8) (< V) and S are smooth NCDs.
Motivated by the commutative square

E — 174
Ble | 1B
S 5 v

we consider the simple (cone) complex associated to the double complex

2V, o)1) © Z30) | Zb(0).

(Here the (#|g)* has to be done componentwise.) So a class in Hzp "V,
Q(p)) is represented by a “triple” (Z,3,Z) e ZP(V, n)iey © Zg"(p) ©
Zgnq(p) with 95Z =0, D3 =0, and D= = i*Z — (B|g)*3. Moreover, we
obtain a long-exact sequence

— HY N EQp) — HE T (V.Q(p) T2 CHP (V. n) @ HYY"(S.Q())
T mn e Q)

This is used in the constructions of Section 3.
2. Preliminaries on toric varieties

A complex toric n-fold X is a normal, irreducible algebraic variety con-
taining the algebraic torus Gj, (C) = (C*)" as a Zariski-open subset and
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extending its obvious action on itself. the key references for this and the
next subsection are [5,23, Sections 3—4, 38, 66|, and especially [3]. We start
by summarizing the two standard constructions of toric varieties, from fans
and from polytopes, focusing on the local affine coordinate systems in which
we shall compute.

2.1. Cones and flags: the affine case

The core definition, from this point of view, is the affine toric variety Uc
associated to a (rational convex polyhedral) cone

c:= RZQ <yl,...,yg> C Rn,

with integral generators v; € Z". Under the standard inner product (-, -), the
dual cone

¢®:={w e R"| (w,v) >0W e}

gives rise to an abelian subgroup
Sc:=¢"N2Z",

which has a finite generating set {w;,...,w;} by Gordan’s lemma. The
subalgebra of Laurent polynomials

Ao :=Clz™, ..., 2%] C Clzy, 27, ...\ T, T,
then produces

U, := SpecA, D SpecClz{?, ... 2] = (G,,)"

+1

as a scheme. If we consider the map Clwy, ..., w,] — ClzF!, ... ;] given

by w; — z% with kernel I, then A, = M and as a variety,

Ue = V(1) = {Ee CF|f(W) =0 Vf e Ic} c c*.

Thinking of the x; as toric coordinates on (C*)", the W;(= 2% in A.) gen-
erate precisely those monomials'? in them which extend to regular functions
on U,. That is, A, is the coordinate ring C[U|.

12A monomial (resp. Laurent monomial) in k variables W; is a product [] Wf,
& € Z>o (resp. Z).
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Now for the basic combinatorial considerations. First, by the dimension
of a cone ¢ we just mean that of R, := R (vy,...,v,). Natural subcones are
the faces, i.e., intersections ¢ N {L = 0} for L € (R™)" satisfying L > 0 on ¢,
those of codimension (resp. dimension) one being called facets (resp. edges).
One says that ¢ is simplicial ( <= U, orbifold) if the {v;}{_, are a basis of
R¢ and smooth ( <= U, smooth) if moreover Z" "R, =Z (v{,...,vy) . In
the latter situation we have simply U, = CF x (C*)"~*,

Of particular importance is the setting where ¢ is simplicial of dimen-
sion n, in which case ¢® is as well. Let e1,...,¢, denote the edges of ¢°,
and wy,...,w, the unique integral generators of each e; N Z". In general,
w; or wy will not suffice to generate Rxq (e1,2) N Z"; let Wy, ..., W, be the
required additional generators. Likewise, wy, wy, wg and wy, ..., w;  will not
generate R>q (€1, 2,e3) N Z"; and we must introduce wy, ., q,..., W, . Con-
tinuing in this fashion up to w;, , our affine coordinates on U, are then the
{z*}7_, and {z%}* . Tnstead of W; we shall write

]:
W,

z; = i
(2.1) Z' etk

uj = -~
and

(Uiy ooy Uy) =0 Ugy (Ukgtds - vy Uky) =5 Usy ooy (Ukyy 15 - - -5 Uk, ) = Uy,

organized so that powers of the w; —are expressible in z1,..., 2y, but not
Z1y-+yZm—1. If ¢ is smooth then (we can take) k, = 0, so that there are no
u;’s.

If ¢’ is nonsimplicial (of dimension n) the procedure still works, with
the difference that one gets more than n {z}, hence relations amongst their
powers as well. A wedge in ¢ is a simplicial n-dimensional subcone

¢ = RZO <¥1,... 7Mn> - C/
such that R(v;,...,vi)N¢ is a face of ¢ for each k=1,...,n. In this
case there are orderings of the edges of (¢/)° C ¢® so that R>g (¢],...,¢€}) C
R>o (€1,...,ek) (k=1,...,n); hence z;, and the u}, can be written as mono-
mials in the z1,...,2p and uy, ..., u, exactly when ¢ > k (or £ = n, if k > n).
One consequence of this, to be used in Section 2.5, is that on U, 2z =0
(which implies u, = 0) we have z;, =0 (or 2, = 2,1 = ---=0,if k =n). It

also gives us a rational morphism U, — Uy compatible with the inclusion of
the torus.
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2.2. Fans and polytopes: complete varieties

This is, of course, a special case of the general covariance of the assignment
¢ — U, under inclusions of cones. When the inclusion is that of a face, the
induced rational map is actually an embedding, which leads to the stan-
dard gluing construction. If cones ¢; and ¢ share ¢y N ¢ as a face, then the
embedding U, ., — U, U U,, is closed, hence the quotient (by the induced
equivalence relation) Hausdorff. Iterating this process, we get a toric n-fold
Xy, associated to any fan ¥ in R™: that is, a finite collection (closed under
taking faces) of strongly convex cones (¢ N (—c¢) = {0}) whose intersections
are faces of each. If the support |X| := Ucexc is all of R™, then we say ¥ is
complete. In any case the {U,}x give a Zariski-open cover of Xy.

The i-dimensional cones ¢ € ¥ are in one-to-one correspondence with
the codimension-i torus orbits in Xy (as U, contains a unique (n —i)-
dimensional orbit). We get a morphism Xsy * Xy, whenever each cone of
Y is contained in a cone of ¥; if moreover |X/| = |X| then we say X' refines
>, and g is surjective. In this case it may be described as a sequence of
blow-ups at (closures of) torus orbits corresponding to the cones of ¥ which
get broken up in Y.

Now the toric variety of a complete fan is complete but not necessarily
projective. To remedy this, consider an n-dimensional polytope A C R™ with
integer vertices and 0 in its interior. Denote by

A°:={veR"| (v,w) > -1}

its dual (convex) polytope, which may not have integer vertices. The faces of
A are the intersections A N {L = 0} for affine functions L (on R™) satisfying
L|a > 0. The dimension of a face o of A is dim(R,), for R, the smallest
affine subspace of R™ containing o; write A() for the set of codimension-i
faces. Combinatorial duality produces a one-to-one correspondence (o «—
0°) between A(i) and A°(n —i+ 1), e.g., vertices A(n) and facets A°(1).
Let X(A°) be the complete fan consisting of cones on all the faces of A°;
then the toric n-fold

]P)A = XE(AO)

is projective. One can see this scheme-theoretically, by checking that

P := Proj ((C [{xf@m\m cIANZ", (e ZZO}D
< Proj (C [mo,xlﬂ, o ,xil]) = (Gp)".

n

(2.2)
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Remark 2.1. In fact, ¥(A°) is just the normal fan of A, making this
substitution in the definition of PA extends (2.2) to the case when 0 ¢ int(A).

A more concrete perspective will, however, be valuable: this involves
the construction of an ample invertible sheaf. First, note that the toric
coordinates x1,...,%, give rational functions on Pa. For each o € A(7)
(0 <i < n), pick an “origin” o, € Ry NZ", and take a basis w{,...,wd_,
for (Ro NZ"™) — 0,. We may complete this to a basis w],...,wg for Z", in
such a way that

Rx>o (w], —w], ..., wi_;, —w)_swd_iq,...,wh) DA —o,.
This yields an invertible change of toric coordinates, to z§ := 2% (j =
1,...,n), and then

D} = {a7,...,2)_;eC}n{af_; = =2 =0} CPa

is precisely the torus orbit (& (C*)"~*) corresponding to o°. Writing D, :=
D# for the Zariski closure,

D= U Da—ﬁ< L D:;)
oeA(1) i=1 \oeA(i)

is the complement of (C*)™ in Pa. The face structure of A exactly describes
(combinatorially speaking) the intersection behavior of D. Furthermore, if
one considers ¢ as a polytope in R, relative to the integer Z™ NR,, then
(by Remark 2.1) P, is defined; and in fact D, = P,.

Also denoting by D the divisor 37,5 (1y[Ds], a standard result is that
Oa(1) := O(D) is ample. Its sections are given by Laurent polynomials with
exponent vectors supported on A:

H°(Pa,0a(1)) 2 {f € C(Pa)"| (f) +D = 0} U {0}

(2.3) = Z amx™ | o € C

meANZ™

It is sections of O(YD) (for ¢ sufficiently large) that yield the projective
embedding.

An integral convex polytope A is called reflexive if A° has integer
vertices too. (In view of (A°)° = A, the dual of a reflexive polytope is also
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reflexive.) An equivalent condition — that 0 be the unique integer interior
point of A — leads easily to

(dml/\.../\dm”>:_ﬂ) (ODPA),

€1 Tn

so that D is an anticanonical divisor. Consequently the anticanonical sheaf
—Kp, is Oa(1) and is therefore simple, making Pa Fano. Henceforth we
assume A is reflexive; up to unimodular transformation of Z", it is known
that there are 16 (resp. 4319, 473800776) possibilities when n = 2 (resp. 3,4).

2.3. Toric smoothing constructions

Partial desingularizations of PA can be produced by subdividing faces of
A° and replacing 3(A°) by the refinement obtained from te fan on the
subdivision. In particular, a maximal triangulation of OA° is finite collection
0 = {6, } if simplices, closed under taking faces, such that:

e U,0, = 0A°,
e the union of vertices of the {0,} is 0A° N Z",

e 0, N 6g (if nonempty) is a common face of 6, and 03 (V «, 3).

Associated to each such 0 is a refinement »(6) of ¥(A°) consisting of the
cones €y := R0 (0o). A projective support for 6 is a continuous function
h : R™ — R which is convex (h(z 4+ y) < h(z) + h(y) Va,y) and restricts to
distinct Q-linear functions on distinct n-dimensional cones ¢,. When 6 has
a projective support, it is called a mazimal projective triangulation (these
always exist), and a theorem of Batyrev [3] asserts that Xy g) is projective,
with (at worst) singularities in codimension >4 (of Q-factorial terminal
type). Moreover, the morphism X5(0) L Pais crepant, i.e., u*Kp, = Kxy,;
Batyrev [3] calls u a maximal projective crepant partial (MPCP) desingu-
larization of Pa.

There is a convenient way to visualize this process in terms of real (non-
integral) polytopes, which is not in the literature and will be immensely
helpful in the sections ahead. For € > 0, define a function on the vertices
of ¢

H.: Z"NOA° — R"
by
v (1= h(v)e)u.
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Lemma 2.1. For e >0 sufficiently small, the set of vertices of conv
(im(H)) is exactly im(H,).

Proof (Sketch). Suppose otherwise; then (taking ey > 0 sufficiently small)
there are distinct v; € Z" NIA° (i =1,...,6) and continuous t; : [0,€p) —
0,1] (i=1,...,6) satisfying 0 < 322_, ;(¢) < 1, such that

0

(2.4) He(vg) = > ti(e) He(vy).

=1

Let ¢° denote the smallest form of A° contamlng Vg- Evaluatlng at t=0
gives vy = Zl 1 ti(0)y;, and so the v; belong to ¢° and ZZ 1ti(0) =1; by

convexity, h(vg) < Zl 1 ti(0)h(vy).
If the {vl}‘S o are all in one simplex 6, then they are linearly independent

and (by hnearlty of h|,) so are the {H(v;)}2_,, contradicting (2.4).
So the {v;}? 0, are not all in one simplex, and then convexity of h becomes
strict: h(vy) < Zl 1 ti(0)h(v;), implying that for e > 0

By continuity
é
1 - h(vg)e > S ti(e)(1 — hly;)e)
i=0

for € € (0,¢p), so that (2.4) becomes
0 0
1 — h(v;)e
= t —t = Z
% gj( (T ) o, =
with Z?Zl 7i(e) < 1. Since all v; € 6° (i =0,...,6), this is impossible. [

Thinking of € € Ry as fixed, we define polytopes in R” by

tr(A°) := conv(im(H,))
A = tr(A°)°.
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Note that h > 0, tr(A°) C A°, and A D A; here are some pictures:

polar H polar

A AN\/;*\A" T aw) T A
AN N

- 2

As € tends to 0, A (resp. tr(A°)) tends to A (resp. A°). Given a face of A
(resp. tr(A°)), we can consider the smallest face of A (resp. A°) it limits
into (resp. onto). (For tr(A°) only, one can also use the map to A° produced
by radial projection.) This defines maps (for each k)

and the “preimage faces” of a face of A° (resp. A) are said to lie over it. For
faces 6° of tr(A°) lying over a face o° of A°, the projected image gives a
simplex #(6°) C ¢° from the triangulation. To faces & of A we shall associate
an affine subspace containing ¢ and then letting € tend to 0. If & lies over
o, then R, C R;.

Now the point of all this is that by Lemma 2.1, > (tr(A°)) = > () and
so putting

recovers all the one-to-one correspondences previously encountered (for P ).
Let 6 € A(n — i); then starting from Rz, the same procedure as above yields
coordinates {z7}7_; and D} C P, the i-dimensional orbit associated to
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5° € tr(A°)(i 4+ 1). Moreover, A describes the “divisor at co”

I D:
GEA())

in Pz. For example, since each facet of tr(A°) is a simplex, each j-face
contams j + 1 vertices, and so each i-face of A abuts i + 1 facets, making D
a NCD on the smooth part of P5. Since p is crepant,

H'[::

D:= PA\(C*)n = U Ds=
5eA(1) j

(2.5) H°(Px,—Kp,) =¢ > ama™| apeC
meANZ"

and D =Y. GeA(l []Da] is additionally an anticanonical divisor, though IPx
may not be Fano

2.4. Local coordinates

Summarizing the story so far, affine charts for Pz are obtained from mono-
mial generators for the integral points of the cones dual to the cones on
tr(A°). The cones on A° likewise provide affine charts for Pa; and in both
cases the relations between the monomials produce local equations for the
toric variety. The two sets of affine charts are related by blow-up along coor-
dinate subspaces, and locally u is just the proper transform. On the level
of torus orbits we can easily describe p as follows: If & € A(i — k) lies over
o € A(i) then u(D%) =D, and the toric coordinates on D = D x (C*)*
can be written as {2, .,z anﬂ} {z9,...,20_ z,yl,...,yk} where the
yj are blow-up coordinates.

We elaborate on the affine charts for P5. These are in one-to-one corre-
spondence with the facets tr(A°)(1), or (dually) with the vertices A(n). we
need the following general statement:

Lemma 2.2. Let 6° € tr(A°)(i + 1), with dual face & € A(n —1); let pE
g\0G be any interior point. The dual of the (n —i)-cone R>g (6°) = R>g
(0(6°)) is then the n-cone R>g <A - B>'

Now, given a vertex © € A(n), let (%) denote the dual of ¢(7°) :=
R>0(9°), and U := U,(gey C Pz. According to the Lemma, x(9) is the cone

through v or A, with ¥ tmnslated to 0. So the coordinate rings Ay :=
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C[z"(f’)mzn] of the affine neighborhoods Uz can be read off directly from
the geometry of A.

Dropping tildes, the same story goes through for A. Let v € A(n) with
dual facet v° € A(1). In any triangulation of v°, there exists a simplex 6 and
sequences of faces (with subscript denoting 1 + dimension) f1 C fo C -+ C
fon—1of@and & C & C - € &,—1 of v° such that f; C & (Vi), e.g.,

ig»}/_,—«

f

g

Since § = ° for some o € A(n) lying over v, this shows we can choose ¥ so
that ¢(?9°) is a wedge in ¢(v°). The map Uy — U, induced by p can then be
described exactly as at the end of Section 2.1.

We conclude with a brief description of singularities of P5. Consider a
simplex 6 C R"L: if its vertices lie in Z"~!, then vol(f) = ﬁ for some
q € Z~o. If 9N Z"1 is nothing but these vertices, 6 is elementary; if ¢ = 1,
0 is regular. For n < 3, elementary implies regular; for n = 4 the simplices
with vertices 0, (1,0,0), (0,1,0), (1,p,q), where 0 < p < g and (p,q) = 1, are
elementary but irregular. Now let & € A(n) lie over v € A(n). By maximality
of 6, the (n — 1)-simplex (7°) C v° C Rye (2 R"71) is elementary, relative
to the integer lattice Rye NZ" (=2 Z"~1). Our observations in Section 2.1
essentially amount to the statement that the point Dy (in Px) is smooth if
and only if the integral generators of edges of k() generate x(v) N Z™. One
easily shows that this is equivalent to regularity of 6(9°), which shows Pz
is smooth for n < 3 and has isolated (Q-factorial terminal) singularities for
n =4 (cf. [3, 2.2.8]).

2.5. Anticanonical hypersurfaces
Let A C R™ be a reflexive polytope with (2 <)n < 4, and

F= Z apz™ € Clztt, ... 2!
meANZ™

a nonzero Laurent polynomial with support (i.e., monomial exponent set)
Mp :={m € Z" | ay, # 0} contained in A. Let Xr C Pa be the zero-locus
of the section of —Kp, given by F (cf. (2.3)). If F is constant, Xp = D;
if conv(Mp) = A then it is the Zariski closure of X := {z|F(z) =0} C
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(C*)™. We do not treat, and will not need, the “in between” cases where X
contains some but not all components of D. Recall that while PA may have
singularities (in codimension > 2), the torus orbits D} are smooth. We say
that F' is A-regular ( [3, 3.1.1]) when the intersections

Dj, = XpNDE C D}

(taken over all faces of A) as well as X}, C (C*)", are reduced (irreducible
components have multiplicity 1) and smooth of codimension one. Put Dp :=
UUEA( )DFo = XF\X;;, where DFU : DT

Fixing a maximal projective trlangulatlon of A°, I also yields (cf. (2.5))
an element of HY(P P&, —Kp;) whose vanishing locus Xr is D for F constant
and the closure of X}, (:= X}) in Pz if conv(Mp) = A. If F'is A-regular, Xr
is (a) the preimage of Xp under o : Py — Pa and (b) smooth, hence (using
the adjunction formula to obtain K3 = O ) (c) a Calabi-Yau (n —1)-
fold.

To get a handle on the D%L and D( ) = Xp ﬂ]D)ET ), we need the face
polynomials of F' attached to each o € A( ) In the notation of Section 2.2,
these are obtained by rewriting 27% F(z) in the {z7}7_; and setting
x)_; = =5 =0 to get a Laurent polynomial (=: F,) in z7,...,27_,.
The support Mg of F, lies in 0 —o,, and its vanishing locus is D*Fﬁ
(under the isomorphism (C*)"~* =2 D¥). So for example, necessary criteria
for A-regularity of F' are that its vertex polynomials be nonzero constants
and its edge (one-variable) polynomials have no multiple roots. This con-
dition on vertices (i.e., that v € A(n) = «, # 0) implies, in turn, that
A = conv(Mp).

If 5 € A(i — k) lies over o € A(i) then (in the notation of Section 2.4)
setting F5 (29, ..., 29_;5y7,...,y3) == Fy(29,...,29_,), F5 = 0 cuts Dy 5 =
Dy, % (C*)* out of D% := D% x (C*)*. So A-regularity of F guarantees that
D7 5 is empty if ¢ lies over a vertex (or is one) and is otherwise smooth and
reduced. From this and from the fact that (off singularities Xp avoids) D is
a NCD, one may deduce that DF = XF ND = XF\XF is one too.

We can describe the local affine equation of X in any neighborhood
Uy CPa (for v € A(n)) as follows. Set ¢ :=¢(v°) and x(v) := (¢/)° as in
Section 2.4, so that

o, =z “F(x)

has support in H(U) Writing {wi,w;} for generators of x(v) NZ" (a la
Section 2.1, with w} «— edges of k(v)), the monomial terms of ®, can
be expressed in terms of Zx>¢-powers of the {z = 2k up 1= 2%}, Since
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conv(Mp) = A and the edges of x(v) lead to other vertices of A — v, ®, has
a nonzero constant term co and nonzero terms of the form ¢; (/)% (k; € Z~o)
for each 4. Clearly its vanishing locus is exactly U, N Xp.

Referring to Section 2.4, we can choose @ € A(n) lying over v so that
¢ == ¢(2°) is a wedge in ¢’. ®, pulls back to a regular function on U (C PR)
cutting out Xp NUs. Let §; € tr(A°)(n —i+ 1) denote the distinguished
flag of faces of ©° (0(f;) = fi =60(v°), i =1,...,n—1; and f, := 0°), and
&; € A(i) their duals (incl. &, = ©). The algorithm from Section 2.1 pro-
duces!3 {zj,gj}?zl satisfying Ds, N Uy = {2p—iy1 = -+ = 2, = 0}, and we
can decompose

(2.6)
Calq)g = 14+ Dy1(21) + Pya(z1,22;u) + -+ Py (21, -+, 203 Uy ., Uy,)

so that ®,; consists of those monomial terms in z1,...,z and uy,...,u;
vanishing when z; = 0. Since (2/)* is such a monomial, none of the ®,; are
identically zero. (In fact, ®y|p, =1+ ®y + -+ Py pn—; is essentially the
edge polynomial associated to the face of A that &; lies over.)

Finally, it will be important in Sections 4.1 and 4.2 that the monomial
term cz™? (in ®,) which comes from the interior point of A, lies in @, .
This is simply because —uv lies in the interior of x(v). Moreover, since the
anticanonical hypersurface in P35 associated to the Laurent polynomial 1 is
D, the variety cut out by =% is D N Uy. This is the (reduced) union of the
Ds N Uy, over facets & € A(1) containing ©. While these are the hypersur-
faces where the z; vanish, this vanishing map not be to first order; and thus
as a monomial in the {z;,u,;}, 7% may involve some u’s. On the other hand,
if 9(0°) is a regular simplex (always true for n = 2 or 3), U; is smooth and
isomorphic to C™ with coordinates {z;}, and we have

Q_Q =z Zn-

This is used in several places below.

3. Constructing motivic cohomology classes on families
of CY-varieties

The goal of this section is a combinatorial machine for producing one-
parameter families of Calabi-Yau (n — 1)-folds!* X; that carry nontrivial

13There are only {u;} for n = 4.
4 The small tilde does not denote a desingularization; X; can be singular.
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elements Z; € HY,(X;,Q(n)) Vt € P1\{0}, forn = 2,3, 4. For n = 2, our con-
struction is a slight extension of work [69] of Villegas. The X; are considered
as fibers of a total space X_, which can itself be singular and on which we
will actually construct a global class = pulling back to the Z;.

We remind the reader that for X; smooth, working ®Q (as is our con-
vention in this paper)

HR(X,Q(n)) = CH"(X¢,n) & Gl Ko (Xy).
Our construction still yields something in H}, for singular members of the
family, though in that case CH"(X¢,n) = GriG,(X;) and both isomor-
phisms above fail. However, by taking hyper-resolutions as in Section 1.3,

HY, can still be represented by higher Chow precycles, which allows for
explicit computation [49] of the Abel-Jacobi map

AJM™ H}\‘,t(f(t,(@(n)) — H" Y(X;,C/Q(n))

in terms of currents and C°° chains. We will partially compute AJ in Sec-
tion 4, and deal with the degenerate fibers (in some cases) in Section 6.

3.1. Toric data

Our X;’s will be hypersurfaces in partial desingularizations P & of toric Fano
n-folds. To start the construction, let

> ama™=g¢e Ky, ar]
mez"

be a Laurent polynomial with coefficients in a number field K C C, and set
A := conv(My).

Definition 3.1. (i) ¢ is reflexive if A is a reflexive polytope.
(ii) ¢ is regular if A — ¢ is A-regular for general A € C.

We henceforth assume ¢ reflexive, and consider the one-parameter family
of anticanonical hypersurfaces

P! x Pp DX — P!
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given by taking the Zariski closure of
{1-tp=0} CcCx(C")"

Alternately, writing A\ := ¢! we can think of X as the closure of A — ¢ = 0.
The reader may wonder why we restrict so early on to a variable internal
coefficient (i.e. A\) and algebraic values of the other (external) coefficients.
That we lose no generality in doing so will be established later, in Proposi-
tion 4.2.

Denote the fibres of our family by X* = X; := 771(¢). Its base locus is
the intersection of X with

Xo=D CPa

for any A € C. Since the face polynomials of A — ¢ (cf. Section 2.5) are just
multiples of the ¢, this is

n—1
(3.1) D:=X*nD= U D,=1I < 11 D;;)
oc€A() =1 \sigmacA(i)

where Dg-*) = D((;()T Since conv(My) = A, these are always of codimension

lin ]D)((,*). Regularity of ¢ is therefore equivalent to the D} being nonsingular
and reduced for all 0 € A(7),i=1,...,n— 1.

Choose a (maximal, projective) triangulation of the dual A°, and let
Px £ PA be the corresponding MPCP- desingularization By taking the clo-

sure of 1 —t¢ =0 in P! x P4, we get the family X 5 P! with fibers Xt(
X*) and base locus D := XA ND = U~€A(1)D If 5 € A(n) is dual to a reg-

ular simplex #(°), the local equation of X* in Uj is of the form P(z1,...,
Zn) — Az1 -+ zp, = 0 (with P a polynomial determined from ¢ and o as in
Section 2.5). Assuming ¢ regular (which we shall not always do), X is the
p-preimage of X', D is a NCD, and the X; are smooth CY (n — 1)-folds for
t € P! outside a ﬁnlte set L (the discriminant locus).

We recall some notation from Section 1: given nonvanishing holomor-
phic functions fi,..., fr € I'(Y,05) on a quasi-projective variety Y, the
symbol {f1,..., fe} € Z*(Y,£) denotes the higher Chow cycle given by their
graph in Y x (P1\{1}). Tts class ({f1,..., fe}) € CH(Y,£) maps to an ele-
ment in Milnor K-theory KM (C(Y)) = CH*(ny,¢) which is also denoted

{fl)"'afé}'
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Definition 3.2. ¢ is tempered if the toric-coordinate symbols {z7,...,
x9_.} give trivial'® classes in CH" (D%, n — i) for all i > 1 and o € A(3).
Remark 3.1. (a) Here we are thinking of the D} as being cut out by the
face polynomials ¢q(xf,...,27_;). For faces & € A(i — k) over o, since

QZS&(IL’({, e axg—i;y?) e )yg) = QSO'(Q:CITv L 727%—7;)7

the natural symbols {z{,...29_;y7,...,y7} € CH"~ k(D n —i+ k) are
also trivial if ¢ is tempered.

(b) Though we have been working over C, the above constructions and
definitions descend to K. Provided one is willing to work over a suitable
algebraic extension of K (or Q), we can discuss irreducible components
of the DX. For n —i =1, the D} components are points and must have
root-of-unity coordinates x{ if ¢ is tempered. (Hence we recover Villegas’s
prescription for n = 2, that the ¢, be cyclotomic V o € A(1).) Forn — i = 2,
the tempered condition is equivalent to {xJ, 2§} giving torsion classes in K37
of the Q-function fields of the irreducible component curves C' of D7, since

ker{CH?(C,2) — CH?(nc,2)} = EBPGC(@)C'Hl(p, 2) =0.

Now assume that ¢ is regular and n < 4. For &; € A(i) we may define
iterated residue maps

CH"(P;\D,n) — CH" (D} ,n—1) — - — CH" (D}, n — i),
given a choice of flag (6; C)&;—1 C -+ C &1, 6 € A(j). The composition
is independent of the choice, and is denoted Resgi; a similar construction
yields Resi : CH™(X;\D,n) — CH"(D%,n —i) for t ¢ L. If we remove
tildes, the Resf7 still make sense; note in particular that all singularities (on
Pa, Xt, Dy, D, for any o) are in codimension > 2. For example, if o' C
o (¢! € A(i+1), 0 € A(i)) with toric coordinates 2§ = 2§, ..., 27_, | =
x%l_i_l, xg_;, on D7, one has a smooth affine neighborhood D7, x Aia C
D, . This allows for easy computation of the iterated residues. !

Let  &:= ({z1,...,2n)}) € CH" (((C*)” =Pz\D = PA\D, n) denote
the class of the coordinate symbol. For ¢ ¢ L this restricts to §; € CH™ (X[ =
X’;ﬂ n), either by pulling back the {z;} directly or by invoking contravariant
functoriality of higher Chow groups (®Q) for arbitrary morphisms between
smooth varieties [54].

—i

15We are working ®Q; so this means what would usually be meant by “torsion.”
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Lemma 3.1. The diagram

~ Rest )
CH"(P5\D,n) —% CH" (D}, n — i)
P
~ Res? . .
CH™(X/,n) —=CH""(D%,n —1)

commutes for any & € A(i), as does a similar diagram with all tildes
removed.

Proof. With or without tildes, this is based on iterated application (¢ =
0,1,...,7—1) of a quasi-isomorphism which may be proved using the mov-
ing lemmas of [11,54]. Writing

D .= U D,, DY:.=p,, DU .= X,NnD,
c€A(1)

this is

n—L£ (¢ 42
Z (D[ ]\]D)[ ], .)D[fl\D[f“] =, gt <D[£]\D[£+1] .>
. (Zn—e—l(D[Hl]\D[HQL . 7

(4411 pl£+2] ) plfhyplextl

A Op-closed element on the r.h.s. can therefore be moved into good position,
extended to D \D[”g], and differentiated (to yield a cycle supported on
DI\ DIA42]) | compatibly with pullbacks to X;. O

The point is to use the lemma to compute the Rest .. (bottom row)
on &. For one thing, it is clear that the result is constant in ¢ and descends
to CH" *((D% ,.0)K,n — ). The next result follows easily from the lemma

combined with the foregoing discussion.

Proposition 3.1. Fort¢ £, o € A(i), and & € A(i — k) lying over o in
the above sense,

Resziff(t) = (I;) <:|:{$(17, e 7xg—i}> )
Res "¢y = (12) (£{af, ..., 20 0,97, ... uR ),

where the parenthetical expressions are optional.

It follows that if all Res! & are trivial (hence, if ¢ is tempered), then so
are all Rest& — in particular, all Res}’s.
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Remark 3.2. (i) The regularity assumption on ¢ is not strictly necessary
for these results. For n = 2, we need only ask that the general X, (equiva-
lently, X:) be nonsingular; whereas for n = 3 A-D-E (rational) singularities
are allowed (on X;) provided they occur in DI := U 5eA(2)Ds- Note however

that in Proposition 3.1 the formulas for Res’ ., ;& (not ¢) are multiplied by

the multiplicity Qf (components of) Dy ors in case tNhese are nonreduced.
(ii) The Res?, Resi ™ are trivially 0 on CH™(X;,n) (hence on &) for

i = n (in particular, for & lying over a point), since D,, D5 = ) in that case.

3.2. Completing the coordinate symbol

Turning our attention to the family, we define (A = ¢~1)
X :={(\ )|z € X} CP} x P;.
Recalling that Xy = X = D, set

X_ = X\({oo} x X*) C A} x P3,
and noting that X_ NA' x D~ Al x D,

X = XN\A x D= {(\2) |z € (X))} c Al x (C)".

Definition 3.3. We say £ (€ H3,((C*)",Q(n))) completes to a family of
motivic cohomology classes, if 3 £ € Hy,(X_,Q(n)) such that the pullbacks
of £,Z to HY ((X*)*,Q(n)) agree V A € Al. That is, in the diagram

(3.2) =€ HY (X, Q(n)) Hi ((C)",Q(n)) 5¢
] ]
B e HR(XNQn) — Hy (XY, Qn) 3¢

we must have for each X, 7*(2*) = ¢}, (Here X_, X*, and even (X*)* may
all be singular.)

To state general conditions under which we can produce such a =, we
introduce some more notation (mainly for subsets of D). When ¢ is not
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regular, it has a nonempty irregularity locus
7 := union over all & of singularities or nonreduced components of D3

(which is just where ¢5 vanishes together with all its partials). Writing I" :=
Ui{x; = 1} C P& (where {x;}7; C K(IPx)* extend the (C*)"-coordinates), set

J := union of all Dz, & € A(1), which are not contained in I" ND.

For n = 3 specifically, where we will allow A;-singularities (ordinary double
points) on the general X* (but only at D)), write A (C Z) for the collection
of these,

{ag,...,ar} = ANJ, and
{Dy,..., Dy} := irreducible curves in D
avoiding the set (A\ANJ)U (Z\A).

There is a linear map of vector spaces
E:Q(D,....,Dy) = Qla,...,a)
obtained by sending generators [D;] — >, cp, o]
Theorem 3.1. Let ¢ be reflexive and tempered, n < 4. Also assume in case

n = 2: the general X* is nonsingular.

n =3: (a) the general XX s nonsingular apart from Ai-singularities at
points A C I3 N DA
(b) T CI3(ND), TN J C A; and
(c) either
(i) €& is surjective, or
(ii) K is totally real and the irreducible component curves of[)
are nonsingular and defined over K.

n=4:(a) ¢ is regular,
(b) K is totally real, and
(c) each irreducible component of each Do, o € A(2) resp. A(3),
admits a dominant morphism defined over K from Al resp. A°.
Then & completes to a family of motivic cohomology classes (see Defini-
tion 3.3).
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Remark 3.3. (i) For ease of application we have stated the additional
requirements for n = 2,4 in terms of X?*, D; whereas for n =3 they are
phrased in terms of X*, D. (We are not saying all singularities must be A;’s
on X*; just that A;’s are all that remains after passing to X A)

(ii) The additional requirements for n = 3 may be significantly relaxed
if all we want to do is complete £ to a class in HY}, (X*,Q(n)) for some fixed
A. Obviously, taking A to be very general and spreading out would then
also yield a class in H7(X_ x, a1 U,Q(n)) for some étale neighborhood
U % A —i.e. not on the family X_ but on a finite pullback. Here are two
possibilities:

(1) Drop “general” in (a), drop requirement (b), assume (c)(i) (but only
make {D;} avoid A\AN J in the definition of £). If X* is smooth, (c)(i) is
empty.

(2) Allow A-D-FE singularities (call the set of these A’): more precisely,
X nonsingular except at A’ C I3 N DE); and each irreducible component of
J contains at most one point of A’. (We should also note that X is still
a [singular] K3 surface in this case, and its minimal desingularization is a
smooth K3.)

(iii) With the caveat that the following simplification comes at the
expense of important examples, all three additional requirements (for n = 3)
may be done away with if we assume ¢ regular: in fact, (a), (b), and (c)(i)
collapse.

(iv) We make no claim that this result is exhaustive for n =3 or 4.
Indeed, if (for n = 3) the general X* is nonsingular and Z C (UD%) N3
consists of K-rational points (K totally real), then (although we may not
have ZN J = () the conclusion still holds.

Proof. Noting that X* 2 (C*)" and that the resulting map

Hy(A-,Q(n)) — Hi4((C)",Q(n))

completes Equation (3.2) to a commutative diagram, it suffices to construct
=Eer (¢). .

Before doing so, we briefly sketch how the map (¢°) to H,(X?,Q(n)) can
be computed explicitly in terms of higher Chow cycles, when ¢ € £ (= X 0
is singular with desingularization X9). For simplicity, assume sing(X°®) =: S,
X9 X s S =:8, and X_ are smooth: then H™" of

diff. of

SN0 e n(xo. _ (S, ) ——
7 (X7 0) = COHG{Z (Xa .)s/ ©Z (8’ .) pullbacks

Z(8',~e)} [-1
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computes H' (X%, Q(n)). (In general, Z" of S,S’ must each be replaced
by a Cone complex, also denoted Z".) Assuming = has been produced, and

representing it by a cycle in Z"(?E,,n)suﬂ, a representative of (10)*Z is

obtained by pulling back to X% and S (which gives a triple of the form
(%,%,0)).

