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ABSTRACT. Thi s proceeding s not e introduce s aspect s o f th e authors ' wor k re -
lating mirro r symmetr y an d integra l variation s o f Hodg e structure . Th e em -
phasis i s o n thei r classificatio n o f th e integra l variation s o f Hodg e structur e 
which ca n underli e familie s o f Calabi-Ya u threefold s ove r F 1 \  {0,1 , oo} wit h 
63 =  4 , o r equivalentl y h 2,1 =  1 , and th e relate d issue s o f geometric realizatio n 
of these variations . Th e presentatio n parallel s tha t o f the firs t author' s tal k a t 
the BIR S workshop . 

1. Integra l structure s i n mirro r symmetr y 

1.1. Th e firs t examples . Sinc e it s introductio n t o th e mathematica l com -
munity throug h th e semina l paper s o f Greene-Plesse r [GP ] an d Candelas-d e l a 
Ossa-Green-Parkes [CdOGP] , Mirro r Symmetr y ha s bee n th e sourc e o f th e mos t 
persistently ric h an d subtl e nove l mathematic s ye t t o emerg e fro m th e stud y o f 
string dualities . On e o f it s ke y feature s i s it s resistanc e t o rigorou s mathematica l 
definition an d eve n mor e t o bein g describe d withi n an y singl e traditiona l mathe -
matical setting. Researc h in mathematics related t o mirror symmetry i s thus drive n 
by th e goa l o f discernin g deeper , mor e complete , an d purel y mathematica l avatar s 
of this ver y physica l duality . 

For example, one of the earliest mirro r symmetric mathematical predictions was 
that a  "mirro r pair " o f Calabi-Ya u threefold s X  an d X  shoul d hav e th e propert y 
that thei r Hodg e number s "mirror " on e another , i.e. , tha t h 1,l(X) =  h 2^(X) an d 
h2>1(X) =  h 1>1(X). 

The firs t proposa l fo r suc h a  pai r wa s introduce d i n [GP ] wher e i t wa s ap -
plied t o Calabi-Ya u threefold s presente d a s hype r surf aces i n a  weighted projectiv e 
space. Th e constructio n involve s th e operatio n o f quotienting b y a  finite  grou p (o r 
"orbifolding"). 
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The simples t o f Calabi-Ya u threefol d hype r surf aces, th e generi c quinti c hyper -
surface i n P 4 , ofte n denote d b y P 4[5], ha s /i 1 '1 =  1  (comin g fro m th e polarizatio n 
class) an d ft 2,1 =  10 1 (correspondin g t o 10 1 complex structur e moduli) . Thi s las t 
follows fro m Kodaira-Spence r theor y [Kod ] an d th e theore m o f Bogomolov-Tian -
Todorov [Tian ] tha t an y Calabi-Ya u manifol d admit s a  locally universa l deforma -
tion over a smooth base. I n this case all of the complex structure deformations aris e 
from varyin g th e coefficient s o f th e definin g equation s fo r quinti c hypersurface s i n 
P4. Le t G  denot e th e finite  grou p (Z/5Z) 3 presente d a s 

(ai ,a2 ,a3,a4,a5) G  (Z/5Z)5 J > = 0 /(Z/5Z) 

where th e actio n o f Z/5 Z i s th e diagona l one . Upo n quotientin g th e projectiv e 
space P 4 b y G , actin g a s 

(xi :  x2 :  x3 :  X4  : x 5) H- > (/iai^i :  /ia2x2 :  /ia3x3 :  /ia4x4 :  /ia5x5) 

(where / i =  exp27n/5) , resolvin g th e resultin g orbifol d singularities , an d keepin g 
track o f th e hypersurfac e throughou t th e process , anothe r famil y o f Calabi-Ya u 
threefolds i s constructe d —  n o longe r a s hypersurface s i n projectiv e space , bu t 
now wit h th e propert y tha t genericall y ft, 1'1 =  10 1 an d ft 2'1 =  1 . I t follow s tha t 
these threefold s si t i n a  one-paramete r famil y o f comple x structures . Th e specifi c 
presentation o f the mirro r famil y X z i n ¥ 4/G i s given b y 

x\ +  x\  +  x\  +  x\  +  x\  -  5z~ 1/5x1x2x3x4x5 =  0  . 

Here the complex deformation paramete r i s identified wit h a  coordinate o n the bas e 
of the famil y P 1 \  {0,1 , oc}. 

REMARK 1.1 . I n [GP , Tabl e 1 ] this constructio n i s extended t o includ e inter -
mediate quotient s by subgroups o f G.  I n particular , instea d o f the quinti c itsel f on e 
can conside r th e quotien t o f the quinti c b y th e fre e Z/5Z-actio n give n b y 

(xi :  x2 :  x3 :  x4 :  x5) i- > (xi  :  fix2 :  /i2x3 :  fi3x4 :  fi4x5) , 

resulting i n a  famil y o f Calabi-Ya u threefold s wit h ft 1,1 =  1  and ft 2,1 =  21 . Thes e 
"quintic twin " Calabi-Ya u threefold s hav e fundamenta l grou p Z/5Z . Th e mirro r 
family i s constructe d i n [GP ] a s anothe r intermediat e quotient , an d consist s (a s 
expected) o f simpl y connecte d Calabi-Ya u threefold s wit h ft 1'1 =  2 1 an d ft 2'1 =  1 . 
Moreover th e paramete r spac e o f thi s quinti c twi n mirro r famil y X 1™171 is agai n 
P1 \  {0,1 , oo} as fo r th e origina l quinti c mirro r family . 

Since th e mirro r quinti c famil y X  =  {X z} depend s o n jus t on e parameter , a n 
old method o f Griffiths-Dwork [CoKa , §5.3 ] can be readily applied to determine th e 
ordinary differentia l equatio n satisfie d b y the period s o f the (uniqu e u p to comple x 
scaling) holomorphi c three-for m o n th e Calabi-Ya u threefold . Mor e formally , con -
sider the local system denoted R 3(p*C arisin g from th e third cohomology (wit h com-
plex coefficients) o f the fibers  X z o f the algebrai c family </? : X -*  B  : = P 1 \ { 0 , l , o o } . 
Integration over 3-cycles defines a  pairing, making this local system dual to the loca l 
system whose fiber over z i s H3(XZ, C) . Ever y class 7 G  Hs(Xz, C ) extends uniquel y 
as a  multi-valued flat  sectio n o f this latte r loca l system . Conside r th e holomorphi c 
bundle tf^C  <8 > OB]  th e loca l syste m R 3cp*C determine s a  flat  structur e o n thi s 
vector bundl e an d henc e a  flat  connection , V z. Th e sub-lin e bundl e W 3,0 o f classe s 
of relativ e holomorphi c 3-form s i s o f specia l interest . A  holomorphi c sectio n w[z) 

Purchased from American Mathematical Society for the exclusive use of Charles Doran (drchfb)
Copyright 2006 American Mathematical Society. Duplication prohibited. Please report unauthorized use to cust-serv@ams.org.
Thank You! Your purchase supports the AMS' mission, programs, and services for the mathematical community.



MIRROR SYMMETR Y AN D INTEGRA L VARIATION S O F H O D G E S T R U C T U R E 51 9 

of H3,0 amount s to a  holomorphic famil y o f holomorphic 3-forms . Genericall y vo{z) 
and it s firs t thre e covarian t derivatives , V 1

Z(VJ) ( 1 <  i  <  3 ) ar e linearl y indepen -
dent, an d V^(tu ) i s expressibl e a s a  linea r combinatio n o f thes e wit h coefficient s 
meromorphic function s o n the bas e B.  Thi s relationship i s the differentia l equatio n 
associated t o the famil y o f cohomology classe s [tu(z) ] — the Picard-Fuchs  equation. 
There i s als o th e Picard-Fuchs  ODE  obtaine d b y replacin g 6  b y z-^.  A n integra l 
lattice i n th e spac e o f al l solution s o f thi s OD E i s give n b y th e period s J  w{z)  a s 
7 varie s ove r al l (integral ) three-cycles . Ther e i s a  holomorphi c ma p o f the dua l of 
the vecto r bundl e o f solutions o f the Picard-Fuch s OD E t o R 3(p*C® OB-  Thi s ma p 
is an isomorphis m nea r an y regula r singula r poin t o f the ODE . 