Now, we will first explain the construction of = in case the total space
X_ (and fixed general X ) is nonsingular, as is the case when ¢ is regular.
(However, we don’t assume that D is a NCD or even that its components
are smooth.) In the (commutative) diagram

¢e  CH"((X)k, —>CH" L(DE: x AY)g,n—1) =<— CH™ ' ((D%)x,n — 1)

Lo

e CH"(XM)&,n) ——> CH" *((D3)c,n — 1),
our hypothesis that ¢ is tempered (together with Proposition 3.1) implies

Res:é? =0, hence that Resié =0V 6 € A(1). The local-global spectral
sequence

CH™X2,j) [= Hy (€)™, Q(n)] , i=0,

Ey I (n) = Ssenm CH' (D x AL j—i) , i>0,

0 , 1 <0
with dj : E?’_”(n) — Ell_"(n) given by @541 )Res~ has
E%"(n) & im {CH"(;E,, n) — CH™(X*, n)}

= ﬂker {di . EY7(n) — EZ’_”_HI(n)}
ker(d;) , forn =2,3,

12

ker(d;) Nker(dz) , forn =4

= ker(d;) C E>™". (Warning: the

d; are not the above Res® for i > 1; see [47] for a description.) So for n = 2,3

we automatically get the desired class = € CH"™(X_,n) H}\“‘/t(f_,(@(n)).
For n = 4, the stated conditions imply that the { D3}, A(2) are Zariski-

The intersection has meaning since E%T

open subsets U C Al (obtained by omitting points with coordinates € K).
Since CH!(pt.,3) is zero, CH*(U,3) = CH?*(AL,3) 2 CH?(Spec(K), 3) =
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Kid(K) =0 for K totally real (# field); since E22 ""(4) is a subquotient of
@565(2)CH2((D§ x Al) g, 3) we are done.

So we have reduced to examining additional complications arising from
the case of X_ singular insofar as this is allowed by the conditions of
the theorem. If n = 2, the singularities occur in D x £ and are always
rational (surface) singularities of type A;, As, or Az (see [2] for defini-
tion). The last observation is verified using the table of 16 two-dimensional
reflexive polytopes in [18]. Briefly, a singularity @ € sing(X_) occurs due
to a multiple root rg of ¢, (z]) for some o € A(1). In a neighborhood of

{(2 — g, 2, A — &) = (0,0,0)} = Q the equation of X_ is of the form

0= (2 —r@)*Wi(a] —rq) + (23) O Wa(2] —rq,22) — (A —6)
x (2] —rQ)ey — (A = d)ag,

where Wy, Wy are holomorphic (# 0 at @) and 2 < k < 4. (Note (A — d)zg
is quadratic and nonzero, and is not canceled out.) At any rate, the canon-
ical desingularization [2] produces X_ Y. X with b~'(Q) = a chain
Rg of (1, 2, or 3) rational curves for each Q € sing(X_). Vy\liiiing X =
b~1(X*) = (C*)?, there are some extra Res!’s of £ € CH?*(X_ ,2) to deal
with, in CH(Ug,1) for Uy C R Zariski open. But this is clearly just
(for Q@ ={(rq,d)} € Ds x L as above) {rqg}, which is necessarily a root of
unity (due > to the tempered requirement), hence trivial. So £ comes from

= 2(x i i = 5
E € CH*(X_,2). In view of the long-exact sequence [with L = Uy ;05 )]

. HE,(X,Q(2)) — CHY(X_,2) & CH(UQ,2) — H3,(URg,2) —

and the identification of CH?(Q,2) and HE\A (Rg, Q(2)) (working over K =
Q) with K2(Q) = 0, = descends to H(X_,Q(2)).

If n = 3, then we admit fiberwise Aj-singularities «; since these live in
DU their location in P4 is fixed as A varies. So for each o € A, {a} x Al C
sing(X_). Since these are ordinary double points, a minimal resolution for
the generic fiber is effected merely by blowing up Px at each . (The proper

transform X_ C Bl A()E_) of X_ is still possibly singular over a discriminant
set =: L C Al.) We write X B, X_ for the resulting morphism, which has
its own “exceptional divisors” B~1(ar x Al) and proper transforms D (xA?)
of D (xAb).

Let P2 denote the exceptional divisor in Bis(Pz) over a € Ds, & €
A(Q); and let X,Y, Z be homogeneous coordinates with X =0, Y =0 the
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equations of P2 N D&l, P2 N Iﬁ)&z (where &1, 59 are the facets of A meeting
7). The equation for B~!(a x Al) C P? x A%/\) must be of the form

(3.3) F(X,Y,Z)+ AXY =0

with f= 0 of homogeneous degree 2.

Let {p;}{_, denote the (not necessarily distinct) points of intersection of
f=0and XY = 0. Stereographic projection, say, through p; to the Z =0
line “uniformizes” the conic (uniformly in \), so that B~!(a x Al) 2 P! x
Al =: P! x Al. (If (c)(ii) holds, then this can be done over K.) Clearly the
{p;} are the points where D3, , Dz, meet the conic (3.3). Since they and their
images ¢; € PL under projection are constant in \, we see that

. q1 Uq ifj=1
B Y ax AN (Ds, x Al) = x Al C Pl x Al
g3Uq ifj =2

for j=1,2.

Suppose a component Dz of (say) Dz, passing through o belongs to I.
Since Z C I3 N ID> some x; = 1, and another z; = 0 or co on Dz Hence D7
is a double line (double in the sense of the multiplicity of X* - D, there);
this means that p; = p2 and no other components of Dz, pass through a.
It follows that any component of J passing through « belongs to D, and
has tangent line (at «) distinct from T, D7 (i.e., {p1,p2} and {p3,psa} are
disjoint). Since ZNJ C A, this argument makes it clear that the proper
B-transforms of I(xAl) and J (xA!) do not meet.

Now & :=sing(X_)C I x L, “hence does not intersect J x Al (the

proper transform of J x A'). Let X L, X_bea desingularization (which
is an = off sing(X_)), and write Q, := A1 (P, x A(/\)) UaeaQq =: Q. Obvi-
ously ﬁ_l(j x Al) = J x A, so we may write Q@ := Q\(j x A1) N Q; the
Q. are rational surfaces, and the Q_ have rational curves missing. Finally,
put S := sing(X_) = B(S)U(Ax Al)andb:= Bo3: X_ — X_, and note
that b=1(S) = 871(S) U Q. As above, we want to use the Le.s.

- HM< v, Q(3) — CHYX_,3) & H(S,Q(3))
S (071(S),Q(3)) —

to obtain a class = in the first term from a pair (Zp,0) in the middle, with
i*=29 = 0.
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To construct Zg, begin with the coordinate symbol & € Z3((X_\b~(D))
>~ (C*)3,3), which (as Z CI3) obviously extends to &€ Zg’gicl
(X_\J x Al 3),-1(s00-, (It actually pulls back to 0 on 6~4S) and Q™))
Clearly the Res!’s are all 0. Combining this with the moving lemmas of
Levine and Bloch, there exist I' € Z3(X_\J x Al, 4) andZp € Z,
(X_, 3)5*1(S)UQ[:b*1(S)] such that & 4+ 0l is the restriction of =y. The pull-

back of Eg to b=1(S) gives a cocycle in the complex computing Huy,
Z((S), —e) =

B=H(Sue—

Cone {23(6_1(5), —e)
NQ,~e)}[~1].

s-1(&ne P Zg(Q’ _.)ﬁ_l(é)mg - Z3(ﬂ_1(‘§)

This can be “moved” by a coboundary (in the cone complex) to essentially
an element of ng_cl(Q, 3)5*1(5)ﬁQ supported on QN J x Al. Moreover, the

components of Q, N.J x Al (o € A) are pairwise disjoint A’s which are £
(as divisors) on Q,, by functions fa € Q(Q4) restricting to 1 on Q4 N ﬂ_l(g).
(Pull back to Q, f € Q(PL)* which has (f) = ¢35 —q4 and f(q1 = q2) = 1,
in the only nontrivial situation.) Since CH?(A!,3) = CH?(pt.,3) one can
move the elements of Z3(Q,,3) so as to make them constant along each
of the supporting A'’s, and then “collect” all these constant cycles along
only one such Al, by using [z-coboundaries of] cycles (of the form 2 ®
fa € Z3(Qq,4)) restricting to 0 at Q, N 37(S). The constant Al-supported
cycles are then killed by adding constant cycles on the b= 1(Dj x Al) = D; x
Al to Zg, via Z%(D;j x Al, 3) — Z3(X_,3). That we have “enough” Dj’s
to kill all constant cycles on the Q,’s is guaranteed (if (c)(i) holds) by
surjectivity of £. Alternatively, if (c)(ii) holds then all of the above is valid
over K (as opposed to K), and K totally real = the CH?(AL,3)-classes
embedded in the Q,’s self-annihilate. O

3.3. Examples of ¢ satisfying the Theorem

Here are specific ways to realize the conditions of the Theorem (in particular,
the tempered condition); ¢ is defined over a number field K as usual.

Corollary 3.1. Let ¢ be reflexive with cyclotomic edge polynomials and
root-of-unity vertex coefficients. Furthermore for
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n = 2: Assume the general X; is nonsingular.

: Assume the facets of A have no interior points, and that ¢ is regular.

3
Il
w

n =4: Assume the facets of A are elementary three-simplices (all points
of A other than {0} are vertices), with coefficients +1 only (except at {0} ).'6

Then £ completes.

Example 3.1. Take ¢ to be an arbitrary constant plus the characteristic
(Laurent) polynomial of the vertex set of any reflexive polytope A satisfying
the relevant assumption in boldface. This will be regular in case n = 2,4,
and also for n = 3 provided none of the facets are of the form (c) (see proof
below) with 5%, % both odd for the same m € Z=°. Out of the 899 reflexive
three-polytopes with interior-point-free facets, this leaves us with 239 [65].

Remark 3.4. For n = 3, we can also allow triangular facets o with interior
points, provided the only monomials appearing (with nonzero coefficients)
in ¢, correspond to the vertices of . This gets us up to 1071 resp. 358 three-
polytopes, depending on whether the special type (c) facets are admitted
[65].

Proof of Corollary. For n = 2 it suffices to show ¢ tempered, and this is
obvious.

For n = 3, one can easily classify (up to shift and unimodular transfor-
mation) facets o with no interior points. Viewed in a two-plane R, they
are all convex hulls of three or four points: (a) {(0,0), (2,0), (0,2)}, (b)
{(0,0), (0,1), (a,0)}, or (c) {(0,0), (0,1), (a,0), (b,1)} (with a,b € N). In
each case ¢ (27,29) =0 can only yield (D} =) a Zariski open subset of a
rational curve. (Since ¢ is regular, D, is also nonsingular.) For o’ € A(2), ¢,
cyclotomic implies that {x{ } gives 0 in CH'(D%,,1). Hence (for o € A(1))
{29,23} € {ker(Tame) C CH*(D,2)} = im {CH?(D,,2) — CH?*(D,2)}.
But CH%(PL,2) = KM (K) = 0 (in fact, K3(Q) = 0), and so ¢ is tempered.
The remaining conditions follow from regularity by Remark 3.3(iii).

For n = 4, the tempered condition is again clear for edges ¢” € A(3),
so fix o/ C o, 0 € A(1) and ¢/ € A(2); 0 is a triangle and ¢’ a tetrahedron.
Any two edges of o/ (viewed as integral vectors) generate R, N Z*, and so
one may choose the monomials ¢, x3 so that ¢, = 1 + 2 + 23 (ignoring
the 41 issue). This makes plain the A@—uniformizability of Dy (condition

6 There are 151 such reflexive four-polytopes, with a maximum of 12 vertices. [65]
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(c) of Theorem 3.1), since ¢, =0 is the equation of D} (in local toric
coordinates); it is also clear that {z{, x5} € CH?(D%,,2) vanishes. Next,
one can choose monomials x§(:= 2J'), 25(:= 25 '), 2 generating R, N Z*
such that ¢, = 1+ 2§ + 23 + (2)%(23)"(23)¢ (a,b € Z=°, ¢ € N). We must
show that {z{,zg,z{} vanishes in C H3(D%, 3), where D} = {(x§,25,23) €
(C*)3| ¢y (z°) = 0}. This requires a short calculation for which we rewrite
x§ =:y; and write elements of CH3(D,3) as symbols — as if they were in
KM(Q(D,)). However, we have explicitly checked that the following rela-
tions actually hold over D} (for the relevant graph cycles) and not just

NDx:

1 1 Y1
{vn, v, w3} =~ {yl, Yo, yi’ygy%} == {—m, —y, —y?y3y§}

1 Y1 < y1> b 1 n — b
= —= — 1+ =)y, —ylysys ¢ = »y Y1 T Y2 YIY2Ys ¢ -
C{ Y2’ Y2 1278 c Y2 ( ) s

Using 1 +y1 +y2 + y‘fygyg = 0 yields

1
- {_3/1, —(y1+y2), 14 (0 +y2)},
c Y2

which is zero (again over all of D). Hence ¢ is tempered. Regularity of ¢
(i.e., A-regularity of ¢ — A for general \) along the faces is obvious from the
explicit equations for ¢4, ¢, do~ (and irregularities in the torus (C*)* for
generic A are impossible by a simple calculus argument). O

Example 3.2. For n =4, there are examples (where £ completes) that
do not fall under the aegis of Theorem 3.1 — e.g., ¢ = 27 'ay tog ey (1 +
Zj‘zl z?), which gives the Fermat quintic family in P%. One must verify
directly that ({z}) € CH*(X*,4) lies in ker(d; ) N ker(dy), in the local-global
spectral sequence described in the Theorem’s proof. This means checking
that the residues of (a representative of) ({z}) in @665(1)23(D§ x Al 3)
are killed by relations (in Z3(D% x Al,4)), then that differences of residues
of these relations in @ 5(2)22(D§ x Al,3) are trivialized as well. This is
left to the reader.

Remark 3.5. For n = 2, one can sometimes avoid going modulo torsion

and complete ¢ to a class = € H3,(X_,Z(2)) (2 CH?*(X_,2) but without
our implicit ®Q convention). Namely, for each edge o, let x?l) = x‘f"xg”
(where (ay,b,) = 1) generate R, N Z2 Then it suffices to require (besides

smoothness of the general X*) the edge polynomial ¢, to have only (—1)
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as root if a, and b, are both odd, and only (+1) as root otherwise. This
follows simply from (integral) computation of the T'ame symbol of {x1,x2}.

We conclude this section with a discussion of what can be done for an
arbitrary reflexive three-polytope A if we are only after getting a Z* for
general A (as in Remark 3.3(ii)). An arbitrary facet o € A(1) inherits the
integral structure Z* N R, (and is obviously not in general itself reflexive).

Fact 3.1. [65] Up to shift and unimodular transformation, there are 344
possibilities for o, and they all satisfy {(o) > 20*(o).

Fix an isomorphism Z?2 =730 R,, and denote the corresponding toric
coordinates on D% by xl,mQ Writing ¢/ (o) := (o) — (*(0) — 1, let M, =
ME U (M, \ M) = {m) }e () U{m }e @) be the decomposition of o N Z2
into interior and edge points. The ample linear system |Op_ (1)| = P{@)~1
parametrized by Laurent polynomials

(o) (o)
Poeg)(27) = Y i (@7)™ + Y By (2°)™ = Aa(2”) + Bs(z?),
i=1 =0

and consists (generically) of genus-£*(c) curves. Let V7" c P91 be the
locus of (¢, cutting out) £*(o)-nodal irreducible rational curves Cy_ in this
system. It seems entirely reasonable to hope that

(3.4) VT is nonempty for all o € A(1)

is satisfied for all reflexive A C R?; this may be decidable by applying the
tropical methods of [57]. In fact one has

Fact 3.2. [57,80] If VI £ (), its Zariski closure VI (the so-called Severi
variety) is a codimension-€*(c) irreducible subvariety of P/ 7)1

Here, then, is our “most general” example for n = 3:

Proposition 3.2. For a reflezive three-polytope A satisfying (3.4), there
exists a tempered Laurent polynomial ¢ (with Newton polytope A) defining
a family of (generically smooth) K3 surfaces {X;} such that (for general t)
the toric symbol completes to a CH?(Xy,3)-class Zy.

Proof. Let U € PY9)~1 be the complement of the P ()1 defined by B=0.
Since dim(V¥7) =/{(0) —*(0) —1>¢*(c) —1 by Facts 3.1 and 3.2
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Virr U # ). Consider the projection U P¥ (@) induced by [a: 3] — B

we contend that its restriction to V¥ NU is generically an immersion.

Indeed, otherwise a generic Cy_ € Vi deforms while keeping its inter-
section with the boundary D \ (C*)? =: D fixed. The normal bundle of the
composition f: P'=C, — Cp — Dj is Nj:= f*(G]%)a)/H]%n = Op(—2+
f*(D)). A deformation of this form would yield a nonzero section of
N¢(—f*(D)) = Op:(—2), which is impossible.

Since dim(Vir) = £ () we conclude that p(VI*Nif) C PY (@) is open,
and therefore contains a Zariski-dense subset corresponding to cyclotomic
edge polynomials (with distinct roots on each edge). So we get countably
many ¢q.[q.g defining irreducible nodal rational curves Cy, with regular,

cyclotomic edge polynomials; and ¢, 3 can be taken to lie in Q.
Globalizing this to the three-polytope, there is a choice of d(x1, 9, x3),
all of whose facet polynomials ¢, are of this form. Clearly, ¢ is tempered if
the classes {2,235} € K2(Q(Cyp,)) = K(Q(P')) vanish. But since the edges
of ¢, are cyclotomic, {xJ,23} € ker(Tame) = K»(Q) = {0}. O

4. The fundamental regulator period

The one-parameter families {X;} of CY toric hypersurfaces produced by
Theorem 3.1 have in a neighborhood of t = 0 a canonical family of cycles ¢,
vanishing (in H,_1(Xp)) at t = 0. What we aim to do in this section, is to
pair ¢, against the regulator image

AJ(2)) € B\ (X,, C/Q(n)) = Homg (Hn_l(f(t, Q),(C/(@(n))

over a punctured disk Dr;0|(0) extending to the singular fiber (at tg € £)
nearest the one at ¢ = 0. The resulting (multivalued) function is called the
“fundamental regulator period;” the “fundamental period” is just the period
of a canonical holomorphic form &; € Q"' (X;) over ¢;. The regulator com-
putation has some surprisingly beautiful and easy corollaries related to dif-
ferential equations, number theory, and local mirror symmetry.

For the next two subsections, it will suffice to assume

(a) ¢ is reflexive with root-of-unity vertex coefficients (denoted ();

(b) the generic X; has at worst Gorenstein orbifold singularities — in this
case £ C P! records only the “more” singular fibers where the local
system R"'7,Q has monodromy — and these lie in D; and
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(c) € completes to = € H%((X¢,Q(n)) as in Definition 3.3.
So in principle n could be > 4. The importance of (a) is that it amounts
to a choice of the parameter ¢ normalizing (in fact, for n = 2 trivializ-
ing) the rational limit mixed Hodge structure at 0.

Remark 4.1. By Lian et al. [55], one knows that R"~!7%,Q of the family
{X;} has maximal unipotent monodromy about ¢ = 0, provided [for n = 4]
Px is smooth. Alternately, there is the followmg simpler argument using the
Clemens-Schmid sequence: SSR replaces X, by a NCD ' Xo, and

" — % n—1/v N n—1/v
Hyo1('Xo)(—n+1) — H" (' Xo) — H! - H(Xy) — HEH(X)

is exact (with Q-coefficients), where N = log(T') and weights of H" (' Xj)
[resp. Hy_1('Xo)(—n + 1)] lie in [0,n — 1] [resp. [n — 1,2n — 2]]. So maximal
unipotent monodromy of T <= N""! # 0 <= Hom,,,.(Q(0),ker(N)) #
{0} 4= Hom,, (Q(0), H"1(Xy)) # {0} <= HO(X™) — HO(XS )
is not surjective (where ’ X([)Z] := desingularization of ith coskeleton of 'Xj).
The last criterion follows from the fact that the dual graph of 'Xj is
Of{tr(A°)}, which is topologically a triangulation of S™~1,

4.1. The vanishing cycle and fundamental period

Pick a vertex v € A(n) and 0 € A( ) lying over it as in the end of Section 2.5.
The local affine equation for X* in Uy is obtained by dividing out the (z%

term from A — ¢(z) and writing the result in the {z;,u;}" ;. Organizing
terms as in (2.6), we have 0 = ®,(z, u) =

14+ ¢1(21) + ¢2(21, 22:Us) + - - + {dn(21, ..., 205 u) — A2E 1u”}

and

(I)Q,(},-(le- y Zn—is U ) = ’]D) =1+ Z ¢k

k<n—i
for i =1,...,n. Here the D5, are (as in Section 2.5) where z,_j4+1 =+ =
zn = 0, with Ds, given by z, = 0 in particular.
Define on Pa, ; € I'(Qp, (log X¢)) by
O dlogzy A--- Ndlogx, )\/\”dlogg
T 1—to(z) A —¢(z)

and let
wi := Resy, (Qx,) € Q" HX,);
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these have p*-pullbacks Q, &r(€ Q" 1(X;)). Let € > 0 and define the real
n-torus

T0 = {la1] = -~ = |2a] = €} NP3 € ZIP(P\ X, UD).

For fixed € > 0 it is clear (using ®, above) that for |A\| > some fractional
power of 1, i.e., for [t| < é(e) sufficiently small, ’]I‘J avoids X;. One has the
membrane

ci={laal = =zl =€ |zl < e} € O (PZ\D7)
where D™ := U&?é&l Ds; this bounds on the real n-torus:

Oy, = (—1)" T2

We specify our family of vanishing cycles by demanding that for |t| < d(e)

hom ~

—¢r = X;NTye € Z% (X))

Now the exponent vectors m; relating {z;} «— {z;} (2 = 2™) form
a rationally invertible matrix. Hence, Tﬁe = {|zi| = €% (Vi)} C (C*)" C Py
for some rational numbers g;. Note that (only for n = 4) the {z;} need not
parametrize Tﬁe on their own, while the {x;} do. (The |z1] =+ = |z,| = €
definition conceals the role played by the {u;}.) For the fundamental period
we have therefore

5 1 s
(4.1) A(t) ::/ Oy :/ Resg () = / Y
s s 271 J Tube(g,)=T1 .

1 . A\
~2mi Jry i |—eq}<zt o )Adlogx
fqb A diogz
(2mi)" ! Z Mot™,

where [-]p takes the constant term of a Laurent polynomial. While we proved
this for [t| < 6(e) (which implies |[t¢(z)| < 1 on ’]AI‘ﬁve), the period and the
power series extend to D7 (0) and agree there since both functions are
analytic.

27r1

[tol
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4.2. The period of the Milnor regulator current

Given a symbol ({f1,...,fn}) € CH™(Y,n) as in Section 3.1 (but with ¥
smooth quasi-projective of dim < n), recall from Section 1.2 that AJ ({f}) €
H"1(Y,C/Q(n)) is represented by the regulator current

(4.2) Rn{f} =log fidlog fa A\ --- ANdlog fn — (27i)0T,,
ARo-i{fe,, fa} € DPHY),

where

Ty := fH{R="U {0}, oriented from oo to 0}

is the “cut” in arg(f) € (—m,m). (R1{f} is just the O-current log f.) Note
that in (4.2) we have omitted the Q(n)-valued d-current; modulo this, R,, is
d-closed.

Remark 4.2. (i) Though we will not check this explicitly, the real-
admissibility requirements described in Section 1.2 are satisfied in the cal-
culations below.

(ii) If the integral cohomology of Y is torsion-free, as in the case of an
open elliptic curve, we can replace Q(n) by Z(n).

The vanishing cycle @; extends to a multivalued section of R"~!'#,Z over
PN\ L, and

(4.3) U(t) := AJ(E)(&r)

yields a multivalued holomorphic function. (See the discussion preceding
Corollary 4.3; it remains multivalued after going modulo Q(n), due to mon-
odromy of ¢;.) We want to compute U(¢t) for t € U, := {|t| < d(e) and arg(t)
€ (=%, 7))} Consider the diagrams

&= {1, ... xn}) e
CH™(X,\D,n) - H7(Xt,Q(n))
lAJ lAJ

H" Y (X\D,C/Q(n)) <7— H""1(X;,C/Q(n)),
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={A—9¢x),z1,...,zu}) (ft, Res},ét>

CH™ ' (Px\DU Xy, n+ 1) —= > CH"(X,\D,n) & CH"(D%,\D%,,n)

H"(PA\DU X;,C/Q(n + 1)) —=> H" 1 (X\D,C/Q(n)) ® H" (D3, \D%,,C/Q(n)),

[T, { ([Doe N K], (e D, ) (6]

SR Tube S\~ “ “ (3%,0) 5
H,(PA\DNX;,Q) =<—— Hp—1(X:\D,Q) ® Hy—1(D3,\D3,,Q) —— Hy_1(X:,Q).

These suggest that

\Ij(t) = AJ(ft)@y,e n Xt)
1 P -
=~ 5 AJ(E)(Ty,e) + (—1)"AJ (Resg, &) (Tu,e N Dz, ),
the first term of which we can compute directly using the regulator formula

(4.2); we will show the second zero by an induction argument.
Working on Pz \X; UD, we have

(4.4) S AJ(E)(T)
27“/ RIN= 6(@), 21, .0}
1

= — log(A — ¢) /\ dlog x,
2mi A, {|@;|=e } /\

sincet € U and z € ']I‘ﬁE = |p(z)] < ﬁ <|Aand arg(A) € (=5, %) =
z ¢ T\_p(z)- Using A — ¢ =t (1 —t¢) and [t¢| < 1, we see the latter

An—1 Q Otm
= —(2m) logt + Z

m>1

On the other hand, we can manipulate the regulator current in (4.4)
by only {coboundary on IP’A\)NQ UD}+{Q(n)-currents} to obtain a rational
multiple of R{®,, 21, ..., z,}. This is done by using multilinearity and anti-
commutativity relations for symbols valid in CH" (P A\Xt UD) and the map
of complexes in [50]. The relations are used first to multiply A — ¢ by z7%
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(which just gives ®,(z;u), and then to turn {x;,...,z,} intoq - {z1,...,2,}.
(Here, ¢ € Q* is the inverse of the determinant of the matrix of exponent
vectors mentioned above.) Hence (4.4) =

e
271 Jn

R{®y, z1,..., 2},

and enlarging the domain to P A\D_ and using (—1)"‘1’]1";€ = 0I'y . gives

i |
= AELICED)

v,e

= q(/ _ R{zl,...,zn} + / R{@v’gl,zl,...,zn_l}}>
'y .NX, ', .ND

v,€ G1

= — R{xl,...,xn} + q R{@Qﬁl,zl,...,zn_l},
P oy

where the switch from R{z} back to R{z} (in the first term) is valid on X;
and

L0 = {la] = = |znial =€ |2 il <€ [znifa] =+ = |z4| = 0}
t
€ Cno—pi—i-l(Dﬁi)'

Of course f@ R{z} =¥(t) mod Q(n).
Now we may argue inductively: working on Ds,, if 0 € N is the order of
vanishing of z,_; along Dz, ,

R{(I)%&i, 21y 7Zn—i} = j:/ ; d[R]
r 16

(
w,

ari,

C——
r{.nDs,

R{Zl, ey Zn1}> .

27 :I:o/_
.ND

Since Dg, is defined by vanishing of ®, 5, =1+ ¢1 + -+ + ¢—;, which is =1
on TV, T N D;, = 0 and this becomes

Git1

:i:27Ti/ ) R{(I)%&Hl AR 7Zn—i—1}
Ty Y

fori <n—1. Wheni=n—1,T8 Y AD;, _, is just the origin, 5, is 1,
and

/( ) R{®,,5,} =logl=0.
Lyt
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We have proved

Theorem 4.1. Assuming hypotheses (a)—(c) at the beginning of the section,
the fundamental requlator period for =; is

(4.5) () = (2mi)" Hlogt + Z tm} mod Q(n),

m>1

forallt € Ue.

Remark 4.3. (a) For X; smooth, AJ(Z;) is represented (by Kerr et al.
[50]) by the class of a closed (n —1)-current Rz := Rz, + (271)"0p-11z,
(modulo cycles modifying the membrane 9~!7%,) in H” 1(Xt, C)/im{H,—1
(X;,Q(n))}, and W(t) = f@ [Rz,]. For brevity, we denote R: =: R;. We
think of [R}] as a multivalued section of Hl/;ﬂ = R" '%,C ® Op: over P'\ L.

(b) Theorem 4.1 is valid modZ(2) if n =2, Remark 3.5 applies, and
vertex coeflficients of ¢ are all 1.

(c) The apparent similarity (of the ) ., in the theorem) to the formal
group law in [17] is somewhat deceptive, as their £(t) would correspond to

Zm>0 [:fl +]10 t™*1 in the present notation.

Now assume henceforth that the general X; is nonsingular (or is a sur-
face with A; singularities). The Gauss-Manin connection V kills periods
hence H"1(X;, Q(n))-ambiguities in [R}], and VI[R)] € T(PY, QL (log £) ®

Fn- 17‘(2 /1;1) (see [47]). Writing &, := t0; := this implies that

dt’
Vs, [Ri] = f(t)[@]

for f € K(P')*. To find f, we take periods of both sides:

T O U
(2mi)n—1 t@ /@ 1] = (27i)n—1 /@ t

and for t € U, this becomes

t% logt + ) [ﬁ]otm = £(t) Y [@™ot™

m>1 m2>0

So f(t) =1on UE, hence on P!. There exists a Picard-Fuchs operator Dpp =
87 + 3020 gk (D)8F (g € K(PY*, r < rk(R" '#,C)) satisfying DprA(t) =
0 and Vpp[wt] =0.
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Corollary 4.1. OnP\L, Vs, [R}] = [©4], and the periods of R, (e.g., ¥ (t))
satisfy the homogeneous equation (Dpp o d;)(-) = 0.

Corollary 4.2. The classes = € H}\L/l(f(t,(@(n)) and & € CH™(X},n) are
(AJ-)nontrivial for general t € P.

Proof. There are several simple ways to see this; the first is that Theorem
4.1 = V(t) — oo as t — 0, which obviously shows

0 # AJ(&) € Homg(H,_1(X},Q),C/Q(n)).

One can also use nonvanishing of the infinitesimal invariant V[R}], and there
is an abstract way to do this which bypasses Corollary 4.1 (and the theorem).
Recall X* = (C*)", and consider the diagram

- {AJt} cp1
CHMR2m) =" Hi, (B n) ——— > HO (P\L, 7L /R 7.0(n))

X /pL
l lcl iv
FUH™(X7,C) <"— FH™(%, 0 H° (P\L, 0L @ 7" 1 L)

in which

(92 = (@) = el fa)) = [ dlog] £0.

(Note that this implies that N\" dlog x extends to a holomorphic form on
X_, namely Qz.) One could also base a proof on Corollary 4.5 below, when
its hypothesis (r = n) holds. O

To put the last result in context, we recall the vanishing theorem of [47]
as it applies to the case of CY’s. For X/C smooth projective of dimension
n—1, let

KM(X):=im{CH"(X,n) — KM(C(X))},

n

and
H" ' (nx,C/Q(n))

—im{ H"(X,C/Q(n)) — lm H"'(X\D,C/Q(n))

DCX
codim. 1

~ Gy B (X, C/Q(n)).
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where N* is the coniveau filtration. (This is nonzero for a CY since [w] ¢ N!;
for a surface it is H2.) Then the AJ map

KM(X) — H" Y (nx,C/Q(n))

is zero for X a CY arising as a very general complete intersection in P of
multidegree (Do, ..., D;), > Dj=n+r+1,and n > 3 (X #curve). (Prob-
ably a similar result holds with P"*" replaced by another toric Fano variety.)
In contrast, a general member of a one-parameter family arising from The-
orem 3.1 is still rather special, ¢ having coefficients in a number field which
are further restrlcted by the tempered requirement. In fact, since 0 # [@] =
Vs, [R)) € Y H"1(X;,C/Q(n)) for general t and Vs N H" 1 C NTH L,
we see that generically 0 # [R}] € Gr% and hence that {2} € KM (X;) is
(AJ-)nontrivial.

So far, little to nothing has been said regarding the behavior of W(t)
globally or near t; € £L\{0} =: £*. Fix a base point 0/ € U, let P denote
the space of C° paths P : [0, 1] — P'\{0} satisfying P(0) = 0’, P([0,1)) C
PN\ L, and write P(]0,1]) =: |P|. Define a projection p : B — P\ {0} by
p(P) = P(1), and let ®p = Usc|p|@r (With [@,p)] € Hp-1(X(p), Z)) be a
“topological continuation” of the vanishing cycle. There is an obvious equiva-
lence relation on JB° := p_l(IP’l\E) — namely, P, P, € p~1(t) are equivalent
iff the restriction of R" 17, Z to | P| U | P3| is trivial. Extend this to ¢t € L* by
requiring only that the union of (|Pi| U |Ps|)\{t} with some subset of D(t)
have trivial monodromy. Denote the quotient spaces by P° C B, topolo-
gizing the latter in analogy with the extended upper half-plane. Note that
L* splits into finite and (unipotent and nonunipotent) infinite monodromy
fibers; p~! of the former should be thought of as points interior to 3, p—*
of the latter as cusps.

We want to clarify the following

Assertion: U(t) lifts to a well-defined, continuous function on  with holo-
morphic restriction to °.

To do this, we must finish defining ¥(t) by observing that (4.3) makes
sense (in C/Q(n)) even for t € £* once the homology class @; € H,_1(X;,Z)
is fixed. Since the MHS JEI”(X}) has weights <mn, Hom,, (Q(0),
H"(X;, Q(n))) = {0} and Hyy(X¢, Q(n)) = Ext), (Q(0), H"}(X:, Q(n))) =
H" 1(X;,C/Q(n)). So AJ(Z;) is at least defined in the last group (though
we will not say how to compute it until Section 6), and (4.3) simply pairs
homology and cohomology.
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Fix t € P'\{0}, P € p~'(t) and ®p (hence gét) By functoriality of KLM
currents (moving Z if necessary to lie in Z" X_, f Rz, f@ Rz for
any t € P!\{0}. If we accept (in ant101patlon of Sectlon 6.1) that
AJ(Z)(pr) = f R=, even for t € L£*, then (4.3) gives

—t

2[ RE:/D d[RE]+[ REQQ)A Q=+ ¥(0)
Pt P Po’ P

for the continuation of ¥ corresponding to P. The Assertion follows, using
Q= € Q"(X_) and Morera’s theorem for the holomorphicity (which we
already know in any case), and “smoothing out” any Q(n)-discrepancies.

As for the local behavior of (the multivalued function) W(t) at ¢ € £*
on P!, this must be consistent with the continuity on ‘B Ing:=t—1t; we
have in general ¥ = holomorphic plus terms of the form ¢?(log" q)H (q)
where 3 € Qt, k€ {1,...,n— 1}, and H is holomorphic. For example, in
the unipotent case suppose we have monodromy T'¢; = ¢, + 1;; then 7, €
im(7T — I) implies (by Clemens—-Schmid) that 7, is zero in H,_1(Xy,,Z),
hence pairs to 0 (mod Q(n)) with AJ(Z;,). Moreover, if n; € ker(T' — I) then
we simply have ¥ = Uy(q) + ¢(logq)¥1(q) where Wy, ¥; are holomorphic
(and single-valued).

Now let to be the smallest nonzero element of £; i.e. (at least if ¢ is
regular) % is the critical value of ¢ of largest finite modulus. Of course,
there might be more than one element of smallest (# 0) modulus; in this
event just choose one. Putting the above discussion together with Corollary

4.1 yields

Corollary 4.3. The V(t) computation in Theorem 4.1 holds Vt € D‘t E

Proof. The convergence and continuity of > %tm at the boundary follows
from a bit of Tauberian theory, combined with the fact that A(t) = 6, V()
has at worst a log" ! (¢ — ty) pole at tg. Then one invokes continuity of W(t)
itself. O

We conclude with a number-theoretic application. Various authors [9,
29,69] have noticed a relation between the logarithmic Mahler measure m
of a Laurent polynomial Q(z1,...,z,) and real regulator periods (or special
values of L-functions) associated to the variety @@ = 0. Writing

"i= il = = feal = 1} € (€
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this is

1 n
= 1 dl
m(Q) = s [ 108 1@l \diosz,
the real regulator is just the composition
n ind AJ n— ld TR n— <
Hy (X4, Q(n)) —= H" (X, C/Q(n)) —= H" (X, R(n — 1)),

where (on the level of currents) mr takes RL to its “(2i)" !.real”-part

rs, € Dﬁ(nl 1)(Xt) (The latter is (27i)" .Goncharov’s current [43], up to

coboundary) In the present context the two are related as follows.

Corollary 4.4. Under the conditions of Theorem 4.1,

e (G 0) = g [ =m0

for allt in

S := {connected component of (Pl\{m})contammg {0} }\{0}

c P,
where the bar denotes analytic closure.

Proof. Consider the equation

(le)nl/ [R}] =logt + Z ¢m

m>1
_ ! /10 (1 /\dlo
T 2ri)n Jo 08 &L

where the first equality holds by Theorem 4.1 for (say) t € U, and the second
for 1(# 0) such that [t| < [¢(z)[~ Lyz € T". (Note that |¢| is bounded above
on T™.) Now the Lh.s. is analytic multivalued on P'\£, while the r.h.s.
is analytic multivalued as long as (0 #)t¢ does not pass through { 111, )}
(50 that log retains a continuous single-valued branch on the image t T

qb(’]l‘")). Since they agree on an analytic open set, they continue to agree on

(the covering space of) the obvious connected component of P\ £ U {

)
p(Tr)
Taking real parts of both sides kills multivaluedness. To see this on the r.h.s.,

replace /\( 4982 1,y A" dargz; for the Lh.s., one easily sees that @; has no
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monodromy on S (though [R}] may, which is harmless). The equality thus
extends to the analytic closure by continuity, erasing £\{0} (where f@ [4]
is finite).

4.3. The higher normal function

For this subsection, take the family X = P! to be as in (the assumptions of)
Theorem 3.1. Given any (possibly singular) fiber X#O, we have AJ(Z;) €
H"(X;,C/Q(n)). If Ry € H" 1(X;,C) is any lift of this class, then since
Wy = ﬁRethQt S H;f(jl(IP’A,C) = Hn_l(Xt,(C), the pairing (R, [@]) € C
makes sense. For X; smooth and Ry = [R}] as in Remark 4.3(a), this is just
*]‘Xt Rg A @y

Definition 4.1. The higher normal function associated to = is the multi-
valued function

v(t) = (R, [@])

on P\ £, where R, is a (multivalued) continuous family of lifts of AJ %, (Bt).

This is a highly transcendental function, but applying Dpp Kkills the
ambiguities (which are periods of @) and produces g(t) := Dppr(t) € K(P!)
(see [25]). Viewed as an element of K(P')/DppK(P!), g is the class of a
certain extension of D-modules attached to =. Alternatively, it is the inho-
mogeneous term of the Picard—Fuchs equation

Dpr(-) =g

satisfied by v, and its nonvanishing would give another proof of nontriviality
of Z;: g # 0 implies that v # a period of @ which means R; ¢ H" (X, Q(n))
[general ¢] and hence that general AJ(Z;)= 0. Note that conversely, if the
C-span of the {V} [&] '~ is a (complexified) Hodge structure for general
t, then it is possible to show (using Vs, R¢ = [@;] from Corollary 4.1) g # 0.

The study of inhomogeneous PF equations for higher normal functions
was initiated by del Angel and Miiller-Stach [24-26]. Their work focused
on families of higher cycles n, € CHP(X¢,2p—n) (p <n=dimX + 1), in
which case f X, R;h A wy reduces to integration of w; over a real membrane.
Here we want to demonstrate that the case p = n is also accessible and
interesting.
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The Yukawa coupling is the function Y € K (P!) defined by
V() = ([@d, Vi @)

for t ¢ L. (Aj-singularities for such ¢ are harmless here, as [@] lifts to

H"™'(X;).) The next result implies this is the inhomogeneous term in many
cases including that of elliptic curves (n = 2) and K3 surfaces (n = 3) with
generic Picard rank 19.

Corollary 4.5. If the order of Dpy is (r =) n, i.e., if the D-module gener-
ated by (@] has rank n, then g =Y.

Proof. Compute first
Ot (R [@e]) = ([@i], [@e]) + (Re, Vs, [@r]) = (Re, Vi, [@r]) |

then inductively
6" (R (@) = 8¢ (Ra, V3, (@) = ([6nl, V5, @] ) + (e, Vi, @)
By Hodge type and Griffiths transversality, this
— <Rt7 Vi [a)t]> :
Hence, with Dpp = 07" + Zz;(l) Qk(t)fsf,

Dprv(t) = Y(t) + (Ri, Ver|ay] = 0) = V().

O

Remark 4.4. For r =n =2,3,4 Y(t) is computed by an obvious differ-
ential equation. To state it, recall that by Lian et al. we have maximal
unipotent monodromy at ¢t = 0. Hence g¢;(t) = tf;(t) for f; holomorphic at
t =0,and withgs = 1, g3 = %, Qs = % we get ;Y (t) = —qntfn_1(H) V(1) =
Y(t) = kexp{—gn [ fn—1(t)dt}. From above, ¥ = g must be a rational func-
tion, and f,—1(t) = —% . %(tt)) (for M € Z). (If one has maximal unipotent
monodromy also at ¢ = oo, then M can be determined also.) The value of
K requires more precise (e.g., modular) information about the family. Note
that for n = 2, n = 3 and rk(Pic) = 19, or n = 4 and h3 = 4, Corollary 4.1
implies that g # 0 and hence that x # 0.
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We prove next an interesting result on the monodromy of (a choice of
branch of) v. Recall from Section 3.3 the definitions (for all n) of 7,7 C D
and for n = 3 set D :=normalization of J at J N.A. From the proof of
Theorem 3.1, X B, X is the simultaneous resolution of the A;-singularities
A(xP'), and D is just the proper transform of 7 (along X; — X;). Let J~
be the union of the Ds’s that are not in I and not of the form {z;, + x;, =
1, 25" =0} Foralln,let T" := R, x --- x Ry C (C*)" with analytic clo-
sure T" C Px; note that its class in H, (P, D) is Lefschetz dual to that of

the n torus T" in H,((C*)"). Let K denote the analytic closure of ¢(T ") in
P}, with (open) complement U :=P'\IC C A}, and set Xy = 7 1(U) C X_,
Xi = 7 1K) C X. (If U is not connected, replace it by a single connected
component, and augment K by the other connected components.) Finally,

let X := X be a very general fiber (with Ao € U).

Proposition 4.1. (a) Let X_ be one of the families from Theorem 3.1 with
nonsingular general fiber and assume ker{H,,_o(J) — H,—2(X)} = 0. Then
there exists a single-valued family of cohomology classes R € H"_l()z)‘, C)
lifting AJ(EY) for A € U. (This includes singular fibers [= U N L] unless
n =2 and J NZ is nonempty.)

(b) Forn =3 and A nonempty (the case excepted above), Hi(J~\J~ N
A) = 0 so the conclusion of (a) holds as stated. If we assume instead Hy (D) =
0, then the conclusion only holds with XA replaced by XA (and R lifts
AJ(E5) € H"1(X*,C/Q(n))).

Remark 4.5. (i) For n = 2, the assumption of (a) says J is one point;
for n =3 it says H1(J) = 0: J is a configuration of rational curves whose
associated graph has no loop.

(ii) The continuation of R* around a loop not in U may no longer be
single-valued over U.

(iii) A relaxation of the hypotheses (e.g., allowing singularities in the
general fiber, ¢ not regular) may be necessary to produce examples for n = 4.

Proof. We do this under the assumption that the total space X is nonsingu-
lar. (While such examples come out of Theorem 3.1, we do not know if any
of these survive the extra requirements for this proposition; nevertheless,
the main ideas are contained in our “artificial” proof, and the more general
situation is treated with cone complexes as in Theorem 3.1’s proof.) Write
Z"(-,n) for dp-closed higher Chow precycles.

In the proof of Theorem 3.1 we started by “completing” ¢ = {z} €
Z"(X\T x Al,n) to € Z"(X_,n) restricting to &+ dpy (on X \J x
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Al); since € € Zp(X_\J x Al, n)X\J(x{zo})> We may arrange to have
EGZ%(X_,TL)X, ’YEZH%(/?_\jXAl,TL—Fl)X\J,

the first pulling back to 2% € Zp(X, n). We take the analytic closure of the
d-closed Borel-Moore C™ chain T; on X_\J x A to get T; € Z TP(X, Xo U
J x PY). Since (Xy\J x U) N'T" = § by construction, we see that Tg maps
to 0 in Zy p(.)? X UJ x PY). Clearly Tx € ZtOp(X Xo) maps to T¢ + 0T,
in Z;"P(X, X UJ x P, hence to 9T in Zn™P(X, X UJ x P!); and so in
ZyP (X, Xic), Tz is homologous to acycle e ZyP(T x (PLK)) = ZP(J x
(U,0U)) (where U := U\U). (The latter may be put in good position with
respect to X, since Tz is.)

Now 0 = F"H™(X,C)n H™(X,Q(n)) implies that 0" = To =T=NX

(on X) Which tells us that 7N X 20 (on X). Moreover, H,(J %
(U oU)) = H, o(J) ® Hy(U,0U) = H,,_ g(j) since U connected implies

Hy(U,0U) = Q, K connected yields U simply connected which says
Hy(U,0U) =0, and obviously Hy(U,0U) = 0. Hence, ker{H, o(J) —
Ho s(X)} = 0507 "= 0 and 3T € 2P, (X, Xx) with oT' = T= (mod Xx),
and we define RL := Rz + (27i)"0r € D" 1(Ay). One has d[RL] = Q= €
FrD™(Xy).

This Qz, being a d-closed (n, 0)-current, is in fact C*° (i.e., holomorphic)
by standard regularity results. On Xy it is cohomologous to 0, hence dn there
for some C*° (n — 1)-form 7. Hence R — 7 is closed and 3 (n — 2)-current
k such that RE —n+ d[k] is C* (in the same class); obviously RL + d[k] is
also C*° (but not closed), and so pulls back to every fiber to give a contin-
uous family of (closed C* forms and hence) classes in {H"1(X*,C)}rer
(including singular fibers).

Next pick any \; € U, put X; := X*; we must show (%, (R + d[x])]
lifts AJ(LX =) € H (X, C/Q( )) for some “move” Z; of E. Namely, use
Me ZHX_,n+1) to get =y := =+ IpM € Zp(X_, n)x,, and p € C,tﬁf?
(X, Xc) to move I to Ty :=T—Th+uc C:ﬁfl(X Xi)x,. Note that
'y = 0T — 0Tpm = T — 0Tpm = Tx,, so that Rz := Rz, + (27i)"dr, has
d[Rz ] = Q=, = Q=. Moreover, the d-closed pullback % Rz = R, =, +
(2%1)"5371(&@51) so its class lifts AJ(1% =1). Now we compare the two
things pulled back, 1% of Rz and Rt + d[x]:

R

M:| + (QWi)néTM+F1

/ — —
El_R:+d[2m
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—R=+d [R + (2mi)"0), } + (2mi)"op
7Tl
= RL+d[=: 5],

hence R — Rz — d[x] = d[S — &]. If S — k does not pull back to X, it is
replaceable by something that does (since the Lh.s. does). O

Stiller [78] studied monodromy of solutions to inhomogeneous equations,
in the case where the corresponding homogeneous equation Dpp(-) =0 is
solved by the period functions associated to an elliptic modular surface. It
would be interesting to compare his formula ([78], Theorem 10) with the
following for n = 2.

Corollary 4.6. In the situation of Proposition 4.1((a) or (b)), the inho-
mogeneous equation Dpp(-) = g admits a solution single-valued in U (i.e.,
also finite at U N L, except possibly when n =2 and T NT #0).

Of course, this is most interesting in case ord(Dpr) = n and Corollary 4.5
also applies.

As an application of higher normal functions and Corollary 4.1, we
consider the problem of producing linearly independent families of higher
Chow cycles over P :=P}\7T, where 7 > {0} is a collection of points. Since
the idea will be to produce independent topological invariants [Q] € F"H"
(Xp,C) N H™(Xp,Q(n)) (Xp := 7 '(P)), larger T is better. In fact, T =
{(t=)0} will not do, as F"H™(X_,C)= F"H"((C*)*C)=C(Q= =
A" dlog x) has rank 1.

Suppose we have a rational map (defined /Q) of families satisfying the
conditions of Theorem 3.1:

)Ep - _Q[— > /.)E’_
PP\ {0},

That is, we have Zariski open Vp C Xp, hence some blow-up Qp = Xp,
mapping to ' X_ over o. Write 2, : X; — — > Xa(t), u; = A ("z;) € Q(Xp)*.

If 2 is the restriction of a rational map Pz X P! — — > P; A X P! given
by (21, ., i t) = (filzs; ), ... fulz; t);a(t)) = (w1,..., wp;"t), then u; =
filz;1).

By pulling 'Z back to 2p and pushing forward along 9B we obtain

0 := A*('E) = completion of {u} € CH"(Xp,n).
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Clearly Qg = Ql*(Q/:), and this is a holomorphic form; since the fibers of

7 are CY, [Qe] = [(7*G)Qzg] for some G € Q(P!)*. On the fibers we have
tl;

Qlt[ a@)] = G()[@], and A ("Raw)) =: S lifting AJ(O;). Corollary 4.1 for
E says Vs, 'R alt) = [@ @a(t)); and applying & gives Vs Sy = G(t)[wy], or
ta/(t .
Vs, St = ( )G(t)[wt].

a(t)

Comparing this with V5, R; = [@¢] (and noting that Vs, removes the ambi-
guities in the lifts of AJ of Oy, Z;), we obtain:

Corollary 4.7. If = G is not a rational constant, then the families of
classes Oy, 4 € C’H”(Xt, n) are (AJ-)independent.

There are examples where a(t) = +7 and G(t) =t for n =2 and 3,
see [48].

We can also compare the higher normal functions v(t) := (R, [@4]),
€(t) := (S, [@]). If 0# g := Dppv, and %G is not a rational constant,
then from

ta/

Dpre = 7(;9

one may deduce independence of the families of Milnor K-theory classes
{z},{u} € KM(C(Xy)) for n =2,3.

In the event that « is of infinite order (rather than e.g., an involution
like t — j:%), iteratively applying the above construction (for a, o, a0
a o «, etc. which of course requires shrinking P at each stage) would give
explicit countable generation for C'H"(generic fiber,n). However it seems
likely (already for n = 2, by comparing with the proof of infinite generation
in [22, Section 7] that this is not possible without allowing a to be algebraic
and replacing the Zariski neighborhood P with an étale one; the relevant
(geometric) generic fiber is then defined over Q(P!) (rather than Q(P)).

4.4. Appendix

Before turning to mirror symmetry and examples, we wish to answer an
interesting question of the third referee. Up to this point we have dealt
with sufficient conditions under which the coordinate symbol completes;
the Proposition below gives a necessary condition.

Let ACR" (n=2,3,4) be a reflexive polytope and F' =3  _r~z»

ama™ € Clzf!, ...,z a fixed A-regular Laurent polynomial. Assume,
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for some v € A(n), that we have normalized o, = 1. We write X* := {z €
(C)™| F(z) = 0} and X C P4 for its (smooth) Zariski closure, and consider
the coordinate symbol & := ({x1|x+,...,zn|x-}) € CH"(X*, n).

Proposition 4.2. If { is the restriction of a class = € CH"(X,n), then
for every m € ANZ\{0} we have oy, € Q.

This justifies our restrictions in Section 3, to the effect that only ayg is
allowed to vary, and moreover that ¢ be defined over a number field. The
proof has been postponed to this section because it rests on a variant of
Corollary 4.1:

Lemma 4.1. Let A’ C R® (¢ = 2,3) be a polytope, not necessarily reflexive,

with integer interior points {Hj}g(;lo), and set U = {s € C||s| < €}. Con-
sider a one-parameter family

yr {(% s) € (C*) x U‘ Gs(y) = 0}

of smooth hypersurfaces with smooth compactification Y C Pz, x U, where

g
Ga(y) =) _Bi()™ + Dyt
j=1

weOANZE

Finally let & := <{y1, cey Yot y> € CHY(Y},0) be the family of coordinate
symbols on fibers of Y* — U. Then
Ty*

(a) the formsw;(s) := Resy, (gijdlogél/z;j/\dlog ‘W) give a basis for Q1Y)

(Vs € U), hence for its isomorphic image under HEWO(Y,) —
HNYY); and

(b) under the Gauss—Manin connection on the relative (¢ — 1)th cohomol-

ogy of my-, Vo, [AJy-(&)] = 3791 B5(s)w;(s)]v

s

Proof. (a) Is due to [5] (see the top of p. 386).

For (b), look at the analytic higher Chow cycle & := ({y1,...,y¢}) €
CH*(Y*,¢). Although Q¢ is nonzero, its pullback to fibers is zero by type,
and H* 1 (Y*) =2 HH(Y[). So 0 = cly-(¢') = [Q¢/] = [T], and there exists
an (¢4 1)-chain I'" on Y with [OI' — T| C Y\Y*, meeting fibers properly.
The restriction of Res := Rer + (2my/—1)“Tr € D1 (Y*) to each Y7 is closed,
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with class in H71(Y},C) a lift of AJy-(&,). Writing Qp := dlogys A -+ A
dlogy, and G(y, s) := Gs(y), we compute

d[R¢/] = Qe = Qp = Resy- (Q A dlog g)
QA agds Y
= Resy- | ——*— s)Resy- Ads.

Since Vg, [AJy-(&,)] is represented by the interior product of d[Re¢] with a
lift of 0/0s, this gives the result. O

Proof of Proposition 4.2. We use the notation from Sections 2.5, 3.1 and
take n =4 for concreteness (the other two cases are treated in the same
way). If & “completes” to =, it must be in the kernel of

Resl : CHY(X*,4) — CH" (D}, 4 - j)

foreach j =1,2,3and & € A(]) By Proposition 3.1, it follows that for each
oceA@) (i=1,2,3), ({z9,...,29_;}) € CH* (D}, 4 — i) must be trivial.

For an edge o € A(3), dim(D}) = 0, and triviality of ({z{}) means that
F, is cyclotomic. This implies that a,, € Q for m € e NZ" (Vo € A(3)).
Moreover, since the one-skeleton of A is connected, we see that a, =1 for
every vertex v € A(4).

Now let o € A(2) be a two-face, and assume o has at least one integer
interior point mq for which am, ¢ Q. Write £ =2, A’ := conv(Mg, ), Go :=
Fy, (y1,y2) := (29, 23), Y5 = D, and & := ({y1, y2}|y; ). Taking Q-spreads
of Y and & yields a family of curves Y& — S (defined over Q) over a quasi-
projective variety, with a family of trivial higher Chow cycles on the fibers.
Pulling back along a holomorphic map U — S, we are exactly in the situation
of Lemma 4.1, with at least one ﬁ}(s) # 0 (from spreading ay, ). Together
(a) and (b) obviously contradict the triviality & (hence [AJy-(&})]) inherits
from &). We conclude that oy, € Q for all o € A(2) and m € o N Z".

It remains to consider facets o € A(1), where the same assumption leads
via spreading out to the setting of Lemma 4.1 (with £ = 3) and a contradic-
tion. Hence ay, € Q for any m € A NZ", and since A is reflexive we are
done. O

5. An application to local mirror symmetry

For any reflexive polytope A C R™ (n = 2,3,4), the total space of K[p: Lo may
be viewed as a noncompact CY (n + 1)-fold. If we let F € Clz{?, ..., 2]

rrn
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range over Laurent polynomials with Conv(9p) = A, then the family
Y = {F(z) +u* +v* =0} C (C*)" x C?

of (n + 1)-folds is the mirror dual of Kp,,. These are CY, since the holo-
morphic form

A" dlogz A du A dv
F+u? +v?

np = 2i- ReSYF < ) S Qn+1(YF)

yields a nonvanishing global section of the canonical bundle (i.e., Ky, ). Its
periods may be interpreted in terms of regulator periods on the Xy :=
{F(z) =0} C (C*)™. We work out this story in Section 5.1 and use it to
compute the mirror map for n = 2 in Section 5.3. Only in Section 5.4 (and
the end of Section 5.1) do we once again require F' to be tempered, in
order to link up with Section 3, 4, 6 and study asymptotic growth of local
Gromov-Witten numbers for Kp,. .

5.1. Periods of an open CY three-fold

Let X C Pa be the Zariski closure of X7, with crepant resolution X r C
Px; denote the inclusion J: X7, ~—— Xp. We assume F is A-regular, so
that Xp is smooth and the Dj reduced (Vi > 1, & € A(i)). Write {z} :=

{z1,...,2p} € CH"((C*)",n) and &p:= I*{g} € CH"(X},n) for its

restriction to X7, —— (C*)". We use a somewhat nonstandard definition

HY (Xp) = im{H, 1 (X5, Q) —2~ H,_1(Xr,Q)}

for the “transcendental part” of homology; clearly this is everything for
n = 2 and contains the orthogonal complement of Pic(Xp) for n = 3. Also
define

Kn-1(X5) = ker{H, 1 (X}, Q) —— H,_1((C*)",Q)}.

Lemma 5.1. K, _1(X}) surjects onto H™ |(XF); that is, every class T in
H™ (XF,Q) has a representative y € ZtOp L (X555 Q) that bounds in (C*)".

Proof. Choose an edge o1 € A(n — 1) and vertex v € A(n) on o1. (More
precisely, we take 61 € A(n — 1) and 7 € A(n) sitting “over” these.) Repeat
the construction of Section 4.1 so that ®, = 0 locally describes Xr and
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1+ ¢1(21) gives (up to a constant) the edge polynomial of o;. Fix a root
(€ C*) of this, define in Z'°% (X%; Z)

0oy ={P, =0} N{|22| =+ = |zn| = e} N {|z1 — 7| “small” }

h ~
and notice g, =" 0 on Xp. Write z1(= aft) =: g,
Define projections and inclusions
(c*)n o {@ e (C*)n | T = 1} o (C*)n—lc ti (C*)n

{zi=1,|2;| =1Vj #i} =T L.

hom

We can orient everything so that m;, (I(d5,)) = mi(al)ﬁ‘?_l; hence I(dy,) =
S mi(or)e, (T?P1). Now the {m(o1)} (taken over all such edges) generate
Q"; hence the {I(d5,)} generate H, 1((CH" 1 Q).

Given T' € H™ |(XF), let 7° be a representative in Z'°P (X%). We may

choose an appropriate sum ¢ of d,,’s with / (7°) hom (6); clearly & "2 on

Xr, and so taking v := 1 — 6 we are done. O

Remark 5.1. When |y°| C X% N {R" or (iR)"}, I(7°) bounds on (C*)"
without modification by a J. [Proof: For any cycle 3 on (C*)", Box"(3) :=
34 p o (“DF Y k(o m).3 "2 0. since Hy_y((C*)7<71) = 0, it fol-
lows that I(y°) — Y%, (ti o ™), I(7") bounds (in (C*)™). But if 4° has real
support then each (7;) I(7°) “cancels itself out”, being of the same real
dimension as the real part of the target (=disjoint union of copies of
(R*)"=1)] This is essentially used for the real, nonvanishing cycle Lq (for
real t near 0) in Appendix A of [45]. However, the procedure (employed
there) of “bounding” the vanishing cycles {K;} with noncompact mem-
branes is unnecessary in view of Lemma 5.1, and also incorrect in homology.

Lemma 5.2. If vy € Z'% (X% Z) has I(y) = dp, for p € CP((C)™Z),
then

LR(&F) = /ﬂ/\”dlogm mod Z(n).

Proof. On (C*)*, A" dlogz = d[R{z}| £ (27i)"dr,, and so

/u Ndlogz = / dR(z) = [ REE / I"R{z}.
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We want to construct cycles in Z,,t;fl (Yr) over which to integrate np.
Considering Yz as a fiber bundle over (C*)™, we have (for n = 2) the picture
displayed in figure 7. In a topological sense, we may view Y as the disjoint
union of an S'-bundle over (C*)" with a copy of Xj. More precisely, if

P:Yp —» (C*)" sends (z,u,v) — z, then

z € (C)Y"\X;p = P (z)=C* (homotopic to S'),
r€Xp = P la)2{u®+0v2=0} =W =W, UWh,,

where W; = A%j. In fact, Yr D X5 x W and we can write W = Wy LI W3
(W5 :=W\{(0,0)}); the complement Yp\ (X} x Wi) is then homotopic to
(CH™ x SL.

Consider the long-exact sequence

Hp(YP\Xp X Wi) ——2 Hp 1 ((C7)") & Ha((CF)")
tube (I*,O)T

Hy 1 (X5 x W) = Hp 1(XE)
N
(5.1) Hp1(YrF)
Hyot (VX5 x W) 22 ((c))
rube I*on
Hy (X5 x W) _ H,(X5).

The bottom I, is 0 because the dual map [F"|H"((C*)") — H"(X})
must be, as dim(Xj)=mn—1 implies that F"H"(X})={0}. The
H,_1(X};) — H,((C*)") is essentially the composition of Tube: H,_;
(X5) — Hp((C*)"\X}) with H, ((C*)"\X}) — Hyp((C*)™); it is 0 for a sim-

ilar reason.
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(S

k
C
’ Fibers of Yg

Figure 7: The open CY (n + 1)-fold Y.

Using any T,’je € ZyP((C*)™\ X %) (see Section 4.1) and the topological

“Sl-bundle” structure of Yp \ (X} x W), gives a cycle TR € Z:ﬁf’l (Yr).
Now (5.1) becomes the short-exact sequence

Q(T4+) = Hua (Yr) = Kuoa(X5).
To construct explicitly an isomorphism
M : Knor(XE) = Hu (Ye) /Q(TH) |
let v, o be as in Lemma 5.2 (Q-coefficients). The cycle (representing) M ()

will have support in P~1(|u|), with S!-fibers over Int|u| and point fibers
over |Op| = |y|. More precisely, M (vy) N P~1(z) (for z € |u|) is given by

Ve l[-VIF@)], VIF@)]], v=er"sF@V u=+/—(u?+F(z)).
Note that Q <T§l,+1> absorbs the ambiguity arising from the choice of pu.

Lemma 5.3. For~, u as in Lemma 5.2,

/ np = 27ri//\"dlogx.
M) T

Moreover, [pniinp = (2mi)" L.
Y
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Proof. Writing v’ := u + iv, v := u — iv, we have (away from v' = 0) np =

Resy, (An dll?(gﬁ J:\u‘,jg,,/\dv/) = A"dlogz A dlog u'. The result is now immedi-

ate (by integrating “first” over the S fibers of M (y)). O

Lemmas 5.2 and 5.3 imply the following

Proposition 5.1. The periods of ngp are precisely the C — C/Q(n + 1) lifts
of the 2mi f7 R(éF) for v € Kn—1(X}), including the lifts (2mi)"T1Q of 0.

If we now assume F = F' is tempered, plus additional assumptions for
n = 4 (cf. Theorem 3.1), then £z comes from some = € C’H”(XF,n), and
so R(&;) has no residues to separate periods over 1, y2(€ Kp—1) with Jiy1 =
Jiy2. Therefore (using Lemma 5.1), we get

Corollary 5.1. The periods of ng may be expressed in terms of the regulator
periods of “transcendental cycles”: f(,) N 1s the composition

Hn+l(Yﬁ’) M-t IC”—I(X;;) Lemma 5.1
M (ker(J.) N Kp_1) +Q <’]AI‘§}+1> = ker(Jy) NKp—1 ~
_2mif. R(Ep)
Hy (X p) ———— C/Q(n +1).

In particular, if we put ourselves in a one-parameter family setting F =
1 —tp(x) for ¢ as in Section 2, then Corollaries 4.1 and 5.1 get

Corollary 5.2. The D-submodule of H”X_l generated by (&) is a quotient
of the submodule of H%‘H generated by [n], via

Vo = Vg’@ o Vs,.

Remark 5.2. If ¢y is a vanishing cycle (as in Section 4), with K,_1 2
©wo ;» o, then by Theorem 4.1 and Corollary 5.1

fM(,%) U —2mi f@o R(Ey) U(t) logt

Joneime — @mintt —(2mi)r 2mi

as t — (0. So this period ratio is custom-made for defining a mirror map.
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5.2. The canonical bundle as a CY toric variety

We specialize to the case n = 2 for the remainder of the section. Let A C R?
be a reflexive polytope with vertices v, ..., ¥("*2) numbered counter-
clockwise. Together with (?) = {0}, these are the “relevant integral points”
of A (any interior points of edges are excluded). We have a (partial)
triangulation tr(A) using the segments 5 = [0 y ()] and write () :=
) — (@),

A fan XA is obtained by taking cones on tr( ) x {1 } C R3. The gener-
ators of ¥a(1) are {2, ..., 202} where 2*) = (1) 1). The associated

toric variety Y° is the total space of Kp,, £, Pao. The line bundle Ky is
trivialized by a [global nonvanishing] “tautological section”, making Y° an
open CY three-fold. If edges of A have interior integral points ) then Y°
is singular (but normal). When we refer to the “singular case” resp. “smooth
case” below, this is what is meant.

The curves C7 C Y° dual to subfans ;s are in 1-1 correspondence
with edges of A°, and are supported on the “O-section” Df = Pa. C Y°.
The [C7] generate Hy(Y°,Z), and the Mori cone (of effective curves) in
Ho(Y°,R) is just obtained by taking RZ%linear combinations of them. We
assume henceforth that the Mori cone with this integral structure is smooth
(cf. [23, p. 32]; this implies simplicial). A simple example where both Y*°
and Mori are smooth is shown in figure 8.

The divisors D7 dual to subfans ¥,u), i=0,...,7+2, generate
H2(Y°,Q). If Pae (and Y°) are smooth then the D = pfl(C’f).AOtherwise,
using the u® to refine 5 yields the crepant resolution Y° 2 y° over

Ppo ~— Px.. Denote the exceptional divisors Ef (for p) and Ef := 5~ (E)
(for p); we have H?(Y°, Q) = ker{ H*(Y°) — HQ(UEO)} Writing C? = p*C?

B>

aQ

Figure 8: Local mirror CY 3-fold data.
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for the proper transforms, the D; are then represented by cycles on Y° of the
form D? := p~HC) + X, BLE; for B € Q satisfying (C? + Y BLE]) - Ej =
0 Vi, k.

Intersections M;; := <C§,D§> under the pairing H?(Y°) x Ho(Y°) —
Q are then computed by C? - Dj These need not be integers (see [37])
but the matrix [M;;];;>1 is symmetric. The Kdhler cone is the dual of
Mori in H?(Y*°,R) under this pairing; it is represented by divisors {D =
> a;D; | (C;, D) > 0(Vi)}.

In general, we have in H2(Y°)

=Y "D} = p M (Kp) = —p H(XO),

i>1

where X° is any anticanonical (elliptic curve) hypersurface in good position
with respect to Da.. Writing d; — 1 :=number of interior points of the edge
of A° dual to v, we have (i > 1)

- <Cz97 D8>Y° = <C7:O7XO>PAO =d,.

Put e; — 1 :=number of interior points on the edge “next” (in the counter-
clockwise direction) to #(¥). We are in the singular case iff some e; > 1.

We are interested in a very explicit (and standard) presentation of the
Mori cone: first, we write down generators for the integral relations on
the 2 as follows. For any k € {1,...,7 42}, let o k) pk=1) +€(k) o+
be the minimal Z'-linear combmatlon lying in the hne contalnlng 5( ) and
then choose K(k) €7, E(() ) € 29 such that

(5.2) E(()k)Q(O) +£1(i)12(k_1) + Elgk)g(k) +£](€Ijz12(k+1) —0.
Note that E( )1 is replaced by EfnJr)Q for k=1, and KI(CJZI by Egk) for k =r 4+ 2.

Remark 5.3. One can show that these take the form

ok _ —epek—1dy oK) ek o) _ exer—1dx — € — ex—1
- e y Y1 — e ; - e )
(k,k—1) (kk—1) (kk—1)
JB) ekl
i e(k,kfl)j

where e, 1) = ged(ex, ex—1)-
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This procedure determines a vector (%) € 7743 with

a ) = 0 My = (-~ D5
(In the smooth case, dj, = —E(()k).) That is, the relations vectors %) are essen-
tially the rows of M with denominators cleared; write L for the new matrix.

The Mori cone can be represented by the RZ%-span M C R"*3 of rows
of L; by our above assumption (on Mori), M is simplicial. However, the
integral structures may not be the same in the “singular case,” so M may
not be smooth. More concretely, write M := {R-span of E(i)} C R™3, with
integral lattice Mz = M N Z™3, and Mz = M N Mgz. Then the affine toric
variety

Ua := Spec{Cla™ |m € Mz}

is just A" in the smooth case but can be singular in the singular case.
Using the fact that M is simplicial, take the {ﬁ(i’“)}zzl which cannot

be written as RZ0-linear combinations of the other {¢()}. (In the singular

case, if any ﬁ(i) are the same, we choose the one for which the “dual” d; is

minimized.) Note that M is smooth iff Z=° <{£(i’“)}> is all of My. Next, let
ai € Q be such that Jg, = Z;ﬁ af}bD;? satisfy

r+2 4 d: (i)
(G Ty | = D o E(i:) G| = Okm-
Jj=1 0

(That is, if we omit a couple of rows from L, the {a,} give linear com-
binations of the columns that yield é,, € R".) These {J; } then generate

the Kahler cone. We have ) d;, J; = —Dj since ), d;, CZ,J,§> =d;, =
_ <c;; : D3> .

Remark 5.4. The {afn} are nonnegative, since the Kahler cone lies in the
effective divisor cone, see [23]. It follows that Mz D M N (Z=0)"+3.

Now we use this construction to identify the complex structure moduli we
will use, for the anticanonical hypersurface X, given by the Zariski closure of

r+2 _
Fu(z) = Z aigzm =0
=0
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in Pa. The coordinate patch in simplified polynomial moduli space Mgimp
(cf. [23]) on which it is natural to work is just Ua, with coordinates

L) _
ty:=a" , k=1,...,7

In the singular case, to parametrize Uan one really needs all r + 2 of the
Qﬁm =: s; together with their relations, but the functions we consider will
be defined in terms of the {tx}. Moreover, the inclusion of My into the
true Mori integral lattice (generated by the {C} }) defines a smooth finite
cover A" 2 Ux — Ua with coordinates {t).} satisfying (tx)** = ty, for g :=

‘K((Jik) | _ CixCip—1

+ — This is where we really want to work.
ik Gt —

5.3. Construction of the mirror map via regulator periods

The family Y, := {u® +v? + F,(z) = 0} C (C*)? x C? treated (in greater
generality) above with holomorphic form 7,, is considered to be the mirror
of Kp,.. This is in part because its periods satisfy the relevant GKZ equa-

tions D (-) = 0.17 The Dy, are essentially the push-forwards, under the map
(C*)r*3 — (C*)" given by a + t, of

ﬁk _ H aw( k)l H atlji(lk)l

{514 >0} {514 <0}

In view of Proposition 5.1, we will work instead with regulator periods on
X, to construct the (inverse of the) mirror map. This will be a map from
complex structure parameters ¢ to complexified Kihler parameters

(53) Oa > P (Z({RY_,) € B (Y°,Q)} @z (C/2),

where P — P — D3(0)*" are small punctured polycylinders centered at 0
in UA — Up — A",

We will follow the method of Sections 4.1 and 4.2 for computing these
periods, taking v := vU) and z; := 2% Iy (see beginning of Section 4.1).

1"For a more thorough conceptual treatment of local mirror symmetry, the reader
is encouraged to consult [21,27,45].



486 Charles F. Doran and Matt Kerr
The local affine equation of X’Q is then given by
(fa(2) + a0)z122 = aj + aj127" + ¢2(z1, 22) + apz122 = 0,

where ¢2(z1,0) = 0. Assuming 0 < |a;| < |ag| (Vi) [hence 0 < [t < 1 (VK)],
consider the family of cycles

@) = (1] = e, |22l <} N Xy € X

This may be thought of as a vanishing cycle being pinched to the “point at
vertex g(j)” as a; — 0.
As in Section 4.2 we set (working integrally)
& i ={z1, 22} ={(—1)%21,(—1)%"'22} € CHQ(XQ*, 2),
LD G | . .
where o := 722 gives essentially the sign from Remark 3.5.