For th e quinti c mirro r famil y X , letting O  =  zV' z, fo r a n appropriat e holomor -
phic famil y w(z)  o f holomorphic 3-form s th e Picard-Fuch s equatio n i s the general -
ized hypergeometri c differentia l equatio n 

e . - l , e + i ) ( e + l)(e + |)(e + | w(z) =  0 

The Picard-Fuch s OD E ha s 3  singular point s 0,1 , oc, al l o f whic h ar e regula r sin -
gular points . Le t 7 0 b e a n indivisibl e integra l cycl e invarian t unde r monodrom y 
about z  =  0 . A  holomorphi c solutio n t o th e Picard-Fuch s OD E i s give n b y th e 
hypergeometric-type serie s 

L-v-zUW '^o n > o 

defined o n th e puncture d uni t disk . Thi s functio n extend s acros s th e origin , re -
flecting th e fac t tha t i t i s integration o f a  family o f holomorphic 3-form s ove r a  fla t 
family o f 3-cycle s invarian t unde r monodrom y aroun d z  —  0. Thi s powe r serie s i s 
absolutely convergen t insid e the uni t disk . O f course , i t als o admit s a  multi-value d 
analytic continuation t o the whole thrice-punctured spher e given explicitly i n terms 
of Meije r function s (Mellin-Barne s typ e integrals ) o n P 1 \  {0,1 , oc} [HTF , GL] . 

REMARK 1.2 . Th e stor y fo r th e quinti c twi n mirro r famil y i s similar , wit h 
everything workin g jus t a s above . I n fact , fo r appropriat e choices  o f th e famil y 
of holomorphi c three-forms , th e Picard-Fuch s OD E define d a s abov e an d satisfie d 
by th e period s o f th e tw o familie s o f holomorphi c form s o n X z an d X^ 171 ar e 
exactly th e same . Thus , th e differenc e betwee n th e tw o familie s i s no t reflecte d 
in th e Picard-Fuch s differentia l equations . I t turn s ou t tha t i t i s reflecte d i n th e 
lattices spanned by the periods of the holomorphic three-form ove r a basis of integral 
cycles. O f course , th e differenc e i s als o see n fro m th e fac t tha t th e rank s o f th e 
even-dimensional cohomologie s o f the tw o familie s ar e different . 

Mirror symmetr y predict s tha t th e period s ove r a  suitabl e integra l basi s o f 
three-cycles o n th e mirro r quinti c contai n extremel y subtl e informatio n abou t th e 
geometry o f the origina l quintic hypersurface i n F4 . I n particular , mirro r symmetr y 
predicts th e numbe r o f rationa l curve s o f a  give n degre e lyin g o n th e hypersurfac e 
[CdOGP, CoKa] . Thes e curv e count s ca n b e rea d of f fro m a n appropriat e gen -
erating functio n buil t fro m th e "mirro r map " ^-serie s —  th e single-value d loca l 
inverse to the projectivized perio d mappin g abou t a  regular singula r poin t o f maxi-
mal unipotent monodrom y (or , in terms of the geometry o f the family o f Calabi-Ya u 
threefolds, o f maxima l degeneracy) . I n man y case s thes e curv e counts , an d thei r 
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descriptions i n terms o f hypergeometric functions , hav e now been rigorousl y estab -
lished [LLY1 , LLY2 , Giv] . W e will not b e pursuing thi s approac h here ; ou r focu s 
is the integra l lattice structur e an d monodrom y rathe r tha n enumerativ e geometry . 