In CH3((C*)? \X 3) we define

€= {ao+ fu(2), (=1)% 21, (=1)7 125}
= {(=1)7"7 (a5 + ajs12 + O(22)), (=1)% 21, (=1)7 22} .

This has residue £, along )N(g, so that

(5.4) 5 =AJ(E)())
- @AJ(&)(MI =|z| =€) — %ﬂAJ(ReS}ZFO}éQ)(\zﬂ = ¢)
S [ ostan+ pa(e) TR B
e,y 1
1 1 : o +o;_
= 10g(a0) - Z % (—aofa<z)> — log((_l) jT0; 1%‘)
k>1 0

= —log <(—1)"f+"“aj) — H(a).

ao
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Here [-]o takes the terms constant in z1, z2. Now in the smooth case (essen-
tially following pp. 160-161 [23])

Z ab
Y0 X i e

m>1 41,

nye |00 (i)
-y -y —Z S | (S

m>1 Mnq,.. 7n7‘ Z E /Lk)) k

The ﬁrst big »_ is over nonnegative integers {¢;} satisfying > ¢; =
Sl = 0 the second is over integers {ny} with 3 n,l0*) € Z x (Z>0)T+2
and ) nkw i) | = m. By Remark 5.4 we can take these ny > 0, and so H is
holomorphic (and well-defined) in a neighborhood of 0 in Ua. In the singu-
lar case, we replace ), by a sum over MN (2=0)r+3 (which involves
nonredundant choices of {n;}/72) and use all the /() and s; (not just the ¢(i*)
and tj). The resulting H is defined on Ua and pulls back to a holomorphic
function on Ua. Henceforth it will be written H (s).

Clearly the “log”-term of (5.4) makes no sense on Ua or even Ua; this
reflects the fact that &, is not invariant under the action of the torus (C*)2.
But the periods of R{x1,x2} over cycles in

K(X;) = ker{H1(X;,Z) — H,((C%,72)}

are torus-invariant, and r distinguished vanishing cycles in K(X}) are given by

r42
k ik) (7
cp“:z—Zé )Lp(()j) k=1,...,r.
j=1

The map Hy(X) — H;(X,) induced by inclusion sends w[ok] to E(()i’“) times
a primitive vanishing cycle @g. If p1 € K(X}) is a lift of a complimentary
generator —@q, then AJ(&,)(¢1) and the AJ(fg)(ap([)k]) form a Q-basis for
the periods (modulo Q(2)) of AJ(&,) = [R{z,y}] over cycles in KL(X). One
should view the cp([)k} as differing by loops around points of D C Xg, hence
the AJ (@)(cp([)k]) as differing by residues.
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Now we slightly change our notation to bring it in line with [45]. Write
(multivalued) functions of ¢

@ = (2ni)* =/ e
(7
DM = 2mi AT (€,) () = / Mo\
M (i)

o = 2w AT o) = [
M(<P1)

and normalize these by setting w') = QD.(')/QI}(O).
Theorem 5.1. The w,(cl) are well-defined C/Z-valued functions on P, given
by ﬁ times

log ((=1)% &) + 65| H (5),

wher@ € 1= Z;“’:—%(O-] + 0‘]—1)6‘5“)

Definition 5.1. The (inverse) mirror map (5.3) is given by
'
(o) = S TR0 WD),
k=1
where W,gl)(f) = ﬁw,&l) (s(2)).
Remark 5.5. (i) Hosono [45] considers the (conjecturall) map
mir : K(Y°) — H3(Y,Z)

arising from Kontsevich’s homological mirror symmetr{ conjecture, and pro-
poses that one should have T3 = mir(Opy), M%M(gpgg) = mir(OC;;k (=J2))s
M(p1) = mir(Op,).

(ii) Set op := Z;:l |€(()i'j)|5t].. The W]gl) are logarithmic integrals of periods of

dey p dep
wy = Res < Iil(ml,ZJ in the (limited) sense that

1 di,
orWy” = (2mi)? L e

for each k. We also write (after [21]) ds := > _; di, Oy -
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5.4. Growth of local Gromov—Witten invariants

Define (on P) the Gromov-Witten prepotential

1 _
FioeWN) 1= 53 (Flese Y WIW 4 {lower d} ()

2 4 terms
4

T
; Z Z di k; Nkl,._,,kTQ'fl . .er’
j=1

K1,k

where Q; := exp(2wi Wj(l)) and N is the genus zero (local) G-W invari-
ant “counting rational curves in [the total space of] Kp,,” of homology class
> k;[C7] € Ha(Y°, Z). (See [56, Section 6.1] for a precise definition.) Chiang
et al. [21] originally obtained (essentially) this expression by writing a com-
pact CY three-fold X (with prepotential F) as a torically described elliptic
fibration over Pa., and taking the limit of [a suitable partial of] F under
degeneration of the fiber. Morally, the resulting (local) Nj, were supposed to
measure the contribution of the zero-section Pa. to G-W invariants of X.
Here then is the fundamental local mirror symmetry prediction:

Conjecture 5.1 [21,45]. For a suitable choice of ¢1,
(5.5) Fioc(W M) = w® (i)
under the mirror map.

To summarize: the first regulator period yields the mirror map; the sec-
ond gives the prepotential. .
We will now pull (5.52 back to a “diagonal slice” of P where residual
1)

differences between the wy, vanish. Write

r+2

(5.6) 6= ajar” | Fyula) =1—te(a);
j=1

this gives ap = 1, a; = ta;,

i r+2 (Gir) )
o Eé““) H gj k M[(Jlk)‘
ty = (—1) o t .

j=1
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If we further set
(5.7) aj = (—1)itoi-at

then t(t) = (—l)e’ctwk)', and the “slice” is given by #(t) := (ut%s (G =
some root of unity with pith power (—1)%; the choice will not affect calcu-
lations). The pullback of W,gl)(f) under ¢ +— £(t) is then simply

d;,
2mi

Wil (t) = S {logt + H(t)} =: ds,w (1),

where H(t) (:= H(s(t))) can frequently be easier to determine than H(s).
So the map of families {Fy(z) =0} — {Fy(z) = 0}/(C*)® induces a
“diagonal” embedding © : wM — (d;, w®, ... d; wM) of Kéhler moduli.
Clearly ©* o0 g = 0,y 0 ©*, and by (5.5)
D* Fioe W) = w® (t(wM)),

it follows that

5. 008 A1) = (155 ) 0 e
For the Lh.s. of (5.8),
a%fioc = Z dij die <J]C'>’PAO ) Jl?>yo
7.0
, 3
— (2mi)? Z Z dikj | Ny, QF - QF
Kvvo ke \j—=1

= <_KIPA° ’ _KPAO >IPA0 - (27T1)2 Z D? Z NEQE

D>1 {k| X di;k;=D}

Thinking of k as the homology class 3 k;[C ] € Ha(Y?°) = Hy(Pa-), we have
(k, X°)p,, = > kjd;i;; hence applying D* yields

r+2

Sd; — (eri)? Y D? > N eP
i=1

D>1 {k|(k,X°)=D}

where Q = exp(2miw(!)). Note that the constant term just records the num-
ber of components Ay of the singular fiber of the diagonal family at ¢t =0
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(after a minimal desingularization of the total space). We also rechristen the
sum in parentheses NV <DXO>. It would be very interesting to have an interpre-
tation of these numbers in terms of X° alone, since the mirror map is defined
only in terms of X (not Y'). To venture out on a limb, can one suitably define
a class in K of (the nerve of) the Fukaya category (of X°), which completes
X° to a datum “mirror” to the family {X;} together with {£; € Kao(Xy)}?
Is there then a “regulator” of this class which pairs with Op,|x- (recall
M (¢1)’s conjectural mirror is Op,) to yield the prepotential Fjo.?

For the r.h.s. of (5.8), write 71 and 7@ for the p(%iir‘i))cls of w; := Resx,,

(%); then 6w (t) = 7O (t) (¢ = 1,2). So we have

d o sw® 72

o’ T 5 T 0

and applying one more ﬁ yields

6 (Z5) 2 0gm®) — 1@ gm )

§tw(1) - (71'(1))3

Writing this in terms of functions from Sections 4.1, 4.3 for the diagonal
family X4, (and dividing Lh.s. and r.h.s. by (27i)?), we have the following
equality of a G-W generating function and Yukawa coupling:

No xy~p _ V(t)
) PR DA A vTATE

under the mirror map. The latter is just the local analytic isomorphism
t — Q(t) [Q(0) = 0], extending at least to Dy, |. (Recall X4, is the sin-
gular fiber nearest t = 0 in the punctured diagonal family.) The r.h.s. of
(5.9) blows up at ty since Y(t) ~ ﬁ and A(t) ~ log(t —top) (up to con-
stants) for ¢ — to. Hence the Lh.s. series has radius of convergence |Q(to)| =
exp{R(2riw(t))} = exp{s=I(¥(tp))} where U(t) = (27i)2wD(t). If
there is more than one ¢y of minimal modulus, one should of course pick
the one that minimizes |Q(to)|; but in every case we have tested, symmetry
ensures that this is independent of the choice.

Theorem 5.2. Let A be a reflexive polytope C R? such that the Mori cone
of Y° :=Kp,, is smooth, determine ¢(x) by (5.6), (5.7), and let U(t) and



492 Charles F. Doran and Matt Kerr

[to| be as in Corollary 4.3. Assume Conjecture 5.1. Then the local Gromov—
Witten invariants of Y° have exponential growth-rate

(5.10) limsup |[NE |5 = e 3 3(%(t)),

D—oo
Remark 5.6. (i) In Section 6 we will describe a procedure for computing
the “regulator period” W(tp) on a singular elliptic fiber of Kodaira type
I,,. This identifies with the image of an indecomposable K3 class under the
composition

EPYQ) 2 Hygpom(X1,/Q., Q(2) 225 (X4, C/Q(2)) 2 C/Q(2),

which (after taking the imaginary part) coincides (up to a factor of 2) with
the Borel regulator. This explains the occurrence of Dirichlet L-functions in
results of [59] related to (5.10). (We will be more precise about the field of
definition in Section 6.)

(ii) Equation (5.9) gives, for ¢ = 0, the correct value Y(0) = 271 Np.

Finally, we want to explain how “reasonable” assumptions on the {IV ]gXO>}
lead to a more precise characterization of their growth. (The argument is
similar to that in [20] but more rigorous.) Let d := ged{d; |i = 1,...,r + 2},
put U(t) =d- {U(t) — R(¥(ty))}, and define “normalized” quantities

Np = —d3N§§O>e_i%%(W(t0))7 Q := exp {_llil(t)} .

27
Reindexing, (5.9) becomes

No

4n?

Y(t)
A3(t)’

+ Z D*NpQP =

D>1
and we assume

(a) the Np are uniformly positive (or negative) for sufficiently large D.
Next define np (> 0) by

ND = :I:e%\ij(to)D_gnD,

and assume that

(b) limp_.0o mp log? D exists (in the extended reals RZ% U {o0}), i.e., that
the Np “do not oscillate too much” in the limit.
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Now asymptotically as t — ¢y (keeping t —tp € R and |t| < |to]),
7 ~ —ma® (to)% (where m € Z7 is essentially the number of
components of X ); logarithmically integrating this, we have
2 i= 5 (U(to) = () = 55(W(to) = ¥(B) ~ d-m 7@ (t0) (£~ 1)
log |t — to|. This implies the r.h.s. of

(¢) £> p>1 npe P* = y((t)) + 47T2 is asymptotic to
where we can replace t — tg by z — 0%,
We need a result from Laplace Tauberian theory.

mazlogZ(t—to)  mzlogZa’

Lemma 5.4. Given a sequence {ny} of real numbers satisfying
(&) ny positive (or at least ny > _logL?k for some C > 0),
(W) limy, oo ng, log? k exists (finite or infinite),

(C/) Zzo:() nkeikz ~ xlongm as x — 0+'

(Here (d') is the “Tauberian” hypothesis.) Then nj ~ ﬂ as k — oo.
That is, nylog? k — 1.

1, k=0
Proof. For my, := < 0, k=1, it is an exercise in elementary analysis
1
gk K22
to prove > po,mge e ~ zlolg?x (z — 07), e.g., in the form limy oo Y poy

% ngzz — 1) ¢ v =0. Now let N(k), M(k) be the respective kth partial

sums of ng, my, viewed as functions on RZ°. Hypothesis (c¢’) obviously
implies [;° e " dN (k) ~ [;° e *dM (k) (for z — 0T) and then (using (a’))
[31] gives N (k) ~ M (k) for k — oo. Hypothesis (b) says limy_,oc ;& exists
(finite or +00), in which case it must equal limg_, A]\A[,(( )), which is 1. O

In our situation this yields np ~ hence the following result:

_d__
mlog? D’

Corollary 5.3. Under assumptions (a) and (b) above (and the conditions
of Theorem 5.2), the “normalized” G-W invariants have asymptotic

behavior
d eXP{ D;il('t[))}
ND ol 271’1
m  D3log” D

for D — oo.
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Remark. It seems likely that one could use a Fourier Tauberian argument
to eliminate the assumptions.

6. First examples: limits of regulator periods

A well-traveled road in dealing with computations for one-parameter families
of varieties is to attempt to recognize “modularity” in some suitable sense.
For example, this approach was employed in [32,33] to describe mirror maps
and Picard-Fuchs equations for families of CYs. Here (in Section 10) we
use it, for the families (and higher cycles) produced by Theorem 3.1, to
compute the cycle class, higher normal function, and regulator periods —
especially their limiting values at cusps. The central purpose of this section,
in contrast, is to illustrate a procedure inspired by Bloch [12] for computing
these “special values” of W(¢) (at singular fibers), that does not rely on
modularity. This leads to a formula (Proposition 6.3) for essentially the
\il(to) of Theorem 5.2/Corollary 5.3, which we apply to some key examples
in Section 6.3. Throughout this section X_ is as in Theorem 3.1 (so that =
and ¥ have the established meaning).

6.1. AJ map for singular fibers

Fixing a € L*, write X, =: Y = UY; with Y; irreducible, p, = 3 ¢; for ¢; €
C'P (Y;); we do not require that 7' (a) = 3. m;Y; to be reduced, here or

in the Y = NCD case. Assume further that = € Zy . (X_,n)y so that the

H; := 2 .Y are defined. Our first goal is to verify the claim from Section 4.2
(cf. the discussion leading up to Corollary 4.3) that

(6.1) AIEG) = [ Be=3 [ Be.

® i Pi

to this end we review briefly the computation of AJ(Z,) from Section 8
of [49]. The (somewhat technical) general conditions under which it (hence
(6.1)) is valid are described in [49] following Proposition 8.17, and allow for
all singular curves, as well as any local-normal-crossing or nodal singularities.

Here we shall focus on the case Y = NCD, writing Y7 := N;c1Ys, YUl .=
7j=j41Y7, and Y7 for the collection {Y; NY7} n7—p of subsets of Y7. This
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“hyper-resolution” of Y gives rise to fourth quadrant double complexes

2y (n) = Z2"(Y10, —m) 4 Cl(n) == Cyl (Y1 Q),
=@, Zg(Y1,—m)_,, (piecewise C'*° chains)

O Zy"(n) — 2y (n), Oiop : () = Cfya (),

3: ZEm(n) — 28 (n), Gy: Cj,n(n) = Cy ,,(0),

where J (resp. Gy) is the alternating sum (cf. [49] for signs) of pullbacks
(resp. pushforwards). These have associated simple complexes/total differ-
entials/(co)homology

( ) = S.Z)./.(n)a sz(n) = SOCZ.(“)?
8:3 =0g+t7J, 8top = atop + Gy7
H*(Z3(n)) = Hy ™ (Y,Q(n)), | H.(CY(n)) = Hoppu1(Y).

The KLM currents (3 +— 73,3, R3) give a map of complexes (described
in full in [49]) inducing an Abel-Jacobi map from Hy; *(Y,Q(n)) to

H%”+*<Y,@<n>> ExtLHs<@<o>,H2”+*‘1<K Q)

H* 1Y, C/Q(n)).

||z'A RA

For * = —n in particular, this is
(6.2) AJy"™ : HY(Y,Q(n)) — Hom(H,—1(Y,Q),C/Q(n)).

To compute this for dim(Y) =n — 1, let

63) 3= {3 ez n+0)} € {ker(dp) C Zy"(n)},
l

=Y (e (v1Q)} € {ker(dop) € CY, ()},
)4

with each 44 (resp. 31) decomposing into {vrhin=es1 (vesp. {31} r=e41)-
Then

(6.4) ATM3) () =) / Ryn=> > / Rs,

>0 >0 |I|=4+1"77

gives a well-defined pairing H"(Zy(n)) x H_,(CY (n)) — C/Q(n). Now
consider the map

I zZ0 (X, n)y — {ker(9s) C Zy"(n)}

R, —cl.
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given by restricting to the irreducible components of Y. That is, if 3 = I32
then 3% is the collection {13, =} while 3l =0 for £ > 0. Let v be the dyop-

cycle corresponding to @q: i.e., 7% = {p;}, while the v(s£ 0) comlﬁe
iterated boundaries of the ¢;. Then

AIE ) = A1) DY [ Rz

confirms (6.1).

Continuing to assume Y a (connected) NCD of dimension n — 1, we want
to say something about the value of (6.1) in C/Q(n). Place the “weight”
filtration

WHZH(Y,Q(n) = im{ H*(s*Z{*> """ (n)) — H*(Z3(n))}

on motivic cohomology, and note that W_g, 11 H((Y, Q(n)) consists of those
classes representable by Odg-cocycles supported on points py := Y7, |I| = n.
(For simplicity we assume these are each one point.) This is compatible with
the weight filtration on the generalized Jacobians in the sense that AJy" is
“filtered” by maps

W AT
—_—

WoHY ™ (Y. Q(n)) Extl (Q(0), W 1 H2""L(Y,Q(n))).

MHS

In particular the target of W_s,i1AJy" is Ext! (Q(0),Q(n)®) =
(C/Q(n))®b | where by := rk{coker(H*(Y"=2l) — HO(YI»~1)1. For Y =
X, a degenerate CY, by = 0 or 1: by = 1 implies maximal quasi-unipotent
monodromy about «; and in the unipotent case, maximal monodromy —-
by = 1.

We need to be more precise about the field of definition: recall that X_ is
defined over a number field K; it may be that o ¢ K, and that to “separate

components” of Y requires an algebraic field extension larger than K («).

Definition 6.1. L/K(«) is a splitting field for the NCD Y iff all the com-
ponents Y7 of the hyper-resolution are defined over L. Furthermore, Y is
simple iff all Y7 are rational.

With such a choice of L, and assuming by = 1, we have

(6:5) W_gnp1 H((Y/L,Q(n)) = CH™(Spec(L),2n — 1) = K3% | (L) @ Q.
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Let v,3 be as in (6.3) with "~ = {arlp1l}r=n (@1 € Q) and [3] € (6.5).
Then 3 = {2;}7—, modulo Jds-coboundary, and

(6.6) ATP"(3)() = AR (3 +ar2wr) € ©/a(m),

where in light of (6.5) AJSQZ;,/%I’_T; should be thought of essentially as the Borel

regulator. The key result, which the computations below will reflect (but not
use), is

Proposition 6.1. Letn=2 or3, Y = X, be a simple NCD with abelian
splitting field extension L/Q, and if n =3 assume L totally real. Then
HY(Y/L,Q(n)) = W_gn1 HY (Y/L,Q(n)), and ¥(a) is a sum of Dirich-
let L-series L(x,n) with algebraic coefficients.

Remark. For L nonabelian one might hope to relate the collection of values
of ¥ at (some) points of L* to Artin L-series corresponding to a represen-
tation of Gal(L/Q).

Proof. In order to “move” an arbitrary Og-cocycle (in Z,"(n)) into
ZQ_I’_MH(n), we need only know that (for?: 2) CH*(Y;,2) = {0} (Vi)
and (for n = 3) CH3(Y;,3) and CH3(Y;;,4) are 0 (Vi, j). This follows from
vanishing of CHP(P!,n)=,. CHP(L,n)® CH? '(L,n) and (for
S = Bl{pl,...,pN}(PZ))

CHP(Sy,n) = CHP(L,n) & CHP~Y(L,n)®WN+) @ CHP72(L, n).

Now since = is (like X') defined over K, its pullback to (the components of)
Y is defined over L. The last statement (of the proposition) then follows from
Beilinson’s fundamental result [7,62] on higher regulators of a cyclotomic
field (D L), together with (6.5) and (6.6). O

For actually computing (6.1) we shall take a different approach, for which
one may drop the assumption that Y is a NCD. Using the fact that = and &
differ by a dz-coboundary on X*, f@ R= = f@ R¢ (mod Q(n)) provided ¢¢
does not meet D. For ¢t = « this yields

(6.7) ¥(a) L > / e

Yi}-

Yise--yTn
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In the event that (¢t =)o =1t¢ (at the boundary of convergence of (4.5)),
using Corollary 4.3 gives

k
(6.8) log(to) + > [¢k]°tk @ (27”1),1_1 > / R{z}ly,
i TP

k>1

in particular, if ty € Rt and K C R then the Lh.s. = R(r.h.s.).

These formulas are of greatest practical use — i.e., the r.h.s. of (6.7) and
(6.8) is directly computable — when the {Y7} are rational (and explicitly
parametrized). This is automatic for n = 2, but unfortunately (at least for
(6.8)) doesn’t tend to occur at ¢y for n =3 — in all the examples we have
analyzed (see e.g., Sections 6.4 and 10.5), the K3 acquires a node there.

We conclude with a general result which best captures the sense in which
“singular” AJ; (Zq) is a limit of “smooth” {AJg (E¢)}. Let X L Sbea
proper, dominant morphism of smooth varieties with dim(S) = 1 and unique
singular fiber Xg; since S is not required to be complete, this can be arranged
by omitting other singular fibers. Assume Xy is a reduced NCD so that the
local degeneration (over a disk with coordinate s)

XEC—s Xp =2 Xy =—— UY;

L

A*( A ){O}

is semistable; and let 2% € CHP(X\ Xy, r). Define the local system Hg :=
R*="=1£,.Q(p), cohomology sheaves H := R*’~"~1 £,C ® Oa- with holomor-
phic Hodge subsheaves F™, and Jacobian sheaf (via the s.e.s.)

H
p?T
(6.9) Hg — — — J*".

Then =* gives rise to the higher normal function

V=x (S) = AJXS (Es) c F(A*, jpﬂ")a

ok

where = 1= % (). Writing T' € Aut(Hg) for the (unipotent) monodromy
operator (with N :=logT), consider the Clemens—Schmid exact sequence of
MHS

e HPPTN(Xo) B H TN () S HE TN (G (<) =

lim
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and the canonically extended sheaves H,, F¢, and

He ,
(610) ]*HQ [N ]:75 — \757
over A. Set
He ~ r—
TEn(Xs) = S = Extl, (Q(0), (XS, Q(p)))

(7+Hg)o + -7:20

and JP"(Xo) := Ext! (Q(0), H*~""1(Xy,Q(p))), where (3.Hg)o is the
stalk of the local system at 0 (i.e., invariant cycles), while Hco and Fy,
are the fibers (over 0) of the corresponding holomorphic vector bundles.
Then p induces

J(p) = T (Xo) = T (Xo).

Note that any section v € T'(A, J") has a well-defined “value” v(0) €
JI% ( X )

lim

Proposition 6.2. Suppose Resy,(Z*) € CHP~1(Xg,7 — 1) (& Hiﬁ ;jl
(X,Q(p))) is zero. Then v=- lifts uniquely to a section v € T'(A, J¥"), and
we define limg_g ve-(s) := v(0) € JP (X;). Furthermore, if = € CHP(X,r)
restricts to E* then

lim v=-(s) = J(p)(AJx, (X, E))-

s—0

Proof (Sketch) The existence of E follows from Bloch’s moving lemma [11],
and we can put it into good position relative to Xy. Since

U, (cI(E)) € Hom,,, (Q(0), H*~" (X0, Q(p))) = {0},

and Xy is a deformation retract of Xa, the restriction of cl(Z) = [Qz=] =
(2mi)P[Tx] to Xa (hence to X%) is trivial.!® So the image of vz« in H'(A*, Hg)
vanishes, and its lift to I'(A*, ]7_350) is actually computed by fiberwise integra-
tion of the completed regulator current R,(/E\xA) = Rz|x, —d ' (Qz|xy) +
(2m1)P6p-1(12) 1, ) against sections of f*F”*pA%7§p)+r_l(log Xp)(n = dim X).
As s — 0 these integrals do not blow up, so the lift extends to 7 € (A, %),
this has image v € T(A, J2"). (In fact, at s = 0 they compute AJx, (1%, Z)
by generalizing the argument used to prove (6.1) above.) The uniqueness
of v is a simple argument using the long-exact cohomology sequences of
(6.9), (6.10). O

18 After this step, remaining details are similar to those in [40, Section 3].
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6.2. Formula for AJ on a Néron N-gon

Returning to the setting of Theorem 3.1, we will now compute the r.h.s. of
(6.7) for Kodaira type Iy degenerations of elhptlc curves. Specialize to the
casen = 2, X,=Y = UfV 1Y; with each Y P!, Y;;, nonempty iff ig — iy =
+1mod N, and YEND=0.Let 2z : ¥; > = P! be such that zi(Yii—1) = o0,
2i(Yiit1) =0, and ¢ = €4 - Zfil T.. (for some € € Z). Then restrictions of
toric coordinates x1ly;, z2|y; will be written

o=l %) sl )

(with no a;; or B, 0 or 0o); note that >, dij = > €y = 0 (Vi) and

(£:(0), g:(0 (A [[e. B ) <fi<oo>,gz-<oo>>=(Ai,Bz-Hﬂm)
k

Since Y is a singular fiber in a family of elliptic curves produced via a
tempered Laurent polynomial, Tameg{ f;, g;} is torsion for every & € |(f;)| U
|(gi)]. We do not require that |(f;)| N [(g:)| = 0, so for sums over both j and
k the notation Z;k means to omit terms for which «;; = §;;. In particular,
we set

N, Z disein {O‘]ﬂ € Z[P'\{0, 0}]

and N, := >, Ny, 4,. Another important notational point is that logz is
regarded as a O-current with branch cut along 77, so that (With dlogz := %)
or. =

z

5= (dlog z — d[log 2]); also d [d;‘;glz} = 070} — O{oc}- While this approach

“keeps track of branches of log,” a nasty side effect is that loga — logb #
log ¢; although the discrepancy lies in Z(1) this becomes significant when
multiplied by another function.

Now recalling that

R{f,g} := log fdlog g — 2mi(log g)dr,
one easily checks that (in D' (Y;\|(f)| U |(g:)]))

R{fi,9:} = Z/dijeikR {1 - % — ﬁ} + R{fi,Bi} + R{4;,gi},
j7k (A 'L
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where the equivalence is generated by d{0-currents which are 0 at z = 0,00}
and 5{2(2)[é]_chams}. This gives the r.h.s. of (6.7) (for now omitting e,

Q4
d;ie; 1- 59 1220 90N log B 5
> gek/ { . sz} lei:og /T T,

1,7,k
+ZIOgAi/ dlog g;.
i T,
Rewriti ’ d|l . dz;
ewriting fT() gm fﬂm ( [log z,]) =7 fﬂm ) A s T
% f]pl (log 2;)d(-) yields
(6.11)
/
dz [ logz 1

Zdijeik / log<1—)z+/ Og,Zd[R{l—aj _H
1,5,k T1,m ﬂlk Zi PL 27 2 51]@

+ZlogB/ {logfz) [(Z] (log z:)d [ﬁ]}

dgi
— log A; log z;)d | —| .
+27ri§i: og /Pl(ogz)d[ }

9i
The directed line segments (for distinct a,b € C*)
Tioe = ™800 [afl, Ti-; = ¥} —oo, 5]

in P! do not intersect unless arga = argb (mod 27Z) and |b| < |al, in which
case a global perturbation as in Section 9 of [47] may be deployed to kill the
intersection. Since in general

d[R{f,g}] = 27i(log f|(4) —log gl(s)) — (21)*67,.1,,

Q@)

(6.11) becomes (¥(a) )

(6.12) deem {Lw ( m) + (log cvij — log Bir,) log ( j)}

~ sz
+Zloggz (log fi(0) — log fi(o0))

— Z log B; Z d;log cvj + Z log A; Z e log Bk
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This is the best we can do without further information.
Next, suppose that we know W(«) is pure imaginary (up to Q(2)), or

just want its imaginary part. Taking 3{(6.12)} gives
a;j
- Z d;jeir {\SLZQ < ) + log arg < ) }
ik Bz ik
Js
+ ) log|gi(0)|(arg f;(0) — arg f;(c0)) + Z arg(g;(0)) log f
i

_Zi:arg(gi(o log| - ‘ Zarg filoe gz(g)o))‘

— log|By| Zdij arg o + Zlog |Ail > eir arg Bix
i j i k
! O\ €k
_ zi:%:dij arg a;; log 1;[ <1 - g:;)
! N\ i
+ ) einarg B log || ( - %>
— j Bik

(6.13)

ﬁzk

where the ]}, H; mean to omit terms which are 0. The last four terms of
(6.13) may be rearranged to give

{A H (1 _ )dij}ug(gi)

i €eCx {Bz' H; (1 - ﬁ)e“ﬁ}'js(ﬂ)
= > > arg(¢) log|Tameg{ fi, gi}| = 0.
i £eC

The second and third rows of (6.13), after obvious cancelations, yield
the collapsing sum

Z{log 19:(0)| arg f;(0) — log|gi(c0)| arg fi(c0)} = 0.
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This leaves us with the first row, which is just

—ZdijeikDQ <%> = —Dy(Na),
Bik

i’j’k

where Ds(z) := 3(Lia(2)) + log|z|arg(l — 2z) is the (real, single-valued)
Bloch—Wigner function. Summarizing this discussion and combining with
(6.8) gives immediately

Proposition 6.3. For a family of elliptic curves as in Theorem 3.1 (n = 2),
~ 2
with Xo a Néron N-gon (including cases N = 1,2), ¥(a) Qé) Ea - (6.12) with

(U () = —eaD2(Ny). In particular if a« = to, and K (ty) C R, we have

1

to

k
-y i = e py ),

(6.14) log ’
k>1

plus or minus i if tg < 0.

If the family X_ or a ¢ — " quotient thereof has just three singular
fibers, then the L.h.s. of (6.12) is a special value of a “hypergeometric inte-
gral” or Meijer G-function, and such identities seem to go back essentially to
Ramanujan. In addition, the Meijer G-functions studied in [59] for the Ej,
E7, Eg cases below are nothing but 2%1 times the regulator period W(t").

We should emphasize that (6.14) (as derived above) is a motivic identity
which directly reflects the limit AJ result Proposition 6.2.

6.3. Examples D5, Eg, E7, Eg

We turn now to four “mirror pairs” of elliptic curve families with common
fundamental periods. The Laurent polynomials ¢1, ¢ in the first column of
the table below have dual Newton polytopes and are of the type considered in
Example 3.1. The corresponding i, Xyr are smooth and the second column
lists their Kodaira fiber types over t =0, t € LN Cx, and t = oo (in that
order). These two families share a common degree-x quotient (over simply
t — t* for each X 1), whose singular fibers (after a minimal desingularization
of the total space) are listed next. This is followed by the Dynkin diagram
type of the dual graph of the singular fiber over t* = oo (in the quotient),
which we use to “identify” each example. The vanishing-cycle periods about
t =0 (being pullbacks from the quotient families) take the form Aj(t) =

Ani(t) = Ym0 @mt™, and so Wy(t) = Uyg(t) = 2 (logt +3 th).

m>1 km
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Finally, if we take ¢ = ¢r1 in Section 5, then the { N ISXO>} are local Gromov—
Witten invariants of the Y| indicated and these will have exponential growth

rate exp(—?R (‘1112177(50)» by (5.10).

- Fibers of
’ dgbIII ‘ Fibers of X ‘ K ‘ ){(/\Z/ ‘ Ztygz ‘ am ‘ to ‘ Yﬁ ‘
K
(z+i) (y+l) 14,215, 14 2m)) 2 1
1 j Ig, 201, 1 2| Ig I I Ds ('m) i Koo p1
z+;+y+§ 8 1,42 v Pt xP
P pi
x Yy 1
+ 4+ o I3,313, Io * sm 1
v T r T ay 3| I3, 1,1V Eg ( ) 1 Koo
z+y+ wly Ig,3I1,1Ip m,m,m 3 P
PRI 14,412, Ip 4 1
v e T ey » 212, 4| Iy, 1p,100* ) ( m ) | K
x+y+PlT, Ig, 411, Io 24 7 2m,m,m 232 P(1,1,2)
pi
x Y 1
A Ig, 611, I . 6m 1
Y z Ty Rt 6 Iy,11,11 Eg ( B ) K
c+y+ 131y2 Ig, 611, I ) 3m,2m,m 4%\5 P(1,2,3)

Obviously, we may use either X or X to compute Ui (to) (= Yi(to)), and
for Eg, 7, Eg we will use /f’I. For D5, we use instead the family X produced
by ¢ := W, with tg = 1—16 and A(t) =>,.>0 (2;?)275’” (hence Uyy(t) =
3U(%)); in fact, its minimal desingularization is the quotient family.

What we now do in each case is find an explicit parametrization of (each
component of) X;, via {f;,g;}, then compute N := N, and Dy(N). First,
to record some notation: we shall consider L-functions L(x,s) := > . %
of primitive Dirichlet characters

x-3(-)=0,1,—-1,... (mod 3),
X-4(-)=0,1,0,—1,... (mod 4),

X+i5() = 0,1,i, —i,~1,... (mod 5),
—is(1)=0,1,-1,i,—1,... (mod 5),
x-s(-)=0,1,0,1,0,-1,0,—1,... (mod 8)

at s = 2. An easy way to get such values is by taking Bloch—Wigner of roots
27i
of unity: e.g., for (, = e ™=,

o Sy
Da(Ga) = S(Liz(Ga) + 0=y =5,

k>1

To simplify Do(N) to terms of this form, we manipulate A/ in a quotient
of the pre-Bloch group Bz(C). Namely, work in Z[P£\{0,1,00}] modulo
(the subgroup generated by) relations: [¢] + [%]7 [1— &)+ [€); [€] + [€]; and
S72_ [&] where (with subscripts mod 5) & =1 — &1&1 (Vi), pictured as
in figure 9. (These are all well-known relations on Ds, see [12].)
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&,

&s &

&4 &s

Figure 9: Mnemonic for 5-term relations.

Ds:In P! x P!, 1 — L @m0 — 045 an 1) normalized by
1+1)° 1+2)°
fla)=——25, g(z)=— 3
1
(1-2) (1-3)

Hence N = 8[—i] — 8[i] = —16[i], and
Da(N) = —16D5(i) = —16L(y_4, 2).

(So in fact the correct Dgg fg) to use for ¢y is —8L(x_4, 2).)_ )
Bg: In P2 0=1- 350 = gu(l+a+9)(1+ Go+ Gy)(1+ Gz +
(3y) is normalized by

_ S _

filz1) =G (1 :{; g1(21) = <(1 — 2?
s _ 2

(€] Zs

f3(z3) = (3 <1 - Zg o g3(z3) =@ ﬁ — 23

so that N = 3[(3] — 6[¢3] = —9[¢3] and

Da(N) = —9D5(¢3) = —9\2/§L(X—372)-
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Figure 10: 5-term relations for E7.

Er: InP(1,1,2),0:1—ﬁ“;§!+1 = 2\}21xy(x+iy2—\/§y—i)(x—iy2—

V2y + 1) is normalized by

_aY(1- 8
f1<z1>:—¢5< (§><11>2“), o) = 1o
ta
A (18
fa(z2) = \@(1 é:)_ (11)2 22>, g2(22) = L__Z,

where v :=i(v/2 — 1), § := i(v/2+ 1) (and v§ = —1). We read off
N =201+ 2[0] - 2[—] = 2[-6] — 2[-1] = 4[7] + 4[J]

using 4 = —v, 0 = —6. Now using the three five-term relations pictured in
figure 10, together with 1+7 = (g, 1—*5 = (3, we have

2 2
E—[—v]—[l—ﬂ—[—fﬂ—[l—ﬂ—[ - ]_[126]

1—x

] + [0] 4 2([v] + [0]) + [1_5] + [1_7}

2

[Cs] +[¢3)-

Hence

Dy(N) = 4Da((s) +4Da(¢3) = =21 Y k™ + 3" — & — &%)

k>1

= 4\/§L(X,8, 2)
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Eg: In P(1,2,3), 1 — % =0 is an [; whose normalization takes the
ot} L

form

. 2 2

Hg‘—l (1-%) = (1 B E)

= V3= = V22—

16 = VB ) = VB

z

where [Ta; =[]0k =1, g(aj) = —Cg and f(B) = (—1)ki.
Conjecture. 3, [%] -3> [i} — 23 [ay] = 2.

If this is true then Do(N) = 2 L(x_4,2).
In each of these four cases, £, = —1 and multiplying (6.14) by & yields

(6.15) log || — Y _ %m(tg)’” = ;—:Da(/\/tu);

m>1

1
to

or on an individual basis <writing G =3 150 % for Catalan’s constant)

G s
D5:log16—zm(16)m:; )
m>1
‘ (3m)!  27V3
EG . lOg 27 — Z>:1 m(m|)3(27)m - Ar L(X—?H 2)7

4m)! 8v2
By +log64 = 3 m(Zm)(!(m!))2(64)m = Lx-e2),

m>1

(6m)! 7 20

Eg :log432 — .
e n;m@m)!(zm)!mmw)m m

Of these identities, D5 and Eg were known to [69], while E; and Eg were
conjectured on the basis of numerical experiment in [19, 59]. The latter
two examples (modulo the Eg Conjecture) make the strongest case for the
method of Proposition 6.3; they are not amenable to the approach in Sec-
tion 10.4 since /?1, )EH, 2?11 /Zy, all fail to be modular in the sense required
there.

The four cases in this section correspond to fundamental examples in
the local mirror symmetry literature. The instanton numbers that appear in
[21, Table 7; 59, Table 1; 77, Ex. 1-4] (“rational”) have the same exponen-
tial growth rates as our {Né)lgo>}, namely exp{r.h.s. of (6.15)}. The “xD”
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instead of D) appears due to a discrepancy in indexing of cohomology
PP
classes.

6.4. Other examples

We begin with an elliptic curve family for which ¥(¢y) involves more than
one Dirichlet character: the universal curve with a marked ﬁve—tor§ion point,
or “As” family. This arises via minimal desingularization of the X obtained

from
5o =0 ==z
= vy ,
and is birational to the family considered by Beukers [15] in relation to

irrationality of ((2). This has

Aty =" (f: <TZ>2<mzf)> Mty = _11:55\/5’

m>0 \¢=0

with singular fibers I, Iy, I1, I5; Xy, = {1 — t¢ = 0} is normalized by

2

(1-1)° (1-2)
f(z): 2 3 ? (Z): )
LI NN O

where ~ = —H'—‘/g =2R(¢3) = 552(55 +1)=C¢3(¢; +1). This gives N =

—4[Gs) — 4[¢2] + [Céf] +6[¢4] = —10(¢5] — 5[¢2]. Writing 8z := /555 (6, =
F(Cs), 0- = S(¢2)) and Ag = 2455 we compute

pan=-s{ {1+ )acs ()]
1 R A

log g — 3" ko (") _ Do) gy

L X+i, 57

and

mAg B 2m
m2>1
Turning to n = 3, consider the irregular (but reflexive and tempered) Lau-

rent polynomial

[ [ I
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This gives rise to the (“Apéry”) family X of singular K3’s related to irra-
tionality of ((3) from the Introduction. The general fiber has seven A;
(node) singularities and Theorem 3.1 applies (with K = Q), producing = €

H%A(X_, Q(3)). The degenerations occur over £ = 10, ¢, %, oo p where tg =
(V2 -1)% X;, and X L just have extra nodes ( = order 2 monodromy),

while Xy and X are unions of rational surfaces (and the correspond-
ing monodromies maximally unipotent). One can therefore use (6.7) (but
with a different choice ¢ of topological two-cycle) to directly compute
AJ(Exo) () = —2¢(3). This is done in [49] (Example 10.21) and is behind
the assertion about V(0) in the Introduction.

Now for the n = 2 families As, D5, Eg, we can take advantage of their
modularity to obtain an alternate computation of lim;_,;, ¥(¢); this is carried
out for D5 in Example 10.1. Similarly, by identifying the Apéry K3 family as
modular (and Z essentially as an Eisenstein symbol), one can compute that
(one continuation of) ¥(oco) = —48¢(3), see Examples 10.2 and 10.5. More
interestingly, we can even use (9.17) and (9.18) to compute W(ty), which is

not amenable to (6.8) (due to the nodal degeneration). Since the fixed point
-1
=z €H of \66 corresponds to tg, we have (with &g 1 as in

V6

Q(3)

= (27) THLL}]( ©f+6)

n 1 Z/ i & ’ ‘Pf,+6(man)
— im T
2mi ~ M—o0 v m(mﬁ_i_n)g?

m=—

V(vV2-1)h)

or dividing by —4m?,

0 S 0 )

E>1 §=0

_4\f V6 Z Z(pf%mn((lg_n)g.

Q-3 2
8w nez\{0} m>1 & +n?)

Presumably something more can be said about the r.h.s. but we have not
attempted this.
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7. The classically modular analogue: Beilinson’s Eisenstein
symbol

The next three sections run parallel to what was done for the toric symbols
in Sections 3 and 4: here we will construct the basic higher cycles, and in
Sections 8 and 9 compute the cycle class and evaluate the fiberwise AJ map
on them (and consider some variations on the basic cycles). Starting from
an (¢ + 1)-tuple of functions on an elliptic curve with divisors supported on
N-torsion (or the (¢ + 1) divisors themselves, or even just their Pontryagin
product), the goal is essentially to construct a family of CH* (-, ¢ 4 1)-
cycles on the £th fiber product of the universal elliptic curve with marked IN-
torsion over I'(N)\ $). The idea comes from work of Bloch for ¢ = 2 [12,13],
and first appeared in the generality considered here (but for infinite level)
in [8]. Interesting aspects of the story include the relationship between the
“vertical” choice of divisors and the “horizontal” values of the resulting
global cycle’s residues over the cusps; and the role played by modular forms
and especially Fisenstein series. Much of the material in this section (and
Section 8.1) is expository, but is set up to better enable the AJ computations
(and for potentially easier reading) than the presentations in the existing
literature, amongst which we have found [8,28,30,72] to be especially helpful.

7.1. Motivation via the Beilinson—Hodge Conjecture

For a quasi-projective variety V defined over Q, this conjecture predicts that
the cycle-class map

el + CHP(V,r) — Hom,,, (Q(0), H#~"(VE", Q(p)))

should surject, i.e., that there “exist enough cycles.” In the context below
(with p=7r=/{¢+1), it translates to the statement that every Eisenstein
series is, in a precise sense, the fundamental class of an “Eisenstein cycle”
(or “symbol”). This case will be proved in Section 8.1 when we compute the
classes of the symbols constructed in Section 7.3. In a sense our motivation
is backwards since the Eisenstein material was originally a major piece of
evidence leading to the conjecture.

7.1.1. Construction of Kuga modular varieties. Z2% acts on § x C*
($) = upper half-plane) by

((m1,m1), ..oy (meymg)) - (Ty 21,000y 20) == (T3 21 +muT + 11, ..., 20
+ meT + ny)
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and we quotient

729 x Cf = g I g

Recall T'(N) :=ker{SLs(Z) — SLs(Z/NZ)} = {(‘; Al 55)) } and
take I' C SLo(Z) s.t. {—id} ¢ ' and I' D I'(N) for some N >3 (such a I’
is a congruence subgroup of SLy(7Z)).

Now v = (¢ ;) €T acts on $*:=HUP(Q) by 7(r) = %‘H’ and we
define modular curves

?p =DI\OH" OI\H =Y
with the cusps as complement:

Ip,q € Z/NZ s.t.
r ol ;
{SEP(Q)‘pr+qs:1 modN}

r
{(—s,r) € (Z/nz)? || {(=s,7)) | = N}
< (~5.7) ~7.(—s.7) = (~er — ds,ar + bs) >

(=s,7) ~ (s,—T)

KD ‘= ?F\YF =

One has also the elliptic points

EFZ=< {7‘653|E|’y€1;s.t.7(7):7'} /F) .

=!I €&r
Now let T' act on E\7~1(e) by

Z1 zy

3o 2dd) = (wx LTM,...,CTML(T)) ;

the quotient is dengted SLK] LG Yr\er and Shokurov’s smooth compatifi-

cation [75] is ?g] . VT (we just need its existence).

7.1.2. Monodromy on ElLe]. To understand monodromy about er U &,
first take £ = 1 and let « resp. (3 be the families of one-cycles [0, 1] resp. [0, 7]
on fibers E, of E1) — §. Each v € I should be thought of as a composition
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of monodromy transformations with action
a— aa+cfB, [ — ba+dp.

If v fizes £ € PY(Q) (resp. 7o € ) then it corresponds to going around (some
number of times) [Z] € xr (resp. [ro] € er). The er are just the finite mon-
odromy points, with order= 3 and monodromy locally of the form (? :})
in an appropriate basis (Kodaira type IV*). If we had not required —id ¢ T’
then they could have order 2 or 4). If I' = T'(N) then ep = 0.

To put all the cusps on an equal footing with regard to monodromy
matrices, given % € PY(Q) pick p,q € Z such that pr + gs = 1 and define a
“local monodromy group”

e ()= (2 o Q)

which is generated by (é T) (or (Bl irf)) for some m|N (resp. m|%) For
2[1], this yields a fiber of type I,, (resp. I}},) in Kodaira’s classification; we
subdivide kp =: /ﬁ% U /@F.

For ¢ > 1, one has an isomorphism of VHS

B, 20.0.0)
v ~ 1 o ®(f72a) £—2a,a,a
Heer), = ogae;m (Hgm/y( a) )

so that monodromy about type I cusps is (maximally) unipotent for all ¢,
while that about type I'* cusps is only unipotent for ¢ even (by considering
(th symmetric powers of (3 7).

7.1.3. MHS on the singular fibers of ELE]. We will use the notation
El[f}y(g EY for some 7 € $) for smooth fibers and Er[g,]yo for singular fibers,

which are NCDs in the Shokurov compactification. (Note: EAlLe}yO does not
count multiple fiber-components with multiplicity.)

(A) Elliptic points. (yo € er) Take a degree—3 cover Yr —2. V1 with rami-
fication index 3 at gy — o, and let EF be a smooth resolution of S[F} X Yp

=[4
This maps to '€ where

2\ 1 0 g
(a) "Ep \'Ep ;= \E . (here EF - is possibly singular)
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2mi

(b) ’ ~1Lﬁ}y~0 is the (th self-product of a smooth elliptic curve (1 =e™s or

e%), yielding a diagram

~[{] =[{] =[¢
"Er T Er M 5[F}

N

?F I YF

~[ . =[] .
Now  (a) +(b) = HN(Ep\BY ) = W H (ER\ELL ), while
M, M* is the identity on H ‘+1(E¥]\E¥}yo). By the localization sequence

S0\ Ale A =l
— HHENED ) — BB )(~(¢+1) » B ED) -,

HE(EA‘I[—?]Z/O) is a pure HS of weight —/.

(B) Nonunipotent cusps. (yo € ki, £ odd) Even in the quasi-unipotent/ non-
semistable degeneration setting, if the total space is smooth (with NCD cen-
tral fiber) the Wang sequence, relative homology sequence, and deformation
retract business goes through, yielding a long-exact sequence

(7.1)
3 q . T—-1

— Hygo(BY (—(0+1)) —— HYEY — HY(B) HYEY ) —;

here ¢ is a morphism of MHS (as i o (ty,)«, it is motivic). For the
monodromy matrix, taking fth symmetric power of (51 i’f) for £ > 1 odd

1 *
gives T' = ( ); hence T'— I has maximal rank and £ is surjective.

0 1
Since Hyyo(E)(—(¢+1)) has weights > ¢ and H(E) weights < ¢, we find
again that H'(E) (hence H€<E1[‘£]yo)) is a pure HS.

(C) Unipotent cusps. (yo € k- and £ even; yo € k) Start with £ = 1: taking
y = [ico] as our prototypical such cusp and assuming an I, degeneration

: f.d
there, the choice of local parameter qi =:§:=exp (%7) = exp (%}5 di)
splits the LMHS: :

Hi,_,(Br.g) = Q(0) ® Q(~1).

Similarly, Hf (E }q*) is a @ of copies of Q(0) thru Q(—¢) — in particular

[¢
F7
one copy of Q(0). (Think of this as a consequence of the fact that the
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periods are all powers of mlog ¢; the Q(0) corresponds to a*? with period
1.) Equation (7.1) becomes the Clemens—Schmid sequence

3

— Hyo(BY )~ + 1)) S+ mYBY ) — a1 (BE) e w1 (BE) —

(where N =log(T) now makes sense); since N is of type (—1,—1) it kills
Q(0). By the same reasoning as above, im(&) has pure weight ¢; so HZ(EAI[{]%)
is completely split into Q(—j)’s (independent of the choice of parameter),
in particular HK(EAK]%) = Q(0) & H where WyH = {0}.

Conclusion:

Hom,,,..(Q(0), HK(EIL{]%)) is {0} in cases (A) and (B) (or for a smooth fiber),
and one copy of Q(0) for case (C).

7.1.4. Residues and Beilinson—-Hodge Let p C Yr\er be a finite point

e
set, and consider open subsets of [
&
e T vE =Y\erup = YT\B,
0T
E T v =Vl
I [f kr, £ odd

where P := IQFUKF UerUp, and k' = consists of the

Lo
ki, ¢ even
unipotent cusps. Applying Hom, . (Q(0), — ® Q(¢ + 1)) to the “localization
sequence”

* 4 o
0—>coker{]€+1 H“l(é’[])HHHI((EILg]) )}
)

Otk 0 g
— @yoeanz(E ) (= (0 + 1))
ﬁ1£+1
(2 ) ker He-l— g[q) N Hf-‘rQ((gl[_‘g])O)} -0
gives
; ) g
Hom, ;s (Q(0), coker(jz41) ® Q(¢ + 1)) = GgmHomMHs(@(O)sz(E Tyo))
Yo
by §7.1.3
= ® MQ(O))

YoERp
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since ker(j7,,) has pure weight £ +2 (and ¢ > 1). Using
0 — im(sjy1) — HH(EF)®) — coker(sj41) — 0,

we then clearly have Hom,,,,(Q(0), HZH((ELE])O, Q(+1))) cC

Res

Hom, ., (Q(0), H* (€19, (e + 1)) 2% B1sjens @

]EHF

s

Claim 7.1. The composition

CU#+1«E¥525+1)

M] Tl

Hom,, (@(0),H€+1 ((F%e])",@(f + 1)))

is surjective.
If this is true, then we have clearly proved that for any 8 as just described
CH (1), +41) — Hom,,, (Q(0), B ()7, QU+ 1)),
which is the relevant special case of the Beilinson—Hodge conjecture.

7.1.5. Holomorphic forms of top degree. Clearly on £I(— §) these
are of the form

Q= F(r)dzy A--- Ndz Adr,

for F holomorphic (F' € O($)). For this to descend to Eg] (recalling from
Section 7.1.1 the action of v € ' € SLy(Z) on E¥N\x~1(ET)), we must have

=1
—~
dz Aein dzy (ad — bc) dr
ct+d ct+d (et +d)? 7

Q! =y = F(3(7))

which is equivalent to

F(y(r))

(7.2) F(r) = o+ a2 =: F|€+2(7')(V'y el).
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Definition 7.1. (i) F € O($) and (7.2) holds if and only if F(7) an
automorphic form of weight ¢ + 2 with respect to I'.

(i) lim;ico F'(7) =t R{joq) (F) < 00 if and only if F'(7) bounded at ico.
(iii) Rfjoe)(F) = 0 if and only if F'(7) cusp at ioco.
Now assuming F' automorphic of weight ¢ + 2 (w.r.t. some I'):

r

iv) Fis cusp (resp. bounded) at || if and onl it F|62 cusp (resp.
(iv) 5 y A

s P
bounded) at ico, where p, g are chosen so that the matrix € SLy(Z);
and

(v) F cusp (resp. modular) form of weight ¢+ 2 (w.r.t. I') if and only if
F cusp (resp. bounded) at every cusp(€ kr).

Remark. Unconventionally, a meromorphic modular form will mean the
same thing as modular form except that poles at cusps «r and elliptic points

er are permitted. (For each cusp [g] , this means q_KF|£JTr2 _q\ 18 bounded at

S r .
ico for some K € ZT.) We write Ay o(T) (resp. Spia(T), Myio(T), Myio(T))
for automorphic (resp. cusp, modular, mero. modular) forms.

Example 7.1. Let F € Apo(T"). If the cusp [ico] € kr is type I, then
(6 1) €T, sothat F(r +m) = F(7); if type I}, then (' ~7) € T, ensur-
ing F(r+m) = (—1)"2F(r). Either way, §:=qn (see Section 7.1.3(C))
gives a local coordinate on Y at [icc]. In the unipotent case, we conclude
that F' has a Laurent expansion F(7) = 3, ., ax¢"; in the nonunipotent (I};,
and £ odd) case we get instead F'(T) = > c7 oaa ar@: (Qp still gives a well-
defined holomorphic form on the quotient &r). Evidently, the “bounded”
condition says in both cases that a; = 0 for k¥ < 0 (and “cusp” forms have
no constant term); so in the nonunipotent case, bounded implies cusp.

Shokurov [75] proved the following:

Proposition 7.1. (i) QN EMNT (k) = {Qr | F € Apn(D)}, e,
such Qp extend holomorphically across the singular fibers over elliptic
points;

.. =l¢ _ =4 S 4
(i) 2+1(E) (log (7! (k) = Q1 EX) log (A (1) = {2 | F €
Mi2(T)}; and

(ifi) QFEN) = {Qp | F € Spia(T)}.
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This gives the dictionary between automorphic forms and holomorphic
forms that we will need. To start relating modular forms to Beilinson—Hodge,
make the following.

Definition 7.2. Given F € My 5(I') and [%] € /ﬁ?], take any (I 7)€
SL9(Z) and set

; £ (5=)
H = BRI D = B G €

This gives an interpretation of residues, in the sense that the following
diagram commutes:

RCS[T

Gai)ﬂ =:Res

HomMHS (Q(O),Hﬁ+i((2¥])o’(@(€ + 1)))( e @[g]e#](@
/
=t QELEY) (log(m L (k1)
Mi2(T) DR =R e @[i]@#](c

where the vertical isomorphism sends F — (271)“t1Qp.

Definition 7.3. Mg_Q(F) := im(Oy42) = modular forms corresponding to
holomorphic forms with log poles (at cuspidal fibers) and rational periods.

By pure thought we have

Proposition 7.2. (i) R is surjective;
(ii) m’M&z@C is injective; and
(iii) (Mg, ® C) & Spra — Mpso(T).

Proof. Since ker(R) = Sp12(T"), the kernel of the dotted arrow is actually
Q€+1(E¥]). This arrow must surject, since the @®Q’s (hance @C’s)
correspond to weight 2/+2 > ¢+ 2 in @HE(EA'K][E])(—(K +1)) (hence can-
not be absorbed by the next term in the localization sequence); (i) follows.
Injectivity of Res implies (ii), which in turn implies (iii). O
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Now if Claim 7.1 holds, we have also MgQ(F) — ®Q, hence M2 ® C - @C
(hence 22), which would imply

(73) Mi42(T) = (My35(T) ® C) & Spya(T).

7.1.6. Reduction to (I' =)T'(IN). Assume SL3(Z) DT D FEN% Since
I'(N) <9 SLy(Z), T'(IN) < T and the coset representatives {%}El;f MV act on
the sheets of the branched cover ?p( N) . Y, and also on

[£]
_ _ T(N)
Ex )\ (o) (P ) ——= £

lﬂ'r(m lm"

PT(N)
Yron\p~t(er) ——= Y \er.

We can interpret the action of this P on holomorphic forms (and eventually,
algebraic cycles) in terms of modular forms and residues:

Q! (SH( ))<log Tr lN) (p~(er) Ukrw ))> igéﬂ (5[ ) (log 7! (kr))

( =
T Fr)—5, FIZ(r) B
Moyo(I(N M42(T)
F(r)—F(r)
A trace TF(N)/F R
Ty (N) r(N) (of C-valued functions on cusps) @,.;gf] C=1, (P)
St
pull-back P[F‘gN)/F
More precisely (for the “trace”): given [2] € /{%1, the image of an element

l _
{B: HHN) — C} € To(NV) takes value (T *ﬁ)([SO]) = Z[f]eﬁfl([%b ord=(p) -
B([%]). This map is surjective since unipotent cusps cover unipotent cusps;
though when ¢ is odd, unipotent ([%] € Ii[ﬁ](N)) can map to nonunipotent

'l € k1), in which case the value is lost.
s r
The main point is that

Claim 7.1 (hence Beilinson-Hodge) for I'(N) implies Claim 7.1 for T,

since the trace surjects and one can use P, on higher Chow cycles, to push
them from S[g ny to 5[12] We write Yp(n) =: Y(N), k() =: £(N), etc. for
simplicity.
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Why do we want to do make this reduction? Y (N) is the moduli space
of elliptic curves with “completely marked N-torsion” (in particular, two
marked generators), so £(N)(:= &p(y)) has N? N-torsion sections — ideal
for building relative higher Chow cycles (from functions with divisors sup-
ported on that N-torsion). Also, all cusps are (unipotent) of type Iy. One
reason why we exclude N = 2 is that this is false — there are two cusps of
type I and one of type I;. The downside is that Y (N) has genus zero only
for N = (2),3,4,5.

For the cusps, writing &(N) for the set of subgroups of (Z/nz)? isomor-
phic to Z/nz, we have sl9(N) =

(G 10 S NG Tl

(=5.7) ~ (5, 7)) cesm

%PSLg(Z/NZ)/<( (1) ’1‘ >>

since each G € B(N) has |G*| = Peuter (INV),

’“<N>\—w-!®(N)I—];H<1—;> 'NH<1+11,>

N2 1
pIN P

Now given a field K C C set!9

X (N) := { K-valued functions on (Z/NZ)™},
1 (N)o = {p € 21 (V) [¢(0,...,0) = 0)},
®E(N)° := ker{augmentation map: ®X(N) — K}.

Ultimately, ®& (N)° will be divisors (®Q) of degree 0 on N-torsion.
Choose once and for all a representative (—s,r) for each cusp o € k(N)
(s.t. 0 = [£]) and a matrix (?, ?) € SLy(Z). Writing

s —s

721 (Z/NZ)? - Z/NZ, yey: Z/NZ — (Z/NZ)?,

(m,n) =a(p,q) + b(—s,r) — a, a— a(—s,r),

Y Notationally, we drop m =1 or K = C.
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one has

o) trace ° % ullback
(7)) = PoA(N)D) = (N (12))" : Do (N) (o) o B(N) (o),
etce.

7.2. Divisors with N-torsion support

Here we collect together related material on finite Fourier transforms, L-
functions, and meromorphic functions on £(NN) with divisors supported on
the N-torsion sections. The technical “(p, g)-vertical” subsection will be used
in Section 9 to compute the AJ map.

7.2.1. Some Fourier theory. We define Fourier transforms

~

T (N)) — B(N) o),
pla) = B(k) == > pla)e” % ke,

a€?/Nz
T Dy(N)) — Dy (N)(o),
p(m,n) = @) == Y. p(m,n)ex Hm=mm),

(m.n)€(%/nz)?
One can show (easily) that for ¢g € ®(N), ¢ € P2(N)

o —

1 —~
(74) N ) 7['[%]@0 = (L[f])*(pm
(7.5) (T[z))sp = ¢[2)®,

and also (77[*1]@)(-) = (Lmo(—'). Note that for N prime, one has (divid-
ing by %(N) = the number of cusps “in” each Z/NZ subgroup) ¢ =

7%“13(1\/) ZJGR(N)(LH)*(L[S])*Qimplies that o = 7]\7%‘1(1\” Za(w[g])*(w[g})*w

for ¢ € ®3(N)° but this does not hold for N not prime. Finally, if

~

o : Z/NZ — 7Z/NZ is multiplication (mod N) by a € (Z/NZ)*, one has
(7.6) Haspo = fig-110-

One wonders why undergraduates do not learn these discrete Fourier
transforms in linear algebra (or at least before the continuous/L? /L' theory),
considering that future mathematicians might use them in number theory
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and engineers in MATLAB. Moreover, together with Bernoulli numbers and
polynomials, they have a very attractive application to computing series
yielding rational multiples of powers of 7. Recall that the Bernoulli num-

bers
B——1B———1B——1B——OB—_—1B——O t
- - etc.
0 y D1 27 2 67 3 s D4 307 5 ’

satisfy > 22, Bk% = efe_tl. If we define Bernoulli polynomials

By(x) == zk: (’;) Bjah

=0

(e.g., Bs(z) = a3 — 322 + Lz, By(z) = 2" — 223 + 2 — ) then they con-
sequently satisfy » .7, Bk(az)% = te(:f:x). One also has (for k> 2) By =

_E!
QC kf even —1)k—1 —2mwima
{ (2m)* 0. (), L odd and correspondingly By (r) = % e S
For us the key calculation is: given ¢ € ®(N) (and ¢ > 1),
N—-1 N-1 —orima
(=D +2)! e 2mimy
Z p(a)Bes ( ) - (2ri)FF2 Z v(a) Z Tt
a=0 a=0 meZ
_ (71)£+1(€ + 2) 7—‘ma
o (27Ti)€+2 Z €+2 Z
meZ
p(m)
(=D*(+2)
= (@ni) L(3, 0 +2),

where L(3,0+2) =5 2lm) (thinking of @ as an N-periodic function

meZ mft?

on Z). Note that, by this calculation, if ¢ € ®Q(N) then regardless of ratio-
nality of @, L(@, ¢ + 2) is always in Q(¢ + 2).

Example 7.2 (For the undergraduates). N = 4, Y= 0, 1,0,—-1;... kY o=
O(2i)0 —2i;.... Say we want to (co)mpute 1( ?3 + 53 - % +-= ZMzo

1 G _ =1 27i)? —8m3i
(2M+1)3 This i - 21) Domez o = A= 823' a= O‘P( a)Bs (§) = =%

1
153
(B3()— B3 (3)) = = ( 6:1 (Ef)) 32 Much more complicated rational
numbers (than 35) sually arise.

7.2.2. The horospherical map. Now we establish the central number-
theoretic Lemma 7.1 which will ultimately translate to “surjectivity of



522 Charles F. Doran and Matt Kerr

residues of higher Chow cycle classes onto the cusps,” hence Beilinson—
Hodge. Define for 0 € k(N), QC K CC

HA X (N)° - K

(D (L +1) 3~ a
= T X ()0 (@) B (%)

If the following is true for K = C then it holds for any K:
Lemma 7.1. < ser(N )Hm> E(N)° — YE(N) is surjective.
Proof. Let (®(N)° D)

YN = {functions on (Z/nz)* satisfying f(—y) = (—1)* f(y)}
& {functions on those cusps (—s,r) “contained” in any one G € &(N)}.
Writing
L4 &(N), — C

041 -
¢ —(2+)€+2L(§ (+2),

by results of Section 7.2.1 we have

?H([f} —olllo o (), =adllorom= & o LW O iy 0Ly O,

g g GEG(N) ge(Z/Nz)*

for o some choice of generator (—s,r) for each G C (Z/NZ)%. Obviously

( ® TWN)) - image{ S i Py(N)o— @ @(N)O},
Ge®(N) GeB(N) &(N)

and " ®o(N)° — Po(N), is also obviously surjective; so it will suffice to
check the following

Sublemma: (EBHG(Z/NZ)* L o uj;) ey @ TH(N) (€ ®(N)s) = i,

Proof. Working over C, TI(N) is spanned (depending on ¢) by even or odd
Dirichlet characters (mod N) {x Z}2 PouterN)  These satisfy (by definition)

(ax)(b) = x(a) - ( )- So (L L o uk) (Xz) = yi(a) - L (x;), and by Neukirch

(62, Section VIL.2] L(x;, ¢ + 2) # 0. We may therefore divide ((X)) s xi(0),
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so that (L o 1%) (:) = xi(a). Thus each y; appears in the image (in Y1 (N))
of this map, and since they span T (N) we are done. O

We can be more explicit and produce a “rational basis for the surjection”
of Lemma 7.1 (onto T (N)).
4]

Proposition 7.3. There exists a unique “fundamental vector” ¢y €

OUUN)° satisfying HH ( (ng\;)) = dpor (Vo,0" € K(N)).

Proof. The proof of the sublemma implies the existence of p € ®(N)° with
(1) LE(@) =1, (i) LU (a2 p) = 0 Va € (Z/NZ)*\{£1}, and (iii) $(n) = 0 Vn
not relatively prime to N. If we ask that (iv) p(—a) = (—1)%p(a) (Va), then
¢ is uniquely determined. Conditions (i)-(iii) translate to (somewhat redun-
dantly expressegl) Q-linear conditions on ¢:

() 1= S B @) Beva ():

(ii') 0= 3N (ac)Bg_,_g (&) (Vaz £1 (N) with ged(a, N) = 1).

(iii") 0= " Ogo(a—l—br) (Va=0,...,% —1) for each r(#1,N)
dividing V.

Then HY ](NTroga) = Lm( To! T o i) = LI (. *ile, ), which is 0 if o
“belongs to a different subgroup than o (using condition (iii) if N is not
prime); otherwise it becomes LI (y* @) (= 0 if o' # o a= £1], by (ii);
or =1 by (i)). O

Example 7.3. Here are a few of the fundamental vectors for £ = 1,2 (where
we list the values ¢(0),...,p(N —1))

81 81 25 25
o5 =0,-5 .55 ey =0,-32,0,32; gl =0,-25, -7, 27,25;
O esisl. o2 432216 216 432 216 2i6
()03 ) 9 I 806 5 I 5 ) 5 I 5 ) 5 ) 5 .

7.2.3. Pontryagin products. Consider the map

. ®C+1 L+ .
(o3 vy)" o)
41
¢1®”'®(‘0Z+1H(901*"'*90E+1)(m7n) = Z H‘pz munz
{m; "L}E(7/NL)25+2 i=1

> (my, n,) = (m n)

)

which becomes Pontryagin product when ®9(N)° is interpreted as divisors

on N-torsion.
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Lemma 7.2. (i) ' is surjective;
(i) o1 e = [ @

Proof. Condition (ii) is a trivial computation.
Nyt (m,n) = (0,0)

ﬁ otherwise

Then o * OBy *---% 0Oy = . O
—_——

For (i) write By (m,n) := ,and let p € @(QQ(N)O.

¢ times

7.2.4. Decomposition into (p,q)-verticals. For (p,q) € (Z/NZ)?
such that ((p,q)) = Z/NZ, define in @g(N)O a subgroup of “(p, q)-vertical-
degree-0” functions

TN,y = 2 €PFIN)| Y plalp.q) + (m,n)) =0

a€?/Nz

Y(m,n) € (Z/NZ)?

Inside this we have the set

-2, (m,n) © (0,0)

G(N)(pg) := { translates of the function ;4 (m,n) = 1, (m,n) Sy +(p,q)

0 otherwise

The next result says that ¢ € QJ(Z@(N )° can be written as a sum of Pontryagin
products where each term contains only functions from &(N), ) for some

(p,q)

Decomposition Lemma. (i) The map

QBN — RN, )

S ail@?, o) e Y ae? ko))

is surjective (¢ > 0);
(ii) If o € K(N) corresponds to (*, 1) € SLa(Z) (see the end of §7.1.6),
then

q)g(N)?p,q) 2 ﬂ:'@Q(N)O;

(iii) @ 7t ®Q(N)° — <I>(2@(N)° (oG as in the proof of Lemma 7.1).

geos(N)"og
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2+1
*

Proof. (i) First note @1 ®Z(N)? = “ s ®F(N)°  using

(p,q) (p,9)
_ ()
) %,(m,n) = (0,0),
Ay mon) =9 L. (m,n) € () \ {(0,0)},
0 otherwise
in place of By above; so it suffices to prove case £ = 0. Put 9032) (m,n) =
()
L, (m,n) = (p,q)
@(pﬂ)((m,n) — k(p,q)) and A(pﬂ)(m,n) =931, (m,n) (g) 0,0) - Trans-
0 otherwise
lates of A, 4) clearly generate @2@(]\7 )‘(’pg), and Z,]Cvzl %gpgz) = Appg)-
(ii) Obvious.
(iii) Follows from
Dy(N)° = 03(N)o = D (to)+(B(N)o) = D (M) (B(N)°).
GEG(N) GEB(N)
O

7.2.5. Functions with divisors supported on N-torsion. Writing
E(N), & for EM(N), €M we have

£ —= E(N)—=E(N)

lw iﬂ(N) iﬁ(]\/)

§ —= Y (N)—= Y (N).

PN

I(N) .
Let U(N) " C &(N) be the complement of the N2 N-torsion sections; there
is a “relative divisor” map?’

O*(U(N)) ——+ ®5(N)°
[y

(which ignores divisor components supported on the singular fibers over
cusps {Ey,(N)|yo € k(N)}). Now assume p,q have been chosen as in the

20Note that O*(U(N)) C C(E(N))*.
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beginning of Section 7.2.4. Taking any r, s such that v := (fs 3) € SLy(Z),
define §(N), =

( Px f has “(p, q)-vertical” Tp: r over the hyperbolic )
geodesic (7 €) Ay == {2 [be RT} C §

e a1

f € O*(U(N)) c.onnectlng [S] and [ - ], in the sense

that its support in F; lies in one connected
component of Wi ’q)(N ) =

| {&(pm + q) + 25 |m,n € Z/Nz, € € C/z}

Lemma 7.3. (i) + is surjective.
(i) +(F(N)y) 2 6(N)(pg)-

Remark 7.1. (a) Together with the Decomposition Lemma, (ii) ensures
that we can actually compute with the KLM formula (because we are able
to work with functions with known T on 71 of the arc A,).

(b) It is obvious that the definition of §(/N), only depends on the coset
of vin SLy(Z)/T(N), but we will not need this.

Proof. (i) Working on &, we will construct a meromorphic function f €

im(Py) with  divisor Z(myn)e(z/Nz)Q amp 252 for  any  given
o (N) (N)
{amm}(ww)e(z/m)2 satisfying > amom = 0 = Y ampn and Y app, = 0. In

fact, we can choose {@mn}(mmn)ez> (all but finitely many zero) “lifting”
{amn} such that > am,m =0=> amnmnxn exactly; this leads (following
[13, p. 8.8]) to the construction of a function fy on $ x C descending to &:

(7.7) fo(r,2) :== H H (1 . eQﬂ-i(kT_;'_Z_%-pn))am’n ‘

k€EZ (m,n)€Z?

Factoring fo if necessary, we may assume that some (mq, ng) € (Z/NZ)? has
Amgyne = 0; then
fO (7-7 Z)

(ii) We will use the proof of (i) to construct f € S(N)(l 0) with
0

1

(7.8) f(r,2) = descends to £(N).

-1, (m,n)

— N .
Prmm =N (mm) 2 (0,00
0, otherwise
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then the idea is simply to translate and pull back (using the action of
(7. %) € SLy(Z) on E(N) induced from that on €) this f.

—s

Taking ap,0 = 2, @10 = a—1,0 = —1 (all other @, ,, = 0) in (7.7), one eas-
ily computes that (with 7 =iy €iR") fo(iy,iV) € R=? for Y € (F¢, %).
So on each E;_yy, [Ty,| D {z =1iY|Y € [/, %]}, while fo is of degree 2;

it follows that T}, is just the sum of two directed line segments, from
5 (= %) to0.In (7.8), we take (mo,ng) = (0,1), and check that Ty = Ty,
over T = iy (y € RT), or equivalently that f(iy, %) € RT. To do this, observe
that fo(iy,z) is (a) holomorphic and has (b) the same divisor as fy(iy, z)
and (c) the same leading coefficient of power series expansion at z = 0 (fy =

Cz? +---, where [0 #]C € RT since T}, is vertical). Thus fo(z) = fo(2),
which implies fo(+) = fo(%) (€ R). Since % ¢ T}, fo(+) € RY. O

Now we can obtain meromorphic functions on £ (N) by noting that
EW(N) = Xé(N)E(N), gl = x%é’, and (by abuse of notation) writing the
projections to these factors iy, ‘ g(v) SO that f(z;) denotes

Y (N)

z: f, ete.