1.2. Classica l Hodg e theory . I n orde r t o stud y mor e genera l familie s o f 
Calabi-Yau threefold s tha n jus t th e mirro r quinti c o r mirro r quinti c twi n hypersur -
faces w e introduce her e Hodg e structure s an d thei r variations . Conside r a  Calabi -
Yau threefol d X  wit h /i 2,1 =  1 . Th e cohomolog y H 3(X,R) i s polarize d b y th e 
intersection form , denote d (• , •), which i s unimodula r an d skew , an d ha s a  Hodg e 
decomposition 

H3(X, R ) <g> R c =  H3(X, c ) = #3 '0 e  H 2'1 ©  tf1'2 e H°> 3 

with associate d Hodg e filtratio n 

F 3 =  # 3 ' 0 ,  F 2 =  if3'0 0  tf 2'1 ,  F 1 =  tf 3'° ©  iJ2 '1 ©  if1'2 . 

Furthermore, fo r al l i , 0  < i  <  3 these filtrants  satisf y th e condition s 

(1.1) (F 1)1- =  F 4-1 

and 

(1.2) F l®J^ =  H3(X,£) . 

Notice tha t w e recove r th e Hodg e decompositio n fro m th e filtratio n sinc e F l f i 
JP3-i —  fji,3-i 

For us a Calabi-Yau threefold ha s holonomy all of 5(7(3) an d hence H1 (X , C) = 
0, implyin g tha t al l o f H 3 i s primitive. Thus , th e Hermitia n for m 

/ I ( C J I , C J 2 ) =  i  /  ^ l AcJ 2 =  2 ( ^ 1 , ^ 2 ) 
JM 

is positive definit e o n H 3,0 an d negativ e definit e o n J^ 2'1, i.e. , fo r uo  ^  0 , 

/, o x w  N  .  f > 0  whenc e e  H 3'0 

(1.3 hiuo.uj)  i s <  0  , 
V }  V  ;  [ < 0 whencjGi^ 2 ' 1 . 

Fix a  rank 4  real vector space V  wit h a  nondegenerate ske w form. Weight-thre e 
Hodge structure s wit h /i 2 '1 = 1  on V  (an d b y thi s w e shal l alway s mea n primitiv e 
and polarize d weight-thre e Hodg e structures ) ar e classifie d b y th e perio d domai n 

© =  Sp(4,R)/U(l ) x U ( l ) . 

V i s embedde d a s a  domai n insid e Sp(4 , C) /P, wher e P  i s the maxima l paraboli c 
subgroup. A  holomorphi c famil y o f suc h structure s o n V  parameterize d b y a  com -
plex curv e U  consist s o f a  holomorphi c filtration  b y subbundle s 

^ 3 c  T 2 C  T1 C  ^° =  V  ® E Ou, 

with Condition s (1.1) , (1.2) , an d (1.3 ) holdin g o n ever y fiber,  resultin g i n a  famil y 
of (polarized ) Hodg e structures . Give n suc h a  holomorphi c family , th e period  map 
is the (holomorphic ) classifyin g ma p n : U  —> V. 

There i s a n additiona l geometri c conditio n o n th e perio d ma p n. * U  — > V i f 
the famil y o f Hodg e structure s i s geometric , i.e. , arise s fro m a  famil y o f smoot h 
varieties. Thi s i s th e Griffiths  transversality  condition,  als o calle d horizontality , 
[Grif, Conditio n (2.8 ) o n pag e 143 ] whic h say s tha t (.P) ' C  T %~x (wher e th e 
derivative i s take n wit h respec t t o a  loca l coordinat e o n U).  Horizonta l familie s 
of Hodg e structure s ar e calle d variations  of  Hodge  structure  (VHS),  o r Z-VHS , t o 
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emphasize th e underlyin g flat  integra l structure . Horizontalit y ca n be reformulate d 
in terms o f a  (non-integrable ) distribution , calle d th e horizontal  distribution^  o n T>. 
Any period ma p II : U  —» V  fro m a  horizontal famil y i s tangent t o thi s distribution . 

For th e Hodg e structure s w e are considering , ther e i s the natura l ma p 

p3:V->F(Vc) 

associating t o eac h Hodg e filtration th e lin e F 3 i n Vc  =  V  ® E C. Th e horizontalit y 
condition fo r a  curve C  C  V is  equivalent t o 

T(P3(C))P C  px/{p> C  (V c)/(p) =  T (F(V c))p . 