7.3. Construction of the Eisenstein symbols

7.3.1. Eisenstein series. Since the cycle-class computation (Section 8.1)
will show that these series actually yield modular forms, we will not bother
proving this directly. Note that for the double sums Z;nn means to omit
(m,n) =(0,0).

For N > 3 and ¢ € Z* define

Eg2(L(N))

=K FeO$) |F of form Z /( Ylm,n) for ¢ € ®o(N)

042
(m,n)ez? mT + TL)

(The series is necessarily convergent.)

Lemma 7.4. The map

By(N)° £ Eyn(T(N))
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defined by
0, . —(+1) , @(m,n)
p = EQN(T) = Ne+2 Z +2
(27i) (e (m7+n)
18 surjective.
N2 1 (myn) 2 (0,0) | olmn)
Proof. Let 1y := L ) ot}’lerwige ) ; then > e pm)ees 18 obvi-
ously 0. This implies that we may assume ¢ € ®o(N), (= v =, p €
®9(N)°) in the definition. O

Put EZ,(T(N)) := EI (@9(]\7)0). (Clearly By = ES, @ C.)

Lemma 7.5. For B € EJ,,(T(N)), lim, in EZ (7) = HIL (9) (€ Q).

B(mmn) ' p00m)  ~ (fio®)() 1 o) p(n)
Proof. limr—ico Zmn (mT+n)f+2 ™ Zn nfz = Z’n nf+2 - Z nf+2

N (27.‘.1)84-2

= L0 £ +2) = HL

5—1—71 [ioo] (©),

by Sections 7.2.1 and 7.2.2. O

7.3.2. Group actions. Writing &, for the symmetric group, let G :=
Gy x (Z/27)* act on $ x C’ by

(e ) (75 21,5 20) 1= (75 (1) 21ys -+ -5 (1) 2e(0));

this descends to £ and E(N). Fixing N, let A’ := (Z/NZ)** act on £
via translations

)\17' + )\2 N )\23_17' + )\gg) .

tr T2y, Rp) = T2 L2
A(Tv 1 ) 5) (T7 1+ N ) s <0 N

this descends to EI(N).
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7.3.3. Inclusions and open subsets of
EW(Ny > TNy > UTM(N)
U U
vl(N)y > UH(N)

(to be defined). Writing “FP” for fixed points, set
W= U i { u mreo} el Wi = pyor),

U(NY = N\ (V).

Next, generalize U(N) in two different ways:

UY(N) = xé(N)U(N), UY(N) = EW(N)\{N? N-torsion sections}.
The inclusion $ x Cf — § x C1 given by
(21, .y 20) = (—21,21 — 22, ..y 20-1 — 20, 20) = (U1, ..., Ups1)

descends to define maps ¢ : £ «— gl and

UN) : EV(N) — gV,

Finally, put

OO(N) := (N)~ (UVH](N)) .

To summarize,

Ul(n) ==z =0

~ he ’
4] means t o o

q[f] (N) “complement of all 2 = £2j, 2 =0,

U (N) s 21:0,21222,-..,Z£_1:Z£,Z£:O,
. translates of’

UH(N) 21=0,20=0,...,2,=0

and makes sense in £ or EW(N) (where in £l these open sets are denoted
instead U%], UM, etc.). Denote the U-complements (i.e., the translates of

the sets on the r.h.s.) by W, W, ete.

7.3.4. Completion of symbols. Write Q[O*(U(N))] for the ®Q free-
abelian group on the set of elements of O*(U(N)), and recall (0 := P!\ {1}.
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To each monomial f:= f; ® --- ® fo11 € @TIQ[O*(U(N))] we associate the
graph cycle {f} :=

{f1(ur), s foa(ue)} = {(T; w; fi(r,u1), .., forr (T, up41))
(1,u) € U[€+1}(N)} c UIHI(N) x O,

Its pullback by ¢(N) should be thought of as the symbol

(7.9) G = {fi(=21), fol21 — 22), - felze—1 — 20), fera(20)

which is evidently in good position (i.e. yields a higher Chow precycle) over
all of Ul (V). To kill J of this symbol in wl(N ), we flip it about compo-
nents of W (N) and subtract the result: writing G := G x A, define

5% 1 sgn(o €; * *
G = g | 2 (CUEOE e (1) b

(c,eN)EG

and Qg if signs are removed. (There is also G*, defined by forgetting the

ﬁ ZA(“A)* part.)
Now consider the diagram

®TQ[O*(U(N))]
)
Z§B+_1L (UI(N), £+ 1)

G* o t(N)* o {-}, followed
by Zariski closure

(5 u;=0}

L(N)*

Zt5L (01N, £+1)

g~*

_ g
ZL (01N, £+1) |

G restriction |:
B Ziadalut et
1.

[ZZH (UV](N), 0+ 1)}

op-cl.

in which we denote the images of f as follows:
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_f_.‘——\
AN
{f}
LZ"M {f}
Zf { Z

Unless a1+ +ap1 #0 Yar,...,ae1} € [(f1)] X< X |(feg1)],
extending the cycle over the N-torsion sections to £/ (V) requires a “move”

(by adding a dp-coboundary). This condition just says that 0 ¢ |(f1)|*---*
|(fe+1)|- Such a move always exists, as

g
[CH”l(EV] (N),£+1)

) g
[Cﬂ”l(UW(N),e w1l

restriction

Of course this eliminates well-definedness on the level of precycles (but not
cycle-class) for the resulting

3pe Z0 (EWN), 0+ 1),
Proposition 7.4. We have a well-defined map of precycles

@ 1QIO*(U(N))] — (25 (TA(N), £+ 1))
f— 7.

Going modulo relations, this induces a well-defined map

O*(U(N))(W'H - [CHZ+1(U[£} (N), 0+ 1)]g

T

I [CH“%&WNLK+Uf

1R

(31) -
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8. Fundamental class computations

8.1. Cycle class of the Eisenstein symbol

)

8.1.1. More Fourier theory. Now we introduce “fiberwise Fourier series’
for

&

ﬂi > e:=zero section.

9

Writing coordinates (7,u = x + y7) on &, and v := 7 — 7, we note that du
is only well-defined in Q'(£/s), whereas

—~ uUu—1u

du := du —

dr € AYO(E)  [resp. du = du € A%L(&)]

v
make sense on &.
Let I := (%), R'7.Z) =2 Z {[a], [A]), so that v = m[B] + n[a] =“(m,n)"€

I' has period w(7) := m.(du - 6,) = m7 + n against du; and write

2m ——

X (u) = exp(2mi(mz —ny)),  dxy(u) {w()du — wv)duxy.

v
Associate to a current K € DM (&) “Fourier coefficients”

(y) 1= {00 30) € DERA), M22,
v i (K- Xadu A du) € DM(§), M <2

for each v € T'. (Note: v~ 1du A di = dz A dy.)
Lemma 8.1. (i) If K € AM(&) (M < 2) then

e =) K(y),

~vel

and the r.h.s. is absolutely convergent.
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(ii) Recalling the notation of Section 7.2.5,21 if K € D°(E,) is a smooth
function on the complement of Wﬁp’Q)(N)\{connected component of

u =0}, then

PV
K(0)=¢"K = Z Zl@(jp — ks, jq+kr)

ke€Z jEZ

where Z]EZ = limy Zj_fg, (or alternatively, add +j terms then
sum j > 0; obviously the singularities are L'-integrable since K is a
current).

Proof. Condition (i) is just the statement “/C(0) ={inverse FT evaluated at
0}= > {Fourier coefficients}” for smooth functions.

(11) Say (p,q) = (1,0), M = 0. Then (working on some E;) put Gi(z) :=
fo (z,y)e _27”'”ydy E DY(C/z); this restricts to a smooth function on the
complement of { & N? e Nl} By Wilcox and Myers [84 Corollary 41. 4]

Fubini
Gr(0) = Z]EZ Gk( ) = geZ fo G (z)e”™ " dx geZ ffE
XG.gdr A dy = Z]GZ K(j, k). But the {Gk(O)} are the Fourier Coefﬁments
of the smooth function K£(0,y) = K(0,0) = > Gx(0). O

Lemma 8.2. If F € D(€), 9L € DU(E) is defined and 9L (v) = 220
F(y).

Lemma 8.3. Let f € O*(Un), and write p;(7y) := @f(m,n).

(i) 5 = G7(7);

(i) g F(7) = 5™ for 4 £(0,0), while Togf(0) =0 i fe

(iii) dlog f = afc’l\z/t + Bpdr = ay(0) = @(0) = 0 while for v # (0,0),

D 7 C) NP 1 C)
() = o) d B(v) i)

21'Warning: in this section we are no longer using vy to denote (_"s 2) € SLy(Z).
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Proof. Lemmas 8.2 and 8.3(i), (iii) (which uses 8.2) are essentially done
in [8]. For (ii) (and to get a feel for how the others go),

log f(7) = v~ 'm.(log f Xydu A da)
= (2mi) Lw(y) " x, <1og f ?{Wdu —w(y)du}xy A du)

= (2mi) " tw(y) "t (log f dxy A du)

= (2ni) w(7) "L —m(dllog f] A du) + 1y L A du)
0

B o f f)Tdu

=mw%wmhAmw=%§r

where at the end we have used d[log f] = % — 27idr, . As for @(0), we have

Tog | £](0) = v, (log | f| du A d@@) = 0 since log | f|du A da = dlog |f| A da =
d[log | f|du]. Now, using our prototype (from the proof of Lemma 7.3(ii)) for

fe E(N)(l 0 with f(z) = f(z), one finds (7 € iR™) that m.(arg f du A
0 1

du) = mi(arg f du A du) = 7(—arg f du A du). (A similar argument works

in general.) O

Lemma 8.4. Let f € S(N)( » q), v = (m,n). Then over (T E)A( » q)
Cﬁ’ S T

Tt
[ wa{ =\
7, S T 2ri(mg —np) T
if mq — np # 0; otherwise the Lh.s. is 0.

Proof. Represent T’y as a sum of straight paths of the following type, assum-
ing (f) =Y p_par [KEF + L=2] (L € {0,..., N — 1} fixed). For the
paths, write

P:1[0,1] — E;

te LT

+ t(pT + q);
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then
N-K K
= - K —_ 2 LP(IK .
1y = S { M PO~ P |+ (0.
=: Tf + Sf,
where b € Q. We have

P (xrdu) = 2 {m(5+at)=n(Z=490)} (o 4 g)at

N (MrEns) (pr 4 g)dt.

_ e27r1t(mq—np) e

Now pT+q fo X~du = b - o N (mrns) fol e?mitma—np) gt is obviously 0 if

mq — np # 0; but if mqg — np = 0 then

2mil

=21L (mr4ns) 1 df
€
pT+q /Tf o T ot ) \ 7~ los /]

_ QLm /(log Fddu] = 0.

For mq — np # 0 we have
1 / - 21riL(mr+ns) {N_K
X~du =e N E ag § ——
pr+alte - N

K 1
~ /N e27rit(mq—np)dt o K/ eQTrit(mq—np)dt
0 N Jx

N

2Ty L (mr+ns)

_ 27r1 (mg—mnp)
=— axe a
27i(mgq — np) (Z K ; K)

pT+q —ST+7T
= L
27r1 mq — np) ZGKX7 < N * N )

I 7190
27i(mgq — np)
(where we have used that ) ax = 0). O

Remark 8.1. Lemma 8.3(iii) can be read fET X~dlog f N du = 7':’@57).
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8.1.2. Main computation; proof of Beilinson-Hodge. We now use
the Fourier “technology” to compute

CH" M (EV(N), 0+ 1) _H, Hom, . (Q(O)7HZ+1 (g[é](N)j@(g 4 1)))

for
3¢ O3, € Q‘“(f; N)) {logm ™! (K(N))).

By Section 7.1.5, P5Qs, = (271) Qg = (2mi) T Fe(1)dz1 A - Adzg Adr
for some Fy(7) € M, ,(I'(N)), and it is this modular form we must identify.

Consder 935, € 2+ (E () (tog (WII(N) Un~1((N))) ), which
pulls back by G* to Q7. The latter is not affected by moving Z¢ into
good position over W[é]( ) and completing it to 3¢; so Q3, = G* N
G*u(N)*dlog fi(u1) A--- A dlog fz+1(ue+1)

Write Ql{f} = (- ) Q'pN{f} A dU1 VANREIRIVAN du€ € AL Z(E[Z—H]) <log W][é+1]>
and "y = PRy (1) A dz1 Ao A dzg € ATEED) (log WHT) € Di+Le
(€1). Using the diagram

(8.1) lc L oplevy — L £
\\i - A
ple+)
rle
H= ’/
where P(7; [u1, ..., uy1]7) = (75 [u1 + - - - + wgs1]r), we compute . ]( U Aggy)

in two different ways.
For the first,

WLQ(L*Q[{f}) = 7T>[f](g~ob*21{f}) = WLZ]{Q*(PX/QL(N)*{Q) Adz A A J\Z/e}
— {(27Ti)z+1Ff(7')le Ao Ndzg Adr Adz A~ A ‘?Z:Z}

= (1)) @2mi) W Fy(r)dr € AMO(%).

For the second,

Lemma 8.1(¢
WLK](L*Ql{f}) = e*P*Ql{f} Z P, Ql{f}
~yel
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=y ZW*(%P*Q’[{f} A % AN EQ:L)
vyel

=v! ZWLZ—H] ((P*Tv)m{f} A (31;1 + -+ dqu) A P*El\{j) .
yel’

Writing dlog(Py fi(u:)) = oydu; + Bidr, this

- Ry Z [e-+1]

yel i=1

+
X (quk>ﬂznajdu1/\du1A /\dqu/\dqu/\dT

#i
e 041 A]
= 0SSN B [ @ar
~eT i=1 i
(=D +1) (++2) H, - (7)
- ori ZZ ’ %;H :
vyel

So defining g := @y, * - * @y, € q)(z@(N)O (and linearly extending this to
sums of “monomials” f1 ® -+ ® fy41), we have proved

Theorem 8.1. Ff(T) = (1) mee% _e(mn) EK}(T),

(2mi)t+2 (mT+n)t+?
Together with Lemma 7.2(i), the Decomposition Lemma (i), and
Lemma 7.4, this immediately yields

Corollary 8.1. Ey5(I'(N)) C Myo(I(N)), E

Fra(C(N)) € M2 ,(D(N)).

(In particular, the map O*(U(N))®+! — E%_Q(F(N)) defined by f1 ®
@ fre1 — Egl(T) is surjective.)

What is striking here is how simple cycles (once they are constructed)
make it to prove statements about related objects: in this case, that Fisen-
stein series are modular forms; in the same spirit we can identify their
“values” at cusps, and show that they yield all holomorphic forms with log
poles and Q-periods.

Corollary 8.2. For o € k(N),

Reso(§25) = RalF) = W) = e () op L 42)

1
(2mi)t
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Proof. The outer equalities are just Sections 7.1.5 and 7.2.2, respectively
(Vo). For o = [ioc], Rjiue) (F) = limy ie Fe(r) = limyine B (1) = Hi |
(pf) by Section 7.3.1.

Now SLy(Z) acts compatibly on the diagram

)\
€ E(N)
Y(N) = Y(N)

W}[\ﬁf-s-llc—) P [— (N

N

Wi ©

N
A

YV(N)—— U k(N)

since I'(N) < SLy(Z). In particular, the action on connected components
of Wi (the union of N-torsion sections) induces an action (by pullback) on
<I>(2Q)(N )° compatible with Pontryagin * and pullbacks of functions € O*(Uy),
ete. Explicitly, My := (I 7) sends: (in k(N)) [icc] — [£] =: o, (in §) T —

= S
e =m0, (i W) m e e 2R = (mp —ns) R + (mg +nr) ;=

p3 +n, and (in ®F(N)°, by pullback) @, n) — ((: N wf) (m,n) =
@e(mp — ns, mq + nr). So

<7r[if>0]* (: _pq)* 90f> (m) = Z pe(mp — ns,mq + nr)

- (”wa) (m),
and
o (03) = ) (130,
- P({;[Sj] <Q3Maf) - (2(751;;4}2)[: (oo, Parzp, £+ 2)
= mi (T r, £+2)..
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Corollary 8.3. (i) Claim 7.1 holds for I'(N) ( this implies Beilinson-
Hodge for EYY(N)).

(i) EZ,(D(N)) = MZ,(T(N)) = Hom,,, (Q0), H* (EU(N),Q(¢ + 1)),

with dimension |k(N)].

(i) Meyo(T'(N)) = Eg2(D(N)) @ Spr2((N)).
Remark. Note that dim¢ E = dimg EQ = dimg M Q < dim¢ M in general.
Proof. It is basically contained in the diagram

O* (U(N))®FT

(<I>g(N) ®£+1 cHALEE (N), 0+ 1)

i*zﬁ—l l[.]
Y
((2r o )

3Y(N)° ———>> E?+2(F(N))(—> M?‘Jrz(F(N)) (_927> Homy e (Q(O), L (N), e + 1)))
042

DRolpo
ORalp0

(2mi >e

3

(The arrows around the outer left surject by Sections 7.2.5, 7.2.3, 7.2.2
(resp.), as does the map to IE%_Q by Section 7.3.1; the map from ]E%2 injects
by Corollary 8.1 and Res by Section 7.1.4. The upper pentagon commutes
by Theorem 8.1, and the lower triangles by Corollary 8.2.) We can track
f:=fi®: - ® fey1 though the diagram:

Ny

(pfl " ® @f[{»l

Safl/\—> Ff <—L\[93f]

~
B I P
~
~ Ve
N -
A ~

R(Fr)
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To see (i), note the composition H o 1 o @1+ surjective = Reso [-]o
3 surjective = Res o [-] surjective (=Claim 7.1) (which implies [-] is sur-
jective (=Beilinson—Hodge)).

For (ii), Res o [] o 3 surjective implies that [] o 3 is surjective (and Res =2)
which shows 615 o [-] 0 3 is surjective and hence that EQ C M@ is equality.
Finally, dim TS(N) = |(N)].

Now (iii) follows from Equation (7.3). O

Remark 8.2. Corollary 8.3 holds for arbitrary congruence subgroups I'
(between I'(N) and SL2(Z)), given an appropriate definition of Eisenstein
series for I". This is (referring to Section 7.1.6)
— 4
EZ,(T) == 0" (Pl (T9(D))) NER (),

the important point being that these are generated by ¢ € ®5(IV)° satisfying
H{i]}(cp) = Hﬂ](go) whenever [%], [’S"—:] € k(N) map to the same cusp in £(T).
We will look at this condition further below (in Section 8.2.1).

Also, a version of the above construction can be made to work for PI'(2)
(by choosing an = subgroup of SLy(Z)) if ¢ is even, but we have omitted
this.

8.1.3. Additional calculations for the cycle class The results of Sec-
tion 8.1.2 lead naturally to a basis for E}QH(F(N )) whose elements cor-
respond to holomorphic (¢ + 1)-forms with Q(¢+ 1) periods and log poles
along the fiber over exactly one cusp o. (In some sense this is the most
explicit confirmation of Beilinson-Hodge.)

i
(.

['(N)ioo := Stab(ico € H*) ai\f

PSLQ(Z)jOO = Stab(ioo € f)*)

C PSLy(Z),

)} era,
)}

L(N)ico\I'(NV) — PSLy(Z)icc \PSL2(Z)
— {5 9))\PSL2(Z/NZ) .

> k(N)

—

1
0

7 N O =

we have a short-exact sequence
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—(t+1) . @(myn)
$)e+2 Z 0+2
(27i) ez (mT +n)

—(£+1) . $(3mo, 3n0)
= NO+2 Z Z 42
(27i) g o s R (3moT + 3n0)

rel. prime

1= (s ;0)

T rkiit
i —(6 + 1) ’ @5(3m0,3n0)
FC S VD S WL Lo
oER 4 e L) ( P q) €L
U‘ T(N)joo —s r
’ = (o )
z (mo, no) rel. prime,
(N) (=s,7)
(N)

N
Now since (in the sum) (mg, ng) =

(=s,7), @(3mo0, 310) = P(=35,37) = (4{1P)
(3) = 7@(5) and the above

B (04 1) . T21.2() 1
- Z (2mi)e+2 Z 32 Z (moT + ng)tt2

O—GH(N) 562 (mo, no) (g) (—s,7)
ged(mo, ng) =1
— Z HE () EW (1),
oc€r(N)

where the >, = IZ(W, ¢+ 2) and Hl[f](gp) (o = [£]) is the entire bracketed
quantity. ‘

Proposition 8.1. (i) We have, for o = [Z],

- 1
EJ(r) = Z 7
T2
e (moT + ng)
rel. prime,
(g)(fsrr)
- X :
- /I / 0+2
ez (r+ No' — (s+ NF")T)

ged(r+Na',s+ NG )=1
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1
= 2 [FaMe s NG
ged(1+Na,NG)=1

In particular,

- 1
B9 (7)) = .
=17 % (L + Na— Npr)ee
gcd(lJr,Na,Nﬁ)zl

(ii) TfL@ {E([,E](T)}OGR(N) give a basis for the E%_Q(F(N)), satisfying Ry
(B = 650
(iil) Given f€ O*(U(N))®*H1,

Fir)= Y H(ppED ().

o€r(N)

Proof. For (ii), pick for each o a ¢ € @g(]\f)o so that H([f,](go) = p0’, and
plug into the computation above. The remainder is clear. O

Next, we have a g-series expansion at [ico| for the usual Eisenstein series
. .. . . 2miT 1
associated to a “divisor on N-torsion” ¢ € ¢§(N)°: write gp :=e ~ =“gn7”,
2rla
?~

én(a) :=e~ , ‘@(m,n) := p(m,n) + (=1)'@(—m, —n).

Proposition 8.2.
[4
E(7) = Hiy ()

(=) M 041 i~ (M
+NT2€! ZQO ZT Z En(nor) -~ "o

M>1 r|M no€%/Nz

Proof. Essentially in [44] for ¢ even (also see [57]), but can be derived from
scratch using ideas in [76] (will be done below for g¢-series of regulator
periods). O

Since g is the local coordinate at [ioo] € Y(IV), this yields a power-
series expansion for Fy there. We have not tried to directly compute
g-expansions for the Elﬂ, but one can plug ¢ = %TF;QOE@ into Eg] to have
the same effect (see Proposition 7.3). We are particularly interested in the

case 0 = [ioo]. First, a simplification of Proposition 8.2:
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Corollary 8.4. For ¢y € ®UN)°, ¢ := %Wﬁoo]goo, we have

—1)¢ ol a
Eg[f] (1) = m Z po(a)Besa <N)

Z+1
S L ST
N€+w ’

p>1 rlu
where ‘op(a) = po(a) + (—1) po(—a).

Proof. *3 = {(}7_0) = tjee). '@ implics that Y, &n(nor) - *B(XL, ng) =

0if N {2; otherwise = Y, &n(nor) - M) = N -‘po(r). Put M = uN.
]

Now take ¢ to be the “fundamental vector” cpgv], then

2(—1 /41 y
Eg} (r)=1+ .EV”)W! Z qév“ Z r£+1cp£v] (r)
pu>1 T|p

has %U(Eg]) = (50,[1001.

Example 8.1. If /=1 and N = 3, from Example 7.3 we get

1-— 92(]3" Zr2x_3(r)

p>1 rlp

8.2. Push-forwards of the construction

8.2.1. Eisenstein symbols for other congruence subgroups I'. Recall
that this means I'(N) CT' C SLs(Z) (N > 3), {—id} ¢ I'; that automati-
cally TI'(N)<TI; and that there are corresponding quotients

73
(5[4 (N)\fibers) —— 0 I[A (Y(N)\pts.) sy Yr\er. Our main examples
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Already for Fg/)(N), N not prime, one has type I}, cusps — e.g., 7/1 (4) has
cusps [ico] (14), [0] (1), [2] (I7). (Also, Yl(/)(S) has an elliptic point, but for
simplicity our notation will ignore this fact.)

However, we will consider also “traditional” congruence subgroups that
do not fit our convention e.g.,

ro) = { ¢ 8) e522@)| e 0} & -iah),

for which one has Y1 but no canonically defined 51L£] (though when N =
3,4,6 one can get around this problem by observing that SLo(Z) — PSLs

(Z) sends T';1(N) — PT'o(N)). We will also consider (in Section 8.2.2)

Y = <r,LN = (fﬁ *I/OW)> (¢ SLy(Z))

forT' = Fo(N),Fl(N)

We will now (e.g., using PF[lE]N) /F*) push the {3¢} constructed in Sec-
tion 7.3.4 forward to cycles (on families) over these new Yp. The aim in
doing this is to produce more Eisenstein symbols (on families of abelian
varieties or C'Y’s) that live over genus 0 curves, in order to link up with
those cases of the construction of Sections 3 and 4 which are classically
modular. We note that, while g(Y (IV)) = 0 only for N = (2,) 3, 4, 5, on the
other hand Y, (2 — 10, 12) and Yy(2 — 10,12, 13, 16, 18, 25) are all rational.

To get a feel for the behavior of cusps under the various pr /s consider
the maps Y(N) — Y (N) — Yo(N) — Yo(N)™ for N prime, with (resp.)
Nj\fl (all In), N —1 (half each of Iy, I1), 2 (In,I1), and 1 cusp(s). Since
N is prime, one has a correspondence x(N) = %
picture how these get equated (e.g., for N = 5) as in figure 11, where circles
are chosen representatives of equivalence classes. Flipping about the diagonal
gives the picture for x(5) — k% (5).

For I'" C I' if index r, pr),. : Y — Y is of degree r; if IV < T then Pr )y
(omitting cusps/elliptic points and their preimages) is a Galois covering, so

, and one can
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K(5) K (5) o)
® @@ @,@\7*5@‘ o o o I
OMOMONOMO S pene JO T 0 -

& o ®
N

Figure 11: Behavior of cusps under brached coverings.

that one has deck transformations {7;}7_; satisfying ) 57 = p*p. (on forms,
cycles, etc.), and corresponding transformations on the Kuga varieties. For

example, one has a diagram (j =1,...,N)
P ) [t
gl Srl(N)
w4l l iﬂa (N)
(e Prq(N) 'P[Z]
5 Pragy e L= Y1 (N)

e !

(and a similar diagram for T'}(N)) where ()7, and ()y; are induced by

the action of coset representatives 'yj(.’) = (5 1) [resp. (; 9)l€ SL2(Z) for

Fg,)(N)/F(N% on £ and §. Now define

1
RISTORES ~ (77[8] > 3r€ CHZJFI(E[E] C+1);

r(N)/r() () r{(n)’

then we have

g *
Frio) = 0e2(Q3, ) = Ors2 ((nyvvrg'nm) 3““)
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1 N
= 30 | 2207
j=1

1 Y 1 Y
_ +2 042
= N;9€+2(93f)|%<’) - N;Ff”y;/)’

ie.,
N—-1 N-1 T
1 . 1 F (j—r+1)
Ff’l(T) = N pa Ff(T +j) and Ff’l/(T) = N JZ: W
Writing
(8.2)
(p+2x) (m, n) = Z Pe(m,n —mj), (p'@r)(m,n) = E Pe(m —nj,n
we get,
—(¢ + 1) N )cpf (m,n)

Using Corollary 8.3(ii) for Fgl)(N) and surjectivity of kK(N) — lig/)(N), this
implies

. ¢ : . ‘
Proposition 8.3. (Pﬁ(])(N)> of any class in F'! ﬂH€+1(€£§],)(N),
QL+ 1)) is (2m1)T1Qp for F = B, o € ®(N) with 3 = Lp)5.

The effect of p, on the g-expansion is especially simple:

= Z anq’

M>0
1 N—
M
= [Fy(1) = am 00)" = amng™,
Mzo ]=0 m>0

,_.

which makes sense since ¢ is the local coordinate at [ioo] on Y1 (N).
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We are interested in Eisenstein symbols with their only residue at [ioc],
(4]

in analogy to Sections 3 and 4. If Fy = E[ioo], then clearly

Fpp = E’[[fio], while
N-1
1 = [4] 1 1
Fey = — Bl =— .
BTN 5T N 2 (14 Na + fr)i+2

J=0 (a,B)€Z2
ged(1+Na,8)=1

Once I' and /¢ are specified, such symbols (or rather, their cycle classes) are
unique (up to scaling), so for I'; (V) and I‘g)(N) this is it!

8.2.2. Eisenstein symbols for K3 surfaces and CY three-fold fam-
ilies. Given a cycle 3 € C’HZ+1(€1LZ],€—|— 1) (e.g., I=T(N) or Fgl)(N)),
we have Q3 = (271) 1 F5(r)dz1 A --- Adzg ANdr (F3 € E?H(F)), which we
assume # 0. If £ =2, then there is an involution I : (7321, 22) — (75 —21,
—zy), with I*Q3 = Q3. Set /'\?ILQ] = ﬁ, and let X1£2] — /'\?IP] be the (smooth)
Kummer K3 family over Yr\er obtained by blowing up the two-torsion
multisections. Using the diagram

(8.3) Xl[“2] X/’(’FP] 81[‘2}
/ l AN
. o N
;A X Ep \

we define a (nontrivial) cycle by 3x 1= ips pi3 € CH 3(X1L2], 3). (This will
have the same regulator periods and higher normal function as 3 by the
monodromy argument below. Note also that if we take I' = I";(V), then
quotienting 51[?} by the action of I'o(N)/T'1(N) and blowing up also yields

— due to the presence of (_01 _01) — a family of Kummer K3 surfaces over

Yo(N)\ -+ and a nontrivial cycle.) There is a fiberwise involution I’ : XIP] —
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XF[Q} induced by (21, 22) — (21, —22) [or equivalently (—z1, 22)], sending dz; A
dzg — —dz1 N dzo and fixing the exceptional divisors.

Passing to £ = 3, and taking 3 € CH 4(51[3’},4) we can apply the process
above to the first two fiber-factors to obtain 3’ € CH*(A} X Xyinep €T3 4).
Writing I” : & — &r [z — —2z], we have an involution I’ x I" on X el x &r
evidently fixing Q3. Blowing up along the singular set (in each ﬁber this
looks like a disjoint union of 64 rational curves) and applying a process
similar to the ¢ = 2 case, yields a family XIL?’] of Borcea—Voisin (CY') three-
folds over Y7\er, and a nontrivial cycle 3y € CH* (A} X ,4). (Again, this will
have the same regulator periods as 3.)

Here is a more interesting construction, which yields a Kjs-class on a
K3 surface family over Y;(N)™V. Recall that the Fricke involution ¢y €
SLy(R) acts on § by T +— —; this yields an action of I't(N)™ on §*
with Y1 (N)*" as quotient. By normality of T'y(N) < T'1(N)*, 1y also
acts on Y1 () with quotient map p,n : Y1(N) = Y (N)TV.

Set '&1(N) := E(N) x,, Y1(N), representing points by (7; [z]-1), and
consider the relative N-isogeny (not an involution!) Jy :'& (V) = E1(N)
induced by (7; 2) — (7; —N7z). Writing ’8{2] (N) == &E1(N) Xy, "E1(N), we
have id x Jy =: Jo : '€P(N) = EB(N); given F e ME(Ty(N)), "Qp =
—%(JJ[?)*QF = 7Qp. Also write J[Q] : 5[ ]( N) — ’5{2}(1\7) for (7;21,22) —
(1521, 2).

Now we are ready to consider the involution

15
'ePl () =gl ()

Pk

induced by exchanging factors: (7;[z1]r,[22] =1) — (Ni,[ZQ] ,z1]r). We

have NrT
2hsrey . Lo (1 1
(IN)(Qr) = NTF< 7) dzz/\dzl/\d(NT>

1 -1
= Fl|—
T<N2T4 (NT)>dZ1/\dZ2/\dT

S
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where F|* (1) := f%g;l) Set

(8.4) Ft=1(F+F|).

Taking the quotient by IJ[\Q,}

2 —1/:
£y o BN VR P gy

and replacing SILZ] in (8.3) by this, we get a family le(N )*N of (smooth)
Kummer K3 surfaces over Y;(N)*™V\{i/VN}. It may be more desirable to
try to construct cycles on a Shioda—Inose K3 family, especially one over
Yo(N)™N — but this seems difficult to do canonically. If 3 € CH 3(8{2] (N),3)
with 04(Q3) =: F3, we may define a cycle

-1 N
(85)  3en = p2epi(Pon)-(JN)°3 € CH (AP (N) ™Y 3).

Also take W € CH3(X1[2}(N)+N, 3) to be an arbitrary cycle.

Proposition 8.4. (i) 'Qp descends to a holomorphic three-form with
Q(3) periods on Xl[Q](N)+N if and only if F € MP (T (N)™Y) ==
MUV

(i) W= (j][\?])*(lp_l,_]v)*pl*p;w (on 51[2](N)) has “cycle-class” 04(Q2y,) €
M2 (D1 (N)TN).

(iii) 04(Q5-) = Fy.

Because ' 51[2](N )™V is not a Kuga variety, we no longer have that pull-
backs (7 to 51[2] (N) have equal residues at cusps € x1(N) mapping to
the same cusps € x(N)*YN. Consider for simplicity the residues at?? [0]

22Note: the residues of F (hence F'*) at all [j] (j € Z) are the same (as the residue
at [0]).
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and [ico], which are exchanged by the involution on 5{2] (N) induced by
= (0 7)€ SLy(Z), and assume F € MZ(T;(N)*N) (which implies that
N72774F (%) = F(7)). Then

Ry (F) = lim F[J (1)

T—i00
1 —1
T a1 . —4_—4
_TlirinooT F( 7’) — Toll—rrinOON ) F(NT0>

_ N2 1 _
=N lm F(m) = =N

If we assume only F' € MP(Fl(N)), then

-1 1
. —2_—4 2 7 —4 o) w2 4
lim N7 F(NT) — N® lim 7 F< n) N ﬁlgxilooF\%(n)
= N’Rg (F).

So

R () = 5 PRy (F) + N2 (F)}
(8.6) L1
Ry (FF) = B {Ngfﬁ[ioo](F) + %[0](F>} :

This calculation shows <3/+VN> is nontrivial if one picks 3 so that Rjjo) (F3) #
—N?R)(F3) (obviously possible by Section 8.1.2).

Remark 8.3. If we replace IJ[\z,] by the order 4 automorphism ’ I][g] (15 [z1]rs
[22] A_Tl) = (5% [—zz];il, [21]+), then the corresponding quotient "P. y yields a
familTy of singular Kummer surfaces which is then resolved to yield a smooth
K3 family /X (N) N s V1 (N)*N. Reworking this in analogy to (8.3) (so
as not to pass through a singular variety), one constructs a cycle '3,y and
most of the exposition goes through as above with the crucial replacement
of F|} by —F|! (and N? by —N? in (8.6)). In some sense this is the more

natural construction (as the examples in Section 10 will suggest).
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9. Regulator periods and higher normal functions (bis)
9.1. Setup for the fiberwise AJ computation

We restrict once more to I' = I'(N) and the Kuga modular varieties £

ml(IV) . . . 14
(N) —* Y(N), and write their middle relative cohomology groups: HE\,} =

RiAlO(N).Z, HY = HY © Oy (), HY™ = HY ® Oy(yy~, etc. — drop-

ping the “N” to work on & /9, and flipping super/sub-scripts for homol-
ogy. One has the subsheaves of G*( = G*)-invariants Symé]H[%]@ - ]HIE{,]Q,
SymK'H%} C H%]; as well as G*-coinvariants Hf;[f@ —» SymZHf\lf]’Q grorD.

Symé]HIEi,]’@. There are the following well-defined sections /$) (multivalued
/Y (N)):

a=1[0,1, 8=[0,7] € T($,Hyy),

71[5] = aefkﬁk e I'(9, Symﬂ-ﬂ%),

’Y/[ﬂ =G (o X - Xy X By X - X fy) € F(ﬁ’symZHg})’
nﬁelk =G (dzr N Ndzg g NdZggy1 N AN dZp)
€ I(H, Fhsym Hl),

where one should think of G* as reordering the dz/dz’s or o/ 3’s in all possible
ways and dividing by (f;) Writing [-]x =“term of homogeneous degree k in

=7

T,

(9.1) <’y,[f],nylj> _ <£>_ [(1+7)H(1+%)]}k
_ Yoo (W) ()T —. gl
‘ C Tk

()

Viewed as the monodromy transformation corresponding to an element

of m(Y(N)), y€I'(N) acts on (%[)e]"”’%[z]) from the right, as Sym®y;

we think of the ’yim as degree-f homogeneous polynomials in « and (3,

with piso := (5 ) : BB+ Na,a—aand po:=(y 9):8—08, a—
4

a+ N3. (Also, v sends néélk — %; note that the {nylk} and

'y[[f] are well-defined over an analytic neighborhood of [iocc] in Y(IV).)



552 Charles F. Doran and Matt Kerr

Now refer to the cycle-construction of Section 7.3.4, denote the fiberwise
“slices” (pullbacks) of (3¢) by (3¢), (or ), €tc.; and consider the diagram

Ho*£+1o®£+l%
O* (U(N))®*H+! T(N)

/ f._,<3f> > | Res—1

S Momaas (200, H €I, 0+ 1)
£/ B3, N

[eH @), e+ 1)] ¢

(3)
1
{artrer @y o
\ veY(m) “Leray locally
" {1, 23 ngl/\ dr
r (Y N, Syx[r;‘]"HN > part (Fdz) ® dr
(symlEH@Q(e+1)
')

[€] _1)L.

H (-H*v

F<Y(N)7 i ) F(Y(N),fkﬁ%] ®Q§<N))
AN ee+1)

in which the upper square commutes by the proof of Corollary 8.3. Write
simply Re(y) for the Rgé—image of f; if we pull this back to $), we may choose
a well-defined lift R¢(7) € T'($, Sym*H ).

Lemma 9.1. (i) The bottom square commutes.

(ii) V is surjective.

Proof. (i) (3) € CH*"V(EW(N), ¢+ 1) has T5 "Z" 0 on (x1(N))~}(disk);
so locally we may Write{llzg i= Rz + (2m1)*16p-11, and compute
VIRS], = ([R5 = 5.

(ii) follows from irreducibility of the monodromy action on SymmHE\l,}
and consequent vanishing of the space of (V-)flat G*-symmetric nor-

al
mal functions T’ (Y(N ) ( Sy(ri}‘;;llé%g (g?ﬁrl)) . Explicitly, given any I' =

Zi:o ek’?g] ({ex} € C), the coefficients of iljm in pieo(I') =T = Zﬁ;(l)
<Z£:j+1 (’;) eka_jz‘ﬁ]m must belong to Q(¢ + 1); inductively one has
€0y €0-1,--.,€1 € Q. To show ¢y € Q, similarly apply ug — id. O

Corollary 9.1. Rf(y) depends only on {Hg](wf)} € T(Q@(N) (or on @5 €
PF(N))



Algebraic K-theory of toric hypersurfaces 553

According to Sections 7.2.4 and 7.2.5, it therefore suffices to compute
Refor fe Q |F(NV )( (5+1)) for “each” (p,q). (In fact, it suffices to do so for

(p,q) = (0,1) and (1,0), but it is computationally convenient to consider at
least our choices of (7, ) for each cusp o € k(N).)

For a fixed choice of lift 7§,[f€] (to be discussed), write

¢ [4 ‘
92) R{(r) Z Ry [l
We then define regulator periods

9.3) ol () = (W REM) (k=000

and a higher normal function®?

(9.4) Vi) = (RO, = (0 RE ).

These are the objects which we aim (in the next subsection) to compute
with the [50] formula; first we can derive a number of their properties by
“pure thought”.

Holomorphicity: Since Vo Re(1) = 0 € T'(6, H¥), me and the {\I/LEL} belong
to O(9). The {R[f@} are not holomorphic since the [njm] are not (except

for ny]):
11 _ 1,14 (41 [£]
Picard—Fuchs equations: Let VPF = V”l - denote the PF operator for

() = @m) L F(r) 0] € T(9, F'H ) ertlng Ve, : FI/Fitt — Fitps,

(9.5) = Vg, nm =1 [njm J = v ny] == [77([)}] which yields the “stupid

21t would make more sense on Y (N) to take V(1) = <7é, an> for some F €
My(T'(N)); we will essentially do this later.
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Yukawa coupling”

Yye(r) = <nﬂ V5. n£€]>

WA ¢
= (—1)(2)ﬁ /dzl Ndz A Adzg Adz = (—1)()e,
Moreover, Vg‘flny] =0 as ny] has periods 1,7, ..., 7%

Proposition 9.1. (i) The {\I!J[fL} satisfy the homogeneous equation (D{;F

(0
00:)(-) = 0. More precisely, d\gfk = (D! 2ri) L Fy(r).

(ii) me satisfies, for any lift 7~2f, the inhomogenous equation

241

(9.6) o () = (1)) 2mi) e (),

i.e., the higher normal function is (const. x) an Eichler integral of
Fy. The various {me} resulting from the different lifts yield a basis of
solutions for (9.6).

Proof. (i) Lemma 9.1(i) says Vajé[fg] = (—1)ZQ¥]; the result follows.
(ii) There are two ways to do this, both instructive:

Method I:

ort! <7if, 77e>
=0, <7éf7 Va,m> = - [using (n,, V5 ne) =0 Vp <{]---
= 0r (Re, V. me) = (=) (2mi)! ! (Fone. V. me) + (R, V5! e [= 0])

| ¢
— (—1)f(2mi)" ! <me1, %n}f] + ]-"1> — (~1H @ @mya e

v
Method II: Note that log(pisc)7) = j3\1, (= 0 if j = 0). Taking the
privileged extension basis (single-valued on Y (N), in a neighborhood

of [ioc])

~ —7 lo . ~ [ Va,. —71lo : ~[e Al
A1 = emmleali) gl T _emmlosln) log(10)5)) = — 4311,
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S — 1

we write =3 w]'y]] Applying Vy_, and using 4," = n,", yields
-1 5
o d
S 1)y b4l 2 V510 ) g ar
, dr dr
7=0
— (-1 @ dr

= (-D)‘ @) Pl © dr.

So

07 {w (— )(27r1 )AL [ Fedr

% fw]+1dT (ij,,E—l),

while Vf[] S5 (3, %e) = (— 1)(5)1[)0. To see the “basis” assertion:
modifying R¢ changes V¢ by a polynomial in 7 (coefficients € Q(£ + 1))
of degree < /. O

Ve Ve
Remark. If we notate R =3 thiFj, then | 1 | =eTloslel | | and

Yo e Yo
.
Monodromy and special values at [ioo]: (This cusp will play a distinguished
role later.) If F¢(7) — 0 as 7 — ioco, then integrating (—1)£(27Ti)eFf(q)’A}/y} ®
% = Vﬁ[fz] yields on a disk A C Y/(N) (containing {y = 0} = [ico]):

this may be used to “compute” \Il[fglc = Yk, Yo—k) Yo—r =

4
(08)  @r)™' Y (Qi+aP() . Q€ Cand Py e O(A)[X],
7=0

Since (ftioo — ld)R[f] is of the form (27r1)€+1 Z] —0 QJVJ , we deduce that the
Qj € Q for j # 0. A change of lift R¢ merely changes the {Q;} (including
Qo) by rational numbers.

Proposition 9.2. Suppose H{ﬂo](@f) =0, and set R; := lim; 00 \IIJ[Q( ).

(i) RieQU+1) for0<i<{.
(ii) The value of Ry € C/Q(L + 1) is independent of the lift (i.e., depends
only on the other {H([f](wf)}((,#ioo)).
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(iii) Lift 7%1[03] chosen so that {R;}{2} wvanish <= & :=lim, i me(v')
defined. In this case, & = (—1)'R; and

(9.9) Vi(g) = &+ (-1)(Pa /Ff(q)dq o0

0 q q
Proof. Conditions (i) and (ii) are clear from (9.8). For (iii) (except (9.9)),
plug (9.8) into <~, ny}>. (9.9) follows from (7 — ic0) {\Il[le —0for0<i<{}

if and only if {¢); — 0 for 0 < i < £} if and only if {¢); — 0 for 0 < i < £} if
and only if every [ but the last in (9.7) is taken from 7 = iooc. O

Remark 9.1. (a) H%lo](gof) = 0 means that (an AJ-trivial modification
(€

i [ico

AJ of its restriction (in HE(E[[iOO](N),C/Q(B—i— 1))). Even with this

being well-defined, and even if ﬁ[fg] is normalized as in (iii) above, it

need not be free of monodromy about y = 0! (Of course, when it is

monodromy-free, the { R}, Vg, and Weq all follow suit.) This issue has

to do with 7l(N) (|T5,|) € Y(N) and is related to Proposition 4.1.

of) (3¢) extends across the Néron N-gon F ](N ), and Ry is essentially

(b) The lifts used below are chosen for computability rather than vanishing
of {Ri}.

(c) One reason we have to do the AJ computation below is to find Ky, if
H{f}oo](@f) =0 (though we are most interested in the case HL

[ico]
() #0).
For an arbitrary f, here is the “lift” we use to apply KLM:

e break it up in O*(U(N))®“*+Y into 3 ¥, with each pp € @;Q(N)‘(’p "
for some (p, q) as in Section 7.2.4. This step is not well-defined w.r.t.

the final outcome. Next,

e break each f* into Eﬁfaﬁ, with each % = ( f"g,..., eafl) ey
(N)X(Hl)) for some (—s, ) as in Section 7.2.5; then

.
e construct 7~wa as in the next section, and apply KLM.

The last two steps will yield a well-defined map

BI(N)?, o) — D5, Sym M),

as will be clear from the computations.
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Remark. H, (o) (or Hy(pges)) is 0 for those o «— (—s¢,70) € ((p,q)) C
(Z/NZ)?, but not necessarily for any other o € k().

9.2. Applying the KLM formula

This will take place on (subsets of) £ rather than £ (N); instead of writing

P} constantly to pull functions and cycles back to & ( SN 9), we will take
this to be understood.

Fix a choice of p,q € Z such that ((p,q)) = Z/NZ C (Z/NZ)?. Taking
any r, s “completing” this to an element M = (?, %) € SLy(Z), we consider

f=(f1,..., fe41) € S(N)ﬁ“l), and compute the {R[fZL(T)} for a particular
choice of lift ﬁ[fé] (1) over (1 €) Apr, with F(N)as and Ajs as in Section 7.2.5.
We then use this to compute the \If[fei over Ajs, analytically continue these

to 9, and employ the result to find the (nonholomorphic) {RE-ZL(T)} over
all of 9.

The choice of lift over Ay; must be dealt with in two cases, according
as whether for the Pontryagin product of (p, ¢)-vertical sets

(9.10) 0¢ |Tp|*-*|Ty,,| on 7 (Aum) C E.

If this is true, then (on all of &) {0} & [(f1)[ * - * |(fr+1)] and (on £ we
can take 3¢ := Zariski closure of Z¢ = G*/*{f} (see Section 7.3.4). With this
understood, we have

Lemma 9.2. Equation (9.10) <= |T3]|=0 on EK}M = (zt) =1 (Ap)
c el

Proof. Since (EM) = {u+-+u4 =0} C B o€ T, | % - - %

T%,..| C ET€<:> 0=wuy + -+ ugyq for some (ul,...,uul)ee Ty, NN
1

T%,.,| C ELJF [PEEN I(ur, .. uppr) € Ty N---NTy, N /,(EL]) — |TL*{f}y

nonempty. ]

As a consequence we can take as our lift
RY(7) == [R3,.] € HY(EW,C) for 7 € Ay,

since (on each fiber) dR3, = (27ri)€+15T3h =0.
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Informal remarks on well-definedness: Given fe€ F(IN )((Hl)) geg

(N)E(fﬂ) q), with ¢ = @g € ég(N)((’p 9 and satisfying (9.10), taking lim-
its along Aps resp. Ay one finds that lim, , s 7~2¥], lim,_,_q ﬁg} yield
classes in HZ(E[_@,C) (the {ﬁgl) =1 vanish). Also, by Proposition 9.2(ii)

these classes are equal up to He(E[_K]g,Q(E +1)); hence the lifts differ at

most by Q¢+ 1) (p[f] + ¢la]) on 9. That they are in fact equal may be
argued from Lemma 8.4, but the computations below will bear witness to
all of this (including the irrelevancy of (—s,7)).

Now we compute the {R ;} for our lift. the diagram (8.1) is replaced for
this purpose by

L P
B~ B B, 7€ Ay,

with resp. coordinates z1, ..., z¢; u1,...,upr1; u, and the 7’s by integration.
Write I' := HY(E,,Z) = Z{[a], [B]) , ¥ = m[B] + n[a] = (m,n) € T.

Remarks on currents: (i) The fact that 3¢ = Z¢ means that if U Ne C
E. denotes the complement of e-disks about the N-torsion points, then
<[R3f], 773m> = lim¢ o fov Rz A n][g] — but we will just view Ry, as an L!-
form on E! (rather than write this).

(i) Rgy =01 2mi)I~H(=1) UV log f;(u;) dlog fi41(ujr1) A+ A d
log for1(wes1) - Oy, 0y - 07y, , , is a normal current (of intersection
type with respect to ¢(E%)) on EXT, so admits pullback 'Ry = R~y to E!
(see Section 8 of [49]). We also note that the “singularities” of Pi(Ryg A ﬁ]m)
are contained in [T |- - x |Tf[+1| C E;, and so are as in Lemma 8.1(ii).

Write Z er for the 37, Z " described there (and depending on (p, q)).
Writing

-
BT

(ul) cee 7u€7uf—|—1) — (Ul, cee )uf)v
let
_ . 14 _
A= (<)) e = <—1>£(j> Soduft nnduf”t e AR REE),
|J|=4

JC{1,...,6}
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du;, 1€ J
where du{ - Tf Z . We then have ¢ 17[ - 77[ ], and so:
du;, ¢ J J

(=) (1)t

Ryj(7)
~ Ri() / Ly o

[fg]v 1; / sz/\ﬁj / G*R,- {f}AQ*WJ
:/EERL*{f}A%[-] = /L( )R{f}A”” {2 (B n ') } 0

pt

=N PRy AT () = v 12/ XoPu(Rygy A i) A du A da

vyel vel’
> /EM P*Xy - Rygy A7) A P*(du A d)
vel’ T
o ( ) S empnth Y3
CA [J|=j ~er
JC{Lnt}
— (log fj,dlog fjo41 A -+ Adlog foy
Py 0 A

X .5Tf1 ..... 5Tf_,»0_1

X/
{41
B aud A A

_ (5) - %(Qwi)jo—l(_l)(ul)(jwl) D

17 = lol=j 7€l
JoC{1,....50—1}

log fj,dlog fj,+1 A -+ Adlog fe+1> A

P*
X /z+1 m '5Tf1 T 5Tf 0—1
Bt A A dud™ A dug, A dig, A dtgeen A A dign

{+1

= (-1t (6) B > (2mi)!

J Jo=7+1
x Z Z (H fo X'ydum ) (fE X~ log fjodujo /\dujo)
|Jo|l=5 ~el m=1

JoC{1,rjo—1} 0+1
X IT fE X~d1og fm A dtp,

m=jo+1

559

dug‘]} A(duy + -+ dugy) A (dig + - -+ + ditgsr)
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Lemmas -1 41 .
8.3-4 (—1)(2)1/_1 (€> Z (27ri)jo—1(_1)€+1—jo (]0 _ 1>
I =it J
3 T T 4 TR 7 )
(271)do (mq — np)low(y)e-Io+2

verl’
G G = 1 (pr + @) (pT + @I
S ()

i (ﬁ) vio—1

Jo=j+1

~

y Z/ oe(m, n)
5 (mr+ )M (mg — np) M

where the primed sum means to omit terms with mq — np = 0. Taking M =
jo — j — 1 as summation index, we have therefore

(1§ (—1)M (M + j> (p7 + @) p7 + @)™
(9.11) M=0 7 v
’ pr(m, n)

(m7 + n)=M=i+1(mq — np)M+i+1"

We now treat the second case, where

{0} € |Tf1’ *oeox }Tfu-l

over Aps

so that |T5,| # 0 there. Without loss of generality, the reader can have in
mind the case where each Ty, (hence |(f;)|) lies in the connected component
of WT(p’q)(N) containing {0}. Let (e1,...,e/41) € {|z| < e|z € R}*HD be a
very general point in a small polycylinder; we sketch a deformation argument
which shows a lift of ’Rl[f] (1) (1 € Apr) is still given by (9.11).

Begin by replacing each f; by f;e'® globally on £(N), denoting the
resulting cycles (from Section 7.3.4) by {ff}, Z; = G*/*{f£}; and note that
ng is still closed, and now in real good position, on the complement U 4] (N)
of the N2¢ N-torsion sections. To obtain 3%, we must “move and complete”
ng; that is,

3%‘(7[@1(1\7) = Zg + W

for some Wi € Z&5™ (UY(N), £ + 2). Since obviously ¢f = ¢g, we have Q3: =
3, (Theorem 8.1) and therefore RE@ = Rl[f] (Corollary 9.1). So it suffices to
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calculate a lift 7%}‘2 for any g, or lim._,g Re — which is in fact what we shall
do, working henceforth over a point 7 € Aj;.
Inside ETZ we have the open sets

U ][5] - U 4. complement of NV 26 N-torsion points,

[é] . C UH := complement of the {z; =0, zj, —z;},

where the e-subscript denotes removing a closed e-ball/tube neighborhood.
We want to compute (compatible lift-components)

- v
(()ngd(T):/E[ R3 /\77[]

1 £ [ ] —_ 1 ( = £ 7 1 E> [ ]
lim 1[5] RB?‘ A 7]] llm 1[5] R ; d[RW?] (2 1) + 68; A 77]
6IIII . [/Z] R f VAN ’f] + lim ” th AN 7’]J

where Sg is an (-chain with 0(Sg) = Tz + N (with |[N| C N-torsion points,
and nonzero only for £ =1). One can show that the middle term of (9.12)
goes to zero (with e — 0) at worst like elog” e.

Now take the (previously very general) €2,...,e¢41 — 0; then |T,. gy

limits into {21 = 0} and so |T5=| limits into W][@ (Whlle R—= still makes sense
f f

on the complement). Since ng is G*-invariant by construction, everything
else in (9.12) — Wf, Sfé, etc. — can be taken to be G*-invariant as well. But
if Sésl’o""’o) 18 g*—invariant and bounds on W][\? it must in fact be a cycle on
E. This means that in constructing our lift, the third term of (9.12) can
simply be thrown out (which must be done (Vj)). Finally, taking the limit
as 1 — 0 and using G*-invariance of nf, the first term of (9.12) becomes

limeo [0 R gy Ay
which led to (9.11).

which puts us back at the start of the computation
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9.3. Regulator periods and analytic continuation

The computations using (9.11) that follow may be justified by appealing to
absolute convergence of the series of the form

(9.13)
Z / ZJ: m = Jp — xS x=np—mg
= lim —
(m,n)€Z? ﬁ% J_)OO]:—J n =j)q+ xr Jj=ns+mr

if &) terms are added first (replacing the “lim } 3" by >_ - ). Moreover, the
series of this form which occur do not actually depend on the choice of (7, s).

We start by computing the \1![ } w(7) for the lifts Rp( ) (7 € Apr) of the
last section. Recycling “€”, we let it now denote a formal variable, and work
in C[[¢]]. Referring to (9.1)7 if we write

:i ()l

then <'y[@,ny]]> = (14 7€) (1 + 7€)?, so that

(9.14)
f:‘lfm (T)<£>6’“ = (41, R}) = ZRM 1+ 7¢)! (1 + 7e)
— £k k
‘ ' pe(m,n
(9.15) = (271) (14 7e) (p7'+q)2 Pe(m, n)

mn (mT + n)tH(mq — np)

(np —mq)

x i: HO( mT+n)(PT+Q)>M+j

I= .
() Caerrn)
Replacing M + j by K and >, >, by Zﬁ(:o ZJK:O, and using
2 () (6aers) - (- i 0

+
Jj=0 *
_ — €q)
a (1 +T€ )(pT + q)
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the double sum in (9.15) becomes
f: ( (m7 +n)(p — €q) )K
Z= \ (np —mq)(1 + 7¢)
(np _ mq)“'l(l + TE)E—H _ (mT + n)é—i—l (p _ Eq)Z—H
(np —mq)“(1 + r€)[(np — mq)(1 + 7€) — (m7 +n)(p — eq)]

Simplifying the expression in square brackets to (p7 + ¢)(ne —m), (9.15)
becomes

(=D & @e(myn) {(np — mg) ™+ (1 + 7e)H — (m7 +0) ! (p — eq) }
2mi (np — mq)**1(mt + n)t*1(ne —m)

m,n

— a ‘“zipped” formula for the {\I/ﬂ} which is obviously holomorphic in 7,
and hence yields the analytic continuation to $. Since it was substituting
(9.11) in (9.14) which yielded this continuation, (9.11) is the correct lift over
all of $ (not just Apy).

To get explicit formulas for the regulator periods, we reverse the last
step to get (9.15) =

l
(R O (1+7e)(p —ge)* ™"
5 ; Pr(m, n)(pT + q) ;; (np — mq) =L (n + mr)aL’

and take coefficients of {¢*}{_, (and divide by (ﬁ)) to find

(9.16)
() {( 1)(1([(1“) (k:ﬁa)
/41 min (— a kaa
U (r) = ( ) (p7+4 Z e(m, n Z 2 X({znpp mq)z—uﬂ J

=0ag=max{0,k—
#=Oa=man{0k—u} x (mt +n)rt1}

One can check that this is compatible with Proposition 9.1(i).
Now if we write

g(N)(p,q) = U S(N)(p Z)a
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then (9.11) and (9.16) extend linearly in an obvious way to sums of “mono-
mials” € 3’(N)(Xp(2)+1) (we did this for f+— ¢f in Section 8.1.2).

Theorem 9.1. Formulas (9.11) and (9.16) yield an abelian group homo-
morphism R[ﬂq inducing AJ on “(p,q)-vertical Eisenstein symbols”, as
described in the diagram

J=(35)

o~ Syme[l] C ¢
T (557 (Sym H )11 Lo

AJ

T (9,CH(£19/9,0+1))

where “ev” means to write a vector with respect to the given basis, { }*

0

1 0
0 1 :
is the dual basis, while L = Q(¢ + 1) < A I U 0 > and
0 0
b ,
7.
L, & (e+1)< ] >
4 Y4
Pho i

The two “extreme” periods are of special interest. For the af-period,
(9.16) yields

Wio(7) = (~1)(2m) *(r + DHL (o)

_1ye+1 o) - mr—n) 1 pl+ — (np—mag)ftt
(9‘17) ( 217)r1 Z m,n Sof(m’n)( m&w)'-i—n;;)“l(n;—pmq)gll

m # 0
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if p#£0, and
{ (D'~ Grlmyn)
1 U =
(9.18) o(7) 27 Zm nm(mr 4 n)t+t
if p=0 (¢ =1). For the #*-period, we have
(9.19)
¢ ¢
gy = (-1 @) (4 EHg ()
I+1 no—ma) et T (1) (mrdm )L g e+t
+( 2mi Z m,n QOf(m n)( = (2(m7+n)zr+(1(i;_(mq;;+z 4
n#0
if ¢ # 0 and
1)6+1
4 —U™ e pe(m, n)
(9.20) Upy(7) = Zmnn i+ )

if g =0 (p =1). We also record the higher normal function for convenience:
using (9.4) and (9.11), this is

NG m,n
(9.21) Vfw (1) = (72(17 +4q HlZ(m n)ez? (mt + :f)fgmq —) np)t+t’

By the monodromy argument (Lemma 9.1(ii)) together with Section 8.1.2,
AJ factors through Y3(N). That is, for any f€ O*(U(N))@E+)

(9.22) vi(r) = > HO(p) B (1) mod Q£ + 1),

o€r(N)

where (using our chosen (7, ) € SLy(Z) for each o = [%]) \NII([f}k =V
for some f, € Q S(N)Zgﬂ)q)] satisfying H[f,](gon) = 0o We take pp =

NW(’;@E\,], so that (9.16) yields

093 ¥ (1) .— (G e
(9.23) W (7) := =g (2m1) T (o7 + ) 3 Z
o fer? 1+
ged(l+ Na, N@) =1
TR D ) O e
(1+Na)*- “+1{(1+Na)(r—87)+Nﬂ(q+m)}“+1
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Here the choice of (p, ¢) in (9.16) is different for each o, we have computed as
in Section 8.1.3 with (m, n) =: 3(mo, no), (Mo, no) =: (r + N(Bq + ar), —s +
N(Bp — ar)) and where ) means to sum £ first. A similar result holds for
Vfw (1), only modulo polynomials (of degree < ¢ with Q(¢ + 1) coefficients).

Also as in Section 8.1.3 one can do the Fourier expansions in some cases
(and we need these for the examples below). For instance, for (p,q) = (1,0)
and k=0, (9.16) becomes

(9.24)
41~ +1 41
0+1_4l4 (1) N (mr +n)"*!t —n
(— 1) (2mi) TH[OO](‘Pf) + o m,n @g(m,n) m(mr + n)tinttl’
m#£0
where ZA::nn means » ., ez limps oo Z%:_ . Assuming additionally that
’ n # 0
et(m, n) = pe(m, —n) [<= @g(m, n) = @g(—m, n)], the Z s ffﬂﬁ) = 0 and
the second term of (9.24) becomes
(—1)° or(m, n)
2 _
(9:25) 2mi Z m(mt + n)t+!

(m,n)€(2\0)?

Proposition 9.3. Ifpr= %WEOO]QD (p € ®UN)°) then gy = Liiso]. P and we
have

4y _ Cr (DN (S )
o26)  wihn =T (bz; e0Besz (7 ) ) oz
( 1"|MT£+1 EQD(T)) MN

g|N£+1 Z 9 >
M>1

where ‘o(r) = o(r) + (—=1)%p(—r).

Proof. Let £ € {1,2,...,N — 1}, and mg € N. Using the product expansion
of sin(m(a + 2)) from [1, Section 2.3, Example 2], we have

(9.27)

41 wé
pas) log {sin (N + ’R’m()T) }
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dt+1 € Nmot Nngt
= ¢~ log (1 -
drétt {wmmo <N>+Z [°g< +Nn0+§> Nng+¢

TL[)EZ
. _dfg Z N2m%7'
o drt | A, (Nmo + §)(Nng + € + Nmot)

1

— (DO N ‘
(=1) Mo (Nng + & + Nmgor)tH!

NnoEZ

On the other hand using the Taylor expansion for log, (9.27) becomes
dttt 1/ m
- = (oSN EtmoNT) _ =2 (E+moNT)
a7 18 { 3 (¢ ¢ ) }

df—i—l . i dé-i—l 1 omive
d T lOg( e27r1mo7—e ~ ) _ _ Ze n 27r1m0'r7—

drt+l r
r>1
. 2wiré
= —(27r1)£+1m€+1 E rte™~ quON;

r>1

hence we have (for mg > 0) a(&, mg) :=

1 o (_1)€+1(27Ti)é+1 ¢ 2T N
2 (Nno + &+ Nmor)tt (Nt 2 e g™

no€Z r>1

Substituting @ = t[iee), @ in (9.25) therefore yields

(-1 3 p(n)

3 {41
27 (mmo) BN {O])? Nmg(n + NmgT)

LY Nf@(g) > {a@ mh) + (-1 a(-€.mp)}
- 27N — m o o

my>1
—(2mi) MN ¢ —2zmiér
- S E T T s e ¥
M>1 M £€%nz
—(27i)* MN
- g!NeH > @ Z M ‘p
M>1 r|M

567

}

where we have reindexed M = myr. The first term of (9.26) is much easier.

O
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We turn briefly to the higher normal function. In analogy to (9.24), for
(p,q) = (1,0) Equation (9.21) becomes

—1)("3) (2mi)
029 v =C B e o
DG gy @Emn)
27 o (mT + n)nttt’

and if pf = %W[“ioo]cp we can calculate its gg-expansion as follows. Using

Te+1 4 1)i-1 S5+ (_1)47

the second term of (9.28) becomes

(—1) (‘Y 5] A—2J+1

o(n)
— > 7 Y
2m g NT ey MO

I3
N moT
- - 53 ¥ .
2TiNH2 ; m%;Z m“‘1 nEE:Z (£ 4+ Nng)(€ + Nng + Nmgr)

For mg >0 the ) 7 is
(1+Cot< >>+2w12e N mONT
r>1

by an argument like that in the above proof. Writing

(0), ¢ even

and noting ((2J) = %Bg 7, we eventually arrive at this expression for

the higher normal function (associated to our lift):

(9.29)
: <ZN_1 B 1 5] (—2mi)?7 (042
O ) (Zaso (@) Bera (#) ) log™ ! g0 + 352 S (57)
! —
(&) X By <Za:0 ¢(a)By_2y12 (& )) log!~27+1 ¢
—1)(2) /it
~ G {g(g +1)00(¢) + X o1 " (Z'Tﬂw())} '
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The first big braced expression in (9.29) is a polynomial in 7 with
Q(€ 4 1)-coefficients. Both (9.29) and (9.26) check against Proposition 9.1
and Corollary 8.4, as the reader may verify.

Finally, one can evaluate the regulator periods at cusps where Q3. has
no residue. We demonstrate this for the a*¢-period.

Proposition 9.4. Assume that H% ]](gof) = (27(:1) VL L(pf, 0+ 2)| =0; then

_gl .
lin whl(7) = %L_(W[ﬂ*gﬁf,é—l—1)m0dQ(€+1),

- m). Ll
where L_(¢, 0+ 1) =3 e (o1 %

Proof. Will proceed by first showing that

. U -1 - ~
(9.30) i W) = UL (g B 1)
when H% lo](golc) = 0. We can write ¢f = @p + @ where ¢ € W[O](I)Q(N) C

@Q(N)(O 1y and @p € <I>2 (N){1,0)> then apply (9.19) [with (p,q) = (0, 1)] resp.
(9.20) to conclude

(9.31)
g ) -1 {41 S/O\f m,n

(m,n)€(2\0)

after “reassembling” the results. (In (9.19) the sum becomes

L
N

( Pe(m, 0) _@mmv

no(m + @)eﬂ nomt+1

m, ng
ng #0

where the 2 means to sum £ng first, so that one can delete the second term
inside the sum. Then one can remove the “~ 7 in both (9.19) and (9.20),%*
since the double-sum is now absolutely convergent.) The r.h.s. of (9.31) is

24Where it means to sum +m first.
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now (summing +n first)

1)6+1 N1
i
i SIS S e
£=0 mezZ
1 1
X

= o —¢) (a1 + 222) T oy — ) (- m26) T |

where we have made the (unnecessary) assumption that @g(m,—n) =
@r(m,n) to simplify the exposition. This becomes (writing 7 = it)

9(_1)+14+1 / 1 R
(2)771]\72 Z Z ee(m, §)

meZ &=0

‘ N/t
PIREDY = |

{—k+1 k+1
oo (ﬁ +im> (%—E - im)

where the limit in braces is the Riemann sum for

0 dX 1 m| 0\ 1
/0 (X TR (X gy — gD <k> @mi)i

(using residues), and so we get

St (f |
Tkl 5 Iml ZW

meZ

which is just the r.h.s. of (9.30).
Now let f be as in the statement of the proposition:

lim i (r) = <W], lim Ry <T>> - <W], (DR _q)*f<f>> .

By (9.30) this is

e+1)

- (_12)1(sz— (W[iOO]* (Z _pq>*“5f’ o 1> (2 (2 9710)
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= L (rpe. @ 0+ 1) ([0, [(ra = 55)71])
which yields the result. O

Remark. In fact, Proposition 9.3 leads to a more general result when com-
bined with results from previous sections:

Corollary 9.2. For any fe (’)*(U(N))@’(Hl),

Q¢+1)
Wi(r) "= (=2mi) Hi L (97) N log g
(27Ti)€ qO /+1 2mingr é/\ M
~ N 2 ar | 2" 2. e ey o
M>1 r|M no€%/ Nz

Proof. Split ¢f = @ + @ with ¢ € W[loo](q)@(N)o), and pgs (0, 1)-vertical

so that H{ilo] (¢g) = 0. By Proposition 9.2(i), lim; e \IJEQ o(7) = 0 while the
4]

constant and divergent terms (as 7 — i00) for \IIE]O (hence W) are given by
Proposition 9.3. Using this together with Propositions 8.2 and 9.1(i) (which
says that \II[Z] (=1)f(2mi) ! [ B, (1)dT) gives the result. O

10. Toric versus Eisenstein: comparing constructions

In this final section we consider the possible coincidence of (push-forwards
of) Beilinson’s Eisenstein symbol over genus zero modular curves, and the
toric symbol on suitably “modular” hypersurface pencils. This will be done
on the level of regulator periods and cycle classes, and the general result in
Section 10.3 is followed by many examples. To whet the reader’s appetite we
include two motivating examples in Section 10.1, which come from extending
the computations of regulator periods and their special values to the cycles
considered in Section 8.2.

10.1. Regulator periods for other congruence subgroups

It is worth mentioning a subtlety that enters into computations for the

“push-forward ~ cycles” of Section 8.2.1 3¢;0) :—— PF[?N)/F(I,>(N)

——

3¢ CH!! <5¥(],>(N),€+ 1> (equivalently one can consider 10 =
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(P[e] / > 3g10) on EW(N)). Letting o, denote the period over

F(N)/F(l)(N) f1() ik

fyl[f] (= a!7FBF) for an appropriate lift of the fiberwise A.J of 3g10) over

Yl(/)(N ), we have obviously

N—

,_\

\IJZ T+]

j=0

gl _ 1
(10.1) U107 N

.

but also

=

M

(10.2)

P23 (1) o etle )

0 k=0

<.
Ll

N—

1] _1 m(_7 nf_7
(10.3) el = 2 {\P <j7+1> N“<j7+1>}

J

since (see Section 8.2.1) J;. 3 = [ — ja (resp. J a=a-—7jp). Likewise

for the “K3(K3)” cycles 3f+]\[ 4N(p2) ( ) (7)+N) ( ) 3f1 €
C’HS(XF](N)“‘N, 3) (resp. 3¢ n) of Section 8.2.2, we find

’ 2 1 2 2 _1
(10.4) ( )\I/%er;O(T) =3 {‘I’[f,i;o(T)f)N‘I’[f&,Q (]VT)}

for the periods of AJ (<(/)3f7+N>[T]€Y1(N)+N> against (’P+N)*(J][3])*(oz X ).
(The latter, it turns out, is divisible by 2N in the integral homology of the
K3 fibers.) To obtain limiting values of (10.1)—(10.4) at a cusp, one could
apply the proof of Proposition 9.4 to each term.

An easier approach is to consider the effect of 3¢ — 3/;/1@ (or '3¢4n) on
the residues of the cycle-class, transform ¢f accordingly (cf. (8.2)), and plug
the result into Proposition 9.4. We carry this out in two examples related
to toric constructions in this paper.

Example 10.1 ({=1, N =4, T'=T}(4)). Begin with f so that ¢ =

1 EOO} QOL} (see Proposition 7.3) and consider 3¢; the corresponding divi-
_ ;o , 1 « m

sor g1 has @ri = 1pLGr = — Lt 0 = — iyl where @il =0,
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—

(1]

261, 0, —26i. We have o), PE1 = —p4 and so
1~
hn%\ll[fl{/. (r) = gL- < ) 2> ~16iG  mod Q(2);

this corresponds exactly to the D5 example of Section 6.3.

Example 10.2 ({ =2, N =6, ' = I'1(6)*%). Start with pp = —477; [62},

- [ioo]
and consider ‘3¢ y¢: from (8.6) (and Remark 8.3) we know that if Ho (¢f) =
245 lico] then H[loo]( pri6) = —12 and Hij(‘pr16) = 5 (Vi € Z). As LP[Q]

0,—%,0,0,0, —=, this leads to

2'65, (m,n) (g +(0,1),

(105) ,@(m, n) =4 _ 26 m (é) :l:l,

0 otherwise,
and W[;l]*’cp/ﬁ?ﬁ = —% -{0,1,-9,1,-9,1;...} so that

Q@) 4 —8-6°

lim W 6o (7) -2L({0,1,-9,1,-9,1;...}, 3)

_1 12 5

2 25 . 62 10 9
== ¢(3) - <1 -5t 63> = —48((3).