Conversely, give n a n analyti c curv e C  C  P(Vfc ) satisfyin g thi s condition , ther e i s 
a uniqu e liftin g C  C  V  o f C  tha t i s horizontal : Give n p  G  C, th e Hodg e filtratio n 
is given a s follows : F 3 =  (p) , F 2 i s th e preimag e i n Vf c of T(C) P C  (Vc)/(p) , an d 
F1 =  (F 3)-1. Fo r a  fulle r explanatio n o f thi s se e [BG] . 

Now le t V  =  H 3(X,R) an d le t U  b e a  loca l simpl y connecte d ope n subse t 
in th e (one-dimensional ) modul i spac e o f comple x structure s o n X.  Ove r U,  th e 
family o f holomorphi c 3-form s w(z)  i s a  holomorphi c sectio n o f Vfc . I t satisfie s a 
differential equatio n o f th e for m 

3 

Vt(w(z)) + J2 P4-t(2)Vi(tu(2)) = 0 . 
2 = 0 

Using a  local C°°-trivialization o f the family , w e extend an y 3-cycl e 7  G  Hs(XZQ1 C) 
to a  family o f 3-cycles i n al l neighboring fibers . Th e period s J  w(z)  for m a  (local ) 
holomorphic functio n o n th e base . Sinc e the famil y o f cycles 7  i s a  paralle l section , 
the functio n 

ip^(z) -  /  w(z) 

satisfies th e Picard-Fuch s OD E (i.e. , th e OD E associate d t o th e origina l Picard -
Fuchs equatio n fo r w): 

The 4-dimensiona l spac e o f period s a s 7  range s ove r al l o f H^iX^C)  i s th e spac e 
of al l solution s o f th e Picard-Fuch s ODE . Thi s give s a n identificatio n (ove r a  con -
tractible neighborhood o f b G B) betwee n the space of solutions to the Picard-Fuch s 
ODE an d th e vector bundl e (i? 3</?*C)* <8>(9B- Fixin g a  basis 7* , . . . , 74 o f the lattic e 
#3(X,Z)/{Torsion}, w e have 

4 

i=l 

Of cours e th e f x(z) ar e simpl y th e period s 

f w(z) 

where 7 1 , . . . , 74 is the basis of i73 (Xz, Z)/{Torsion } dual to 7* , . . ., 74. Th e period s 
P(z) ar e a  basis o f solutions o f the Picard-Fuch s ODE . 
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Let ip : X  — » B  b e a  famil y o f comple x structure s o n X  wit h a  no t necessaril y 
simply connecte d base . Th e flberwis e sublattic e R 3(p*Z produce s a  fla t connectio n 
V, the Gauss-Manin connection , on R 3(P*C®OB whic h cannot (usually ) be globally 
trivialized. A  C°°  trivialization o f th e famil y alon g path s i n B,  wit h basepoin t 6 , 
defines a  monodrom y representatio n 

p : m(B, b)  -+ Aut ( # 3 ( X b ) Z) , (•, •>) = : T  . 

Of cours e T  act s naturall y o n P , an d th e distributio n associate d t o th e transver -
sality conditio n i s T-invariant . Th e loca l perio d map s globaliz e t o a  horizonta l 
holomorphic ma p 

II: B  -+V/T  . 
These map s ar e classifyin g Integra l Variation s o f Hodg e Structur e (Z-VHS) , i.e. , 
locally liftabl e horizonta l variation s o f Hodg e structur e togethe r wit h th e integra l 
local system , se e [Grif , pag e 165] . Th e imag e o f suc h map s i s containe d i n th e 
smooth locu s o f V/T.  Thes e object s wer e abstracte d an d axiomatize d b y Delign e 
[Dell]. Delign e eve n establishe d a  (non-effective ) finitenes s theore m fo r Z-VH S 
over a  base wit h a  fixed  discriminan t (e.g. , ove r P 1\{0,1,(X)}) [Del3] . I n particu -
lar Deligne' s resul t implie s tha t ther e ar e finitely  man y complet e horizona l locall y 
liftable integra l curves isomorphic to P1 \ {0 ,1, oc} in the smooth locus of the perio d 
domain. (I t i s elementar y t o se e [Grif , Theore m (9.8 ) o n pag e 167 ] tha t ther e ar e 
no suc h curve s isomorphi c t o P 1 \  A  wher e A  ha s cardinalit y a t mos t two. ) Give n 
a holomorphi c sectio n w(z)  o f th e lin e bundl e T 3 on e stil l ha s th e Picard-Fuch s 
equation satisfie d b y w(z)  an d th e V lm(z), 1  <  i  <  4 . Ther e i s a  meromorphi c 
map fro m th e trivia l bundl e o f solution s o f th e correspondin g Picard-Fuch s OD E 
to th e vecto r bundl e give n b y th e dua l loca l system . Thi s ma p i s a  holomorphi c 
isomorphism a t ever y regula r poin t fo r th e Picard-Fuch s ODE , an d i t identifie s th e 
monodromy o f th e Picard-Fuch s OD E wit h th e monodrom y o f th e Gauss-Mani n 
connection o n th e dua l loca l system . 