This means that the AJ class of </3/f7\/+6> limits to 12¢(3) [(a +28)*?],
which is the pullback from the K3 family of 2¢(3) times a vanishing cycle
at [ 11 € Y1(6)75. This suggests a link to the Apéry-Beukers higher normal
functlon from the introduction; the precise relation will be established in
Section 10.5 below.

10.2. Uniformizing the genus zero case

Let I' C SLy(Z) be a congruence subgroup in the sense of Section 7.1.1
({—id} ¢ T, T D T(N) for some N > 3), and assume Y = P! To fix a uni-
fozrmizing parameter, note first that Y has local coordinate ¢g := ¢ =
e ™ in a neighborhood of [ico], e.g., Np = N for I' = T'(NV) or I} (N), while
Nr =1for T'=T1(N) (or I'y(N)*, though we do not treat this yet). Then
let H € My(T") be the (unique) Hauptmodul with Fourier expansion H(qo) =
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const. - gg + h.o.t. We will assume H is normalized so that this constant is
a root of unity. Given an “Eisenstein symbol” 3 € CH “1(5#],5 + 1) (with
(Piy)3 = 3¢ € CHHYEW(N), £+ 1)), writing the data {Q3,, Wgg, Vi,
PF-equations, etc.} in terms of t := H (1) yields expressions resembliné those
of Sections 3 and 4 arising from the “toric symbols”.

While there are intersections between the two constructions (systemat-
ically developed in Sections 10.3-10.6), neither one includes the other. Let
wg/y = KE}“ ® ﬁ_l(OIVF) denote the relative dualizing sheaf; if deg(ﬁp*wf/y)
(always >1) is >1, then £ cannot be birational to a Fano n (= £ + 1)-fold
Pa. Conversely, the construction of Theorem 3.1 need not yield a modular
family — e.g., the E7 and Eg families of elliptic curves (cf. Section 6.3) have
marked nontorsion points (which are used in the construction of the toric
symbol); other examples will be given in Sections 10.4-10.6.

To begin “uniformizing” the data, let {o;} C kr be the cusps other than
[ico] where 3 has nonvanishing residue, and differentiate the AJ class over
P! to get

o= ViR e T (Vr, oy 0 05, (Y 0)).
Pulling this back to (£l —) § yields
(—QWi)ZAf(T)??y], Ag(t) € My(T),

here Ay may have “poles” (as an automorphic form) at elliptic points,
nonunipotent cusps, and the {c;}. Similarly, writing H' := g—g, % pulls back
to 2miBg(T)dT, where

dlogt o
=SO850 W e M),

Bim) = Joeq ~ Mo H

Pulling back the cycle class 23, = (—1)ZV5t7~€[fe] A %, we see that
Fe(r) = Ae(7) - Be(r) (€ M{5(T).

Now we can write down a power-series expansion for the period of wg over
the (locally defined) family of topological cycles a*! € H, g(EI[g]t, Z) vanishing
at t = 0. Using Proposition 8.2 and inverting the Fourier expansion of H,
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one has
—1y/
/ we(t) = (—2mi)" @‘; o H1> (t) = (—2mi) NFW Fy(HN(1)
=: (27i)* Z amt™,
m>0

where (H71)' = %. Moreover ag = (—1)*Nr - HL] ]( ¢f), and

_ . Qm ,m
Uk (t) ::/ R<3| H) = g (H (1) = (2mi)* {aglogt + Zﬁt
axt 0 m21

(compare Theorem 4.1).

A key observation is that Ag(T )ng] descends to &r, whereas the relative

differentials ( E] or F¥(T)n []) used in previous sections did not. This leads
to a higher normal function and PF equations which make sense over Yr.
Recalling VPF = ngl + l.o.t. from Section 9.1,

1 .
Pr = (@miBe(r)) 2 o Vg o (27iBg(1)) = Vf;jl + lo.t.

descends to P!, yielding the homogeneous equation
(D 0 3)UF = 0.

Writing
ue(r) i= (R we) = (=2m) V{(7) - Aelr),

we have the inhomogeneous equation
Digge = (Vo R, Vhwe) = (wr, Vhwe) = o),

where the Yukawa coupling
l . V4 1 ¢ . A2
V() = (2m) a2 (ol o V) = (i) G

. ¢
— (1)@ <B2f7(2)> (Ar(7))*.

Obviously the weights cancel so that y o H € My(T), i yf yields a
rational function on P!
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K])o](@f) # 0 and ],‘#}] > 1, so that one can choose g € <I>(2@(N)°
(]

(such that 3g also descends to Sg]) with H{Oo](gog) =0 but HY (pg) #0

(for some o # [ico]). Then one can consider Ag- Vg[g] = (_217Ti)£ <7é[g€],Wf>,

where RY is a lift with all Rg; =0 (0 < i < £); cf. Proposition 9.2: in this
case Rg = lim, o0 ng (1) = (= 1)* lim; 00 ng (7). This is the more general
type of higher normal function implicit in the Apéry—Beukers irrationality
proofs (cf. Introduction). (The general idea is this: one must show the radius
of convergence of its t-series expansion to be “much larger” than that for
either Af or Ag- (ng — Rg), while the latter expansions must satisfy cer-
tain integrality properties.) The story will be related from a less “modular”
perspective in [48].

Suppose H

10.3. Identifying pullbacks of toric symbols

If (in oversimplified terms) the idea of Section 10.2 was to pull back the
Eisenstein construction along H~! (when it exists), here we pull back a
given toric symbol (if possible) along some H, and try to recognize the
result as an Eisenstein symbol. This leads to motivic proofs of several of the
Mahler measure computations in [9, 10, 77].

We begin with an “anticanonical pencil” X = {1 —té(z) = 0} C P! x
[Pz satisfying the assumptions of Theorem 3.1, with its attendant cycle Ze
H}}A(f_,(@(n)) for n =2,3,4. We also require ¢ to have root-of-1 vertex
coefficients so that Theorem 4.1 holds. Set ¢:=mn — 1, and restrict/refine
this family in several steps:

e (1) £ = 3: assume that Pz is smooth (so that ¢ = 0 is a point of maximal
unipotent monodromy).

e (2) If ¢ is regular, define®® X (5 P') to be the (smooth) proper trans-
form of X under successive blow-up of the components of the base
locus P! x (Xn ND) c P! x Pz, where X, denotes a very general fiber.
This accomplishes semistable reduction at t = 0. When ¢ is not regu-
lar this must be combined with the desingularization of X_ from the
proof of Theorem 3.1 (to produce X). Denote that pulled-back cycle
by Z € CH Y (X\ X0, +1).

25Preferring inconsistent notation to writing everywhere X'. We retain this con-
vention for the rest of the paper.



Algebraic K-theory of toric hypersurfaces 577

(In what follows, one could also replace X' by a [desingularized] quotient —
if one exists — over a t — t" quotient of the base preserving unipotency at
t =0, and = by the push-forward cycle.)

e (3) (=2: assume rk(Pic(X,)) = 19,
¢=3: assume h*'(X,) =1, and that
the VHS has no “instanton
corrections” (cf. [32])
Then H*(X;) (or HZ.(X;) for £ = 2) is the symmetric £th power of a
weight 1 (rank 2) VHS; likewise for the PF equation of the section of
wxpr = Ky @ 7103, given by w := V5, Ry (cf. Sections 4.2 and 4.3).

In fact, w is (up to scaling) the unique section of w1 ® Op:(—[o0]) = Ops.

Now let U C P! be a small neighborhood of ¢ = 0. Working over U*,
denote by W, the weight monodromy filtration on H*(X;, Q) (HZ if £ = 2)
and set WZ := W, N H (étr) (Xt,Z). There are unique generating sections ¢g €
L(U,WE), —p1 € T(U*, WZ/WE) positively oriented as topological cycles;
the latter lifts to a multivalued section of WZ with monodromy ¢ — @1 +
Nx@o. The mirror map

(10.6) (¢ =) M(t) = exp {QmW}
f@o(t) Wi

log M

1s Well defined on U *; its logarithm p = extends to a multivalued map
~ H*. Recall A(t) := [ ,wi, U(t) = f o1y Rt (with 0,¥ = A).

e (4) Assume the mirror map is “modular”: that is, 3N > 3 such that
p~' =: H(7) is a well-defined automorphic function for T'(N) (H €
My(T'(N))); for odd ¢, we also demand that {—id} ¢monodromy group
of R'm, 7. (Obv1ously, this implies Nx|N and H(7) = C - jo + h.o.t.

where ¢p = qu .) Then

A(H(7)) € My(T(N)),

where the “poles” come from non-unipotent singular fibers and are
canceled by H *% to yield

(dlog H A(H(r))
dr (2mri)eH1

_1\ B
Ft) = Yo e = (-1)

@) € Mya(D(N).
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Now we want to force F to be an Eisenstein series; the following stronger
assumption (which for £ =1 follows from the previous) does the job after a
slight adjustment to H (and N).

e (5) Assume X is “modular”: That is in addition to assumptions (1)—(3),

dN >3, He My(I'(N)), and a (surjective) rational map 6 : g
(N) --» X over H: Y(N) — P} (which can include e.g., a fiberwise
Kummer- or Borcea—Voisin-type construction). While there are plenty
of examples for £ = 1,2, we will see that for £ = 3 there are no mod-
ular anticanonical families of this form; the problem already arises
in hypothesis (3). However, there are relaxations of the hypotheses
that are likely to produce examples. See Section 10.6. Define 6*= €
CH*(EW(N), £+ 1) by pulling back (to an appropriate blow-up of
EM(N)) and pushing forward. Then

(10.7) Qp-z = 2mi) N Fpez(r)nld A dr € P A HHHEW(N), QU+ 1),

where Fp.= € MEQ(F(N)). If we know the divisor

(10.8) 0"(Xo) = (=1)" 3 70(2) Ty (0),
o€kr(N)

then taking f € O*(U(N))2¢D with HY (¢f) = r,(2) (Vo € w(N)),
3, and (y-z have the same residues. By Section 7.1.5 they are equal
(i.e., Fyp-=z = F¥) hence (by Lemma 9.1(ii)) so are the fiberwise AJ
classes.

To compute further we need precise information about 6: consider the posi-

tive integers My := deg(f), mg := %‘2&, my = W (see Section 9.1),
me = ¢, and (in suggestive notation) Np := 2. For £ =1 we just have

mo=mi=myg=1 (= Np=DNy), Mp=r. One easily checks that
H(r) = H(mgt) = Cy - qo + h.o.t., When qo := ¢™r (by abuse of notation we
will write this H(q), and H'(qo) := dq H) “We then have

6*w = moA(H (qo))n! € T(Y(IV), ”NU,

ey
*? ?\;:H( SH'(@0)dr € QU(V(N) (log(H ™ (0) U H™(00)))
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0*Q= = 0 (i’f A Vgth) = (1) 0wnH dt

_ (_ )327rim0 qo0
Nr  H(qo)
e OHEY(N)) (log 6% (Xo)) -

H'<qo>A<H<qo>>nE A dr

Under pullback the regulator period becomes (for f as above)

(109)  W(H() = / ﬁHm:TjLO Rt

wll
mo/Rf _mo Pro(m):

so that (by Proposition 9.1(i))
- U(H (1)) = (1) 2ri)  rmg ! Fpoz(7).

That
V(H (7)) is of the form (9.17)

is of fundamental importance; if one divides by (2mi)¢ and takes the real
parts it essentially says the real regulator period (or Mahler measure, in the
region described in Corollary 4.4) pulls back to an Eisenstein—Kronecker—
Lerch series (noticed in examples of [9,10,69]). Furthermore, this allows us
to use Proposition 9.4 to compute its special values at H {umpotent cusps},
which therefore must be a sum (with coefficients € Qe ) of (£+1)th
special values of Dirichlet L-functions. This is similar to the case in Section 6
of L/Q abelian (which however does not imply modularity)

Our last object of interest is the Yukawa coupling Y (¢ <wt, V5 wt>
which becomes

(10.10) Y (H(qo)) = M <9*w, e*vf;tw>
- Gy Ty T V0. 0)
_ Nfmg _{A(H(QO))}2< 4 7t [e]>
@ri)M,  {H ()}’
(-G aNEmE {AH (@)}
(2mi)* Mo {H'(q0)}"
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a rational function on Y (N). Noting A(0) = (27i)’ and using (10.7) and
Proposition 9.4 gives

Theorem 10.1. Assuming modularity of a family of CY (-folds X arising
(as described) from the toric construction, we have

(—1)fm C(=D'mo @
(10.11) Wé%\p([{(%)) - (2m)4Ng H(o )H (40)A(H (o))
= Fpz(@) = Y ro(2)EY ()

o€R(N)

for the pulled-back cycle class of the toric symbol, and also

4
2

Y(©0)  (~1)GaNtm?

10.12 ) _
( ) (2mi)t MyC

€ Q(Co).

Finally, if Xy 20 48 a mazimally unipotent singular fiber, then®® u(to) =
[52] € K(NV) and

(10.13)
: Qe (=1 7 M
tlg?o U(t) = ( 2])\[ Z sér[g](:)L— (ﬂ[gg]*q:]*tpgv],ﬁ—i- 1) :
[5] € k()
5% (5]

By comparing values at [ico] (i.e., go = 0) in (10.11), we have the inter-
esting
Corollary 10.1. 7 (Z) = (—1)8%.
Remark. If the r,(E) are known but the series expansion t = H(q) =
Coqo + - -+ for the mirror map is not, one can in principle determine the
latter from

W(H(r) = V()

(cf. (10.9)), by using (4.5) for the Lh.s. and Corollary 9.2 for the r.h.s. (In
the computations below, we have preferred to take H from other sources,
in order to partially vet our formulas.) Since the “log + constant” terms of
both sides must agree (mod Q(n)), an immediate consequence is

To

26The specific choice of representative - of the cusp p(tg) depends on the path
along which ¥(¢) has been continued prior to taking lim; ..
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Corollary 10.2. Cj (hence %) s a root of unity.

Clearly one can normalize ¢ (retaining the assumption on vertex coeffi-
cients) so that Y (0) € Q(¢).

10.4. The elliptic curve case

Start with a reflexive tempered Laurent polynomial ¢ € Q[z*!, y™1] defin-
ing a family of (generically smooth) elliptic curves, X C P} x IP’&S. Possi-
bly after a finite (¢ + t") quotient, again preserving unipotency at ¢ = 0,
we desingularize this and blow down all (—1)-curves contained in fibers.
The resulting elliptic surface is denoted X', and is relatively minimal in the
sense that wx/1 = m*mwax/1; the singular fibers are therefore of the types
described by Kodaira [51]. Clearly x (&) = 12deg(mswxy.1) is 12, either by
looking at zeroes of w = V5, Ry € I'(mswxy,) or the fact that X' is birational
to Pa, hence to P2. This constrains the possible combinations of singular
fibers in light of the table:

Sing. fiber type | Contrib. to x(X) | Ord. of monodromy | No. of components

In>1 n
n+5

1

I,>o n+6
11
v
IIT
11T
v

T

o w|hk w8 Y

—
o O Wl o4+ 3
© w|oo |~

where we have paired those types related by a quadratic transformation
(“adding a *”). We identify families by the set of fiber types, e.g. I1/I}
means 4 I;’s and 1 I.

Now referring to (10.6), we make a precise

Definition 10.1. M is weakly modular if and only if 4! (=: H) is a Haupt-
modul for T' C SL9(Z) of finite index. We say M is modular if in addition
{=id} ¢ T"and T D I'(N) for some N > 3.

Obviously if M is modular then one has a canonical quotient Egg N) N

3%1] = X and & is modular in the sense of Section 10.3.
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Lemma 10.1 [32, Proposition 2]. M is weakly modular if and only if
the J-invariant J(u(t)) ramifies only over J =0 (to order 1 or 3), J =1
(to order 1 or 2), and J = oo (to any order).

The point is that p~' cannot possibly be single-valued if J o u has
“excess ramification” (which explains why we wanted to allow order-x quo-
tients of the base in constructing X'). It follows (cf. [32]) that fiber types
IT* and IV are not permitted (so no I?/IT*), and neither are certain other
combinations (e.g. I¢/Is); in [33, Theorem 4.12] the remaining possibilities
are listed (up to “transfer of x”). Disallowing those fiber types left which
contain —id in their local monodromy group (II, III, I1T*), and checking for
—id also in global monodromy, one arrives at the list below.

Proposition 10.1. Suppose the singular fiber configuration of X is one
of those shown in the table, with fiber I, at t =0. (This gives an addi-
tional degree of freedom.) Then M is modular, X = Er (for T DT(N) as
displayed), and?”

1

= ] — Fum
(1014) na Z EO' (QO) F@ u(q0)7
o€|H-1(0)|Cr(N)

where |H1(0)| is not counted with multiplicity. Finally, all the configura-
tions below occur in the toric construction.

Configuration r N
I3 T'(3) 3
L/IsIV* r7(3) 3
L)L {7 (4) 4
B/ (ra, (s 1)) 1
B/15 r@={(( ).t 7)) |4
;I r)(s) 5
I /1215 Is r{(6) 6
12/, I <r’1(8), (j :§)> 8
/[ (e (2 3) (0 ) s
13 /Io (ro. (7 7)) 9

-
2"Here gy = q"~ .
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For computations it is desirable to replace —ni ZELH by Ff with ¢

X

w0 € [HTH0)]
chosen to have Hy (pf) = {07 otherwise Note that by (10.9), for 7 €
1
(10.15) U(H(7)) = Ui(r) modQ(2).

The two “Fg” examples below both correspond to the second row of the
table, and their difference illustrates a technical subtlety. The first compu-
tation is essentially that in [77, Example 3]; Examples 4,5,6 in [77] also fall
under Proposition 10.1’s aegis, and correspond to lines 3,6,7 (resp.) in the
table.

Example 10.3. ¢ = 2%y ! + 27192 + 271y~ k = 3 (quotient).

This yields X with fibers X; = {1 —ts¢ =0} C P2, T =T(3), and
ny = 1. (This is just the Hesse pencil, which appears as Example 1 in [69]
and Example 3 in [77].) The singular fibers occur at t = 0(Iy), 3% (I3),
oo (IV*); whereas if we had not taken the quotient (k= 1), there would
be 4 Iy's (at t = 0,1, %, ) with T = I'(3).

From [77],

12 \ 1
() = Hrywla) = (27+ 10 )

=q(1 —15q + 171¢> — 1679¢° + - - -),

where of course n(q) = ¢3i [I,>1(1 —¢"), and we have

3m)!
Aty =2mi Y Em”,l))g t™ = 2mi(1 4 6t 4 90t2 + 1680t% + - - - ).
m>0 ’

Since |[H~1(0)| = {[icc]}, we put g := —%W[*ioo]apgl]; by Example 8.1

Fr(q)=—=1+9) ") rxs(r)=—14+9¢—27¢> +9¢° +--- .
K>1 r| K

The proposition says this equals

—q A(H(q))
H(q) 2mi
= —(1+ 15q + 54¢*> — 76¢° + ---)(1 — 30q + 513¢* — 6716¢> + - --)
x (14 6g+6¢° +--+),

H'(q)
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which is clearly plausible from the first three terms of the series. From (9.26)
we have

\IIH( ) = 27 logq—9z (TlKrX?)()> ¢

K>1

while ¥(t) = 27 {logt + 21 (‘:’n",l))?, tm} computation again suggests that
V(H(q)) = \IIE(])( ), which is (mod Q(2)) exactly what (10.15) asserts.
Example 10.4. ¢ =2 +y+2" 1y !, k=3.

This gives X with I' = I'}(3), nx = 3, and singular fibers at ¢t = 0 (I3),
3 (I1), 0o (IV*); before the quotient these are t =0 (Iy) and t =1, 43, & ().

3
Put g(u) =1-— Gjrgz) ; by considering locations of singular fibers one

deduces
1 1 3\ 2
H(qo) = Hry3)(q0) = 339 (Hr@)(00)) = 339 [(HF1(3)((10)) }
= qo(1 — 15g0 + 171¢% — 53 +--).
This is so similar to the previous example that the A(t)’s are the same, and

1 q H( )A(H(QO))

1
= —3 +30 — 945 +

3 H(qo) 27i
We want Gr= = 4ol (1o ') = ookl (= or=Lug.ell) since
|H=1(0)| = {[ico], [1], [3]}. Using Prop081t10n 8.3
1
Fe(qo) = —5 +3 > ad > rixos(r)
K>1 7K

in agreement with the above.

It is interesting to explain why the “Fg” family [69, Example 3; 77,
Example 3]

p=zy '+l ralyl k=6, I}/I0

and “E;” family

p=ay ' +a P +alyT, k=4, L/L/II*
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fail to yield Eisenstein series (despite nontriviality of = € CH?(X\ X, 2)).
More to the point,

(10.16) iy (@A) 5 g gm

1 .
n=(q) 2mi o

does not even yield a modular form (of any level) since limsup,_
N/|anr| =: v > 1. (At least one infers this from the data {b,} in [77].) It
is insufficient to say that the divisors of {z|x,,y|x,} are not supported on
torsion (perhaps this could be fixed by an A.J-equivalence), although this is
probably required for instances where Proposition 10.1 fails.

In the Eg case, J(u(t)) vanishes to order 2 at ¢ = oo (the II* fiber), so
that ! is multivalued at 7 = e’ . As a result (10.16) both is multivalued
and blows up there.

According to Lemma 10.7, for the Fr family ;= is a Hauptmodul. How-
ever, the fact that I' = I';1(2) 3 {—id} manifests itself in (£) multivaluedness
of Ao H about 7 = 2} (where J =1 and t = c0).

1]

In neither case does one have 6 : €F1 Ny T X along which to pull back =.
Perhaps this suggests a study of “generalized Eisenstein symbols” on families
over finite covers of §, with additional (nontorsion) marked structure; the
elliptic Bloch groups of Wildeshaus [83] seem quite suitable for this purpose.

1

10.5. Examples in the K3 case

Up to unimodular transformation, there are 4319 reflexive polytopes in
R3 [52]; according to Corollary 3.1ff we immediately get (at least) 358 exam-
ples for £ = 2 where the toric symbol completes by taking ¢ = characteristic
polynomial of vertices. (Putting “random” roots of unity instead of “1”
on each vertex renders all 1071 polytopes from Remark 3.4 usable.) For
each X'/E to be a candidate for modularity/Eisenstein-ness, we must have
rk(Pic(X,;)) = 19, in which case X, has the Shioda-Inose structure [60] (and
one can then ask whether the underlying family of elliptic curves is suitably
modular). Such candidates are nontrivial to produce, but “non-candidates”
seem much more elusive.

Problem. Does Theorem 3.1 produce any families of K3’s with generic
Picard rank < 187 Or does the tempered condition indirectly furnish enough
additional divisors to preclude this possibility?
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Here are eight Laurent polynomials which satisfy Theorem 3.1 and
produce (after desingularization; see Section 10.3 for the definition of X))
one-parameter K3 families X' provably of generic Picard rank 19 (together

with the method of proof).

A(D)

family o(x,y, 2) G2 method
: T 7 Am)!
1| Fermat quartic % Ym0 ((m"!L))“ tim symmetry
& = (7,/47)?
2| quartic mirror z+y+z+ I—;Z same restrict from Pz
1+a254+y8+22 6m)!
3| WP(1,1,1,3) — ‘Ly'!’; te 2 m>0 (m!(>;8m)! 6m symmetry
“Fermat” & 2 7/67 x T./2L
4| WP(1,1,1,3) r+y+z+ xulzg same restrict from Pz
mirror ‘
P P P :
5 “box” (1) -1 (1) (yz_ylz) (z-1) Ym0 (2721)3157" Shioda
6| Fermi [68] x+ % +y+ % +z+ % {Zm>0 £2m (QWT) “double cover”
of Apery
22k
x T (02D}
{@-D-1(=-1)
1)y —1) —
7 Apéry X[(z )(?iyz ) — xyz]} {EmZO m Shioda
2 +k\2
X S ()Y}
(EEwrEr)
1
8| Verrill [81] x(1+2 -l;yzzy + o)} { YZm>ot™ intersection
L2
X Y ptqtrts=m (p!(;?r!s!) } form

(The “Apéry” family is birational to the one studied in [15,16,67].) Families
#1-4 and 6 are instances of Example 3.1 (with Remark 3.4 for #1 and #3).
The other three ¢’s are not regular and need Theorem 3.1 with K = Q (for
#5 and #7) or Remark 3.3(iv) (for #8) applied to the equivalent symbol
{zy,y, 2}.

We quickly summarize the “methods” in the r.h. column; a study (includ-
ing most of these examples) can be found in [82]. If X,, is nonsingular (= X))
then [70]

rk(Pic(X,)) > rk{im(Pic(Py) — Pic(X,))} = L(A°) = > (o) — 4,
c€eA°(1)

which = 19 for families #2 and #4 and = 1 for #1 and #3. For the latter
cases, the action on X, by a finite subgroup & C (C*)? augments the Picard
rank by

rk [(HQ(XH, z)°) L]
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[64,82], which turns out to be 18. For #5 (resp #7), X,, is obtained from

X, (remember X, is really Xn) by blowing up the 12 (resp. 7) A; singu-
larities. The elliptic fibration X,, — P! has singular fibers (I7)?/Is/I? (resp.
I;/I5/1s/1}). By Shioda [74]

rk(Pic(X,)) =2+ 7+ Y (M — 1),

where r = rank of group of sections = 0 (resp. 1; the existence of a nontor-
sion section is demonstrated in [16]) and 9%; = # of fiber components in each
singular fiber; this yields 19. This result is transferred to the Fermi family
by observing that its pullback {1 — ﬁd)l:ermi =0} has a 2:1 rational
map (over u — u? =t) onto the Apéry family {1 — tdpapery = 0} (see [68]).
Finally, to deal with #8, [81] adds some lines to the components of D C X}
and shows the rank of the resulting intersection form is 19.

The Fermi, Apéry and Verrill pencils (which are modular) yield an
instructive set of examples for Theorem 10.1: N = 6 in all three cases but
the {ry(Z)}, hence {Fy-=}, are all different.

Example 10.5. By Peters [67], the Apéry pencil’s Z-PVHS is equivalent
to that coming from the construction of Remark 8.3 for N = 6 (and we will
assume the 2 X’s birational). This gives?® (with I' = T'1(6)9)

Y (0
mo=-—12,m =1, Nr =1, My =24 — () =—12;
(27i)?

moreover, ¢ should be a constant multiple of (10.5). Since (by
Corollary 10.1) 7(;o(Z) = —12, we take

(ﬁf = (105)
2.6
=75 {@q1y — P2y — P31y + P61 )
9.

6>
{®16,1) — Pi6,2) — P{6,3) T P66} )

5

here 5= [ 1, a|m and bn
where ) (m,n) := 0  otherwise

of %Q/O\f; any places where it takes the value 0 are simply left blank.) By

. (See figure 12 for a depiction

28Gee below for Cj. Singularities: monodromy is maximally unipotent about
0, oo(= t), finite (order 2) about (v/2 + 1)%, (v2 — 1)%.
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) e B -1 -
36 ®36 @35 @35 ©3 @

Figure 12: Eisenstein coefficients for toric symbol on Apery pencil.
Proposition 8.2,
-3

(2] _ 2 v =
EW{a,b}(Q) - (27Ti)4L (L[ioo]‘p{a,b}74>

1 M 2mingr (M
PR PV DV ] )

M>1 r| M no€Z/6Z
-1 1 LK 3
R LA PO
K>1 v K
= L E(q)
~ 2400t 1T

using substitutions M = 64K and r = r. So we have, with Ey(q) =1+
240(q + 9¢ + 28¢> + 73¢* + - +),

EB(q) = 52{(1 — 6*)E4(q) + (6% — 2")Es(¢?) + (67 — 3*) Ea(q?)
+ (6" — 6°) Ea(¢°)}

= 5E4(q) — +E4(q°) + 55 Ea(q”) — B Es(¢%)
= —12 + 84¢ + 708¢> + 2460¢> + - - - .

On the other hand, from [10] u = % implies that

H(q) = u? = q(1 — 12¢ + 66¢> — 220¢° + - - ),
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while from the table
A(t) = (2mi)%(1 + 5t + 73t* + 1445¢% + - - );

therefore (from Theorem 10.1)

mo q / 2 3
Fpoe=———5———H'(q)A(H =-12+&4 708 2460 cee
"= = GreNe Q) (a)A(H(q)) + 84q + 708¢” + 2460g" +
So here we were able to correctly predict the Eisenstein series; in the
remaining examples (where obviously Theorem 10.1 predicts (10.11) is an
Eisenstein series) we have found ¢ essentially by solving for the correct
combination of g4 py’s.

Example 10.6. (Compare [10, Example 1].) For the Fermi family, one
deduces from Apéry (and the relationship between the two) that
T)’LOZ—IQ, mi :1, 00:1, NFZQ, M9:24
Y(0)

= T'lico] (E) = —0, W = —48;
SO qo = q% and
1
H(p) =71 = qo(1 — 7¢2 + 34q — 204¢5 + - - ).
u

(The family has order 2 monodromy about ¢t = :I:%, :I:% and maximally
unipotent monodromy about ¢ = 0.) From the table A(t) = (27i)?(1 + 6t% +
90t* + 1860t% + - - - ), and by Theorem 10.1

qo 4 )A(H(QO))
H(qo) (2mi)?

An educated guess for pg(m,n) is % times figure 13

Fyo=(qo) = —6 = —6 + 48¢7 + 240q3 + 1776¢5 + - - - .

= (Plo1y — Plozy — Plos) + Plosr) — 36 (Pu1y — Przay — Piaay + Pio1y)
+5 Py — Py — P + Pe2y) —1(Pen — P
~Plo.1} + Pi63}) »
which yields
ng] (9) = tEa(q) — $E1(q®) + 2E4(¢°) — 22 Eq(¢%)
= —6 + 48q 4 240> + 1776¢° + - - -
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Figure 13: Eisenstein coefficients for toric symbol on Fermi pencil.

in agreement with the above.

Example 10.7. Verrill’s pencil has order 2 monodromy at ¢ = 1—16, % and
maximal unipotent monodromy at 0, oo; it is modular with I' = I'; (6) 73, and
presumably a construction analogous to that in Remark 8.3 (with ¢3 replac-
ing 16) yields the total space (up to birational equivalence). This implies

m0:—6, m1:1> NF:1> M9:12 = T'licc] :_67

Verrill's A = —% — 4 which implies that our t =

1 n(27)°n(67)°

H(q) = = - = —9(146¢+ 21¢% + 68¢> +198¢* + - - -);
(Q) A+4 77(7-)677(37-)6 (Jr q+ 21q” 4+ 63¢° + q + )

together with A = 1 + 4t + 282 + 256¢3 = - - -, this gives
(27i)
A(H
Fp==—6—L_H'(q) H) _ 6194+ 84q7 — 22867 + - .

Put ¢ := %5 times figure 14

= (P(61) — Pro2)

Plo1} — Pro2) — Pie.3) + Pie.61) — 5 (Pray — Prazy — Prea) + Pl6.2)) ;
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Figure 14: Eisenstein coefficients for toric symbol on Verrill pencil.

then indeed

EEJ(Q) = —55E4(q) + $Ea(q®) + 55 Ea(q®) — 22 E4(q®)
= —6 — 12q + 84¢> — 228¢° + - - - .

10.6. Remarks on the CY three-fold case

In this subsection we present no further examples of Theorem 10.1, because
there are not any (Proposition 10.3). To illustrate what the problem is, we
begin by describing a local modularity criterion for 7 : X — P! in terms
of the associated limit mixed Hodge structure at ¢ = 0. This is a necessary
condition for applying that result, and it fails dramatically for the celebrated
quintic mirror family (as we shall see).

Let (Hz, H,F*®) be a weight 3 rank 4 polarized Z-VHS over a punctured
disk U = D}(0) with maximal unipotent monodromy 7' € Aut(Hz) about
t = 0. The weight monodromy filtration W, can be defined on Hz, with
adapted symplectic Z-basis {p; }?_,:

Woas o
GrWSOi el <U7 VV2HZ> ) [<g0’mg0j>] = < -1 ) .
2i—2 -1

Moreover, there is a unique (Op-) basis {w;}3_, for H adapted to the Hodge
filtration (w; € I'(U, F')) and satisfying

CGtWw; =Gy, €T <U, Woi H) .
Wai_o
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(po,ws)
(leim, We, Hiim, Flim) is {€; := ¢;(0)}, where ¢;(q) := exp (— lgiiq log T) ©i(q).
The period matriz © of Hym is given by writing the w;(0) € ;.  as vec-
tors w.r.t. the basis {e;}. If H = Sym>H!! as in the beginning of Section 9.1,
then since § = 3 — lgiiqoz and [3(0)] = limg_,o[dz]| € Hl[ilr]n, Q = Sym?*Qlt =
identity (up to unimodular transformations preserving W,). This leads to
(ii) in the following

Replacing ¢t by ¢q :=exp (2W1M>, an “integral” basis for the LMHS

Proposition 10.2. (i) [41] In the above situation,

—ale g\\

with a,e, f € Z (but £ € C).

— OF~um

(i) If H = R37.C® Oy comes from a modular family ©: X — P! of
CY three-folds (in the sense of Section 10.3), then & € Q.

In the language of [32], £ € C/Q detects the presence of instanton cor-
rections: in fact £ is nothing but —%F (0) where F' is the prepotential. This
is considered in [20] for the quintic mirror, which in our setup is

p=r+y+z+w+ .
TYZW

(Obviously this satisfies Corollary 3.1 for n = 4.) Indeed, for this most fun-
damental example (by Green et al. [41])

1 0 25 _200¢(3)

12 (271)3
1 =il 25
Q0= 2 12
1 0
1

tells us that X is not modular.
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Now consider the five Laurent polynomials

o(z) Corresponding CY family {X;}
T+ T 4 23 + Ty + Quintic mirror
T1+ 2o+ a3+ x4 + Caazans Sextic mirror
1+ xo+ a3+ 24+ TTTazams Octic mirror
1+ x2 + 3+ T4 + Taats Dectic mirror
T .- . .
Tl + X2 + 23 + :Ela:%xgsvi + T Quintic twin mirror

all of which fall under the aegis of Corollary 3.1 (n =4). These are the
only families of smooth h?! = 1 Calabi-Yau anticanonical hypersurfaces in
Gorenstein toric Fano fourfolds, and their Picard-Fuchs equations are all
classical generalized hypergeometric equations [34]. In particular, the cor-
responding polytopes A have only six integral points, so the anticanonical
hypersurfaces in P; have one modulus and modifying the monomial coef-
ficients yields isomorphic families. Moreover, none of these is a symmetric
cube of a second-order ODE whose projective normal form is the uniformiz-
ing differential equation for a modular curve [32]. We conclude:

Proposition 10.3. There are no anticanonical toric modular families of
CY three-folds in the precise sense of (5) from Section 10.3.

There are a couple of ways to relax the toric hypotheses that would
likely lead to modular examples. What does not work is relaxing the rank
4 (h?! = 1) hypothesis on H3(X;) (e.g., to H® having a rank 4 level 3 sub-
Hodge-structure), since the geometric information of 6 : EM(N ) --» X is
crucial and birational (smooth) CY’s have equal Hodge numbers [4].

One possibility is to consider a toric four-fold Pz whose anticanonical
hypersurfaces have multiple moduli, and choose our one-parameter family
(1 —t¢ = 0) to have (fiberwise) crepant singularities on its generic member.
Resolving the singularities would then yield a family of CY’s with hP?’s
distinct from those of the generic (smooth) anticanonical hypersurface. This
approach will require a generalization of Theorem 3.1 to treat such singu-
larities. Alternately, one could try to extend the construction of motivic
cohomology classes from Section 3 to families of complete intersections in
toric >5-folds. The generation of such families by way of nef-partitions of
polytopes [6] yields an as-yet unknown number of h*! = 1 examples.
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