1.3. Tori c examples . Th e proposal s fo r jus t wha t constitute s a  mirro r pai r 
of Calabi-Ya u threefold s hav e evolve d significantl y sinc e [GP] . Th e mos t com -
monly use d i s th e Batyrev-Boriso v constructio n [Batl , Bat2 , Bor , BB1 , BB2 ] 
in th e tori c setting , whic h reduce s th e descriptio n o f mirro r pair s o f Calabi-Ya u 
hypersurfaces an d complete-intersection s i n Gorenstei n Fan o tori c varietie s t o th e 
classical "pola r duality " o f reflexive polytope s (wit h ne f partition s i n th e complet e 
intersection case) . I n thi s setting Batyrev-Boriso v [BB2 ] establis h the basi c mirro r 
prediction fo r Hodg e number s o f th e propose d mirro r pairs , an d a s a  consequenc e 
these pair s ar e widel y believe d t o b e example s o f mirro r pair s [MSCMM] . 

Let N  b e a  lattic e an d M  th e dua l lattice . A s i s wel l know n [Ful] , conve x 
lattice polytope s A  C  AT® R defin e tori c varietie s P A =  Proj(5A) , wher e 5 A is the 
polytope rin g o f monomials indexe d b y n  G  kA H  TV an d grade d b y tota l degre e fc, 
and wher e the toru s T/ v =  N  <g)%  C* acts . Recal l tha t a  lattice polytope A c i V ^ R 
is reflexive  i f th e polar  polytop e 

A° = {xeM®R\(x,A) >  -1 } 

is a  lattic e polytop e wit h respec t t o M.  Whe n th e polytop e A  i s reflexive [CoKa , 
§3.5], th e tori c variet y i s Fano, an d th e "diviso r a t infinity " -DQO , i.e. , th e unio n o f 
the lower-dimensiona l T/ v -orbits, i s a n anti-canonica l divisor . Generi c section s o f 
(^(.Doo) ar e then Calabi-Ya u threefolds. I n general P A i s sufficiently singula r so that 
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all sections o f 0(0^)  produc e singula r threefolds . T o remedy thi s defec t on e take s 
a simplicia l decompositio n £  o f <9 A with vertice s th e se t o f lattic e points . The n 
the fa n consistin g o f th e cone s o n th e simplice s o f £  determine s a  tori c variet y 
with isolate d singularities 1, providin g a  crepan t resolutio n o f PA - Becaus e th e 
singularities ar e isolate d an d th e resolutio n i s crepant , th e generi c sectio n o f th e 
pullback o f 0{D OQ) i s a smooth Calabi-Ya u 3-fold . Th e proposa l o f Batyrev [Bat2 ] 
is tha t th e Calabi-Ya u X  obtaine d fro m a  maxima l triangulatio n o f a  reflexiv e 
polytope A  i s mirror t o th e Calabi-Ya u X  obtaine d fro m a  maxima l triangulatio n 
of th e pola r A° . 

EXAMPLE 1.3 . Th e Fan o tori c variet y P A =  P 4 i s specifie d b y th e reflexiv e 
polytope A  wit h vertice s 

{(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1), ( - 1 , - 1 , - 1 , - 1 ) } . 

Here the "diviso r at infinity" i s a union of the five coordinate hyperplanes in P4 . Th e 
quintic famil y P 4[5] i s interpreted i n thi s contex t a s th e famil y o f hypersurfaces i n 
this (ample ) anticanonica l diviso r class . Th e ambien t tori c variety PA ° i n which th e 
quintic mirro r famil y o f hypersurfaces i s constructed i s given by th e pola r reflexiv e 
polytope A ° wit h vertice s 

{(4, - 1 , - 1 , - 1 ), ( -1,4 , - 1 , - 1 ) , ( - 1 , - 1 , 4 , - 1 ) , ( - 1 , - 1 , -1 ,4 ) , ( - 1 , - 1 , - 1 , - 1 ) } . 

This time, however , there ar e many more integral points in the polytope besides th e 
vertices an d origi n an d henc e on e mus t tak e a  simplicia l decompositio n t o obtai n 
smooth hypersurfaces . A  combinatorial formul a o f Batyrev allow s one to determin e 
the Hodg e number s o f bot h th e quinti c an d quinti c mirro r fro m th e arrangemen t 
of these integra l point s o n th e facet s o f A  an d A° . 

The quinti c twi n famil y als o ha s suc h a  tori c hypersurfac e representation , thi s 
time wit h reflexiv e polytop e th e simple x wit h vertice s 

{(1,0,0,0), (0,1,0,0) , (0,0,1,0), (1,2, 3, 5), ( - 2 , - 3 , - 4 , - 5 ) } 

and it s pola r polytop e i s 

{ ( - 1 , - 1 , 4 , - 2 ) , ( 4 , - 1 , - 1 , 0 ) , ( - 1 , 4 , - 1 , - 1 ) , ( - 1 , - 1 , - 1 , 2 ) , ( - 1 , - 1 , - 1 , 1 ) } . 

As before , th e familie s o f bot h th e quinti c twi n an d quinti c twi n mirro r hypersur -
faces ar e th e familie s o f generi c section s o f th e anti-canonica l lin e bundl e ove r th e 
toric varietie s (appropriatel y resolved) . Notic e tha t th e sublattic e spanne d b y th e 
integral points of the quintic twin lattice polytope has index 5 in the integral lattice . 

What o f th e associate d Picard-Fuch s equation s fo r th e famil y o f holomorphi c 
3-forms? I n thi s tori c settin g th e machiner y o f Gel'fand-Graev-Zelevinsk y [GGZ ] 
and Gel'fand-Kapranov-Zelevinsk y [GKZ ] applie s t o construct , fro m th e reflexiv e 
polytope correspondin g t o a  give n Calabi-Ya u family , a  differentia l equation , o r 
more generall y a  syste m o f suc h equation s i n th e cas e o f multiparamete r families , 
satisfied b y th e period s o f th e mirro r famil y (GKZ-system) . Thi s i s a  syste m o f 
generalized hypergeometri c equations . Thi s syste m ma y posses s mor e solution s 
than th e genuin e Picard-Fuch s system , bu t a t leas t i n th e hypersurfac e cas e ther e 
are methods for describing the reduction to the actual Picard-Fuchs system [HLY1 , 
HLY2]. 

In highe r dimensio n thes e varietie s ar e smoot h throug h codimensio n 3 . 
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The situatio n i s easie r t o describ e fo r one-dimensiona l familie s comin g fro m 
toric geometry . Whe n th e famil y X  o f Calabi-Ya u threefold s tha t ar e complet e 
intersections i n a  Gorenstei n Fan o tori c variet y hav e h 2,1(Xz) =  1 , then th e corre -
sponding Picard-Fuch s OD E i s alway s a  generalize d hypergeometri c ordinar y dif -
ferential equatio n [CoKa , §5.5] . Thes e equation s hav e bas e F 1 an d hav e exactl y 
three regula r singula r points . Th e paramete r spac e B  o f th e variatio n ca n alway s 
be take n t o b e P 1 \  {0,1 , oo}. Th e loca l monodrom y abou t th e poin t a t infinit y i n 
B (conventionall y take n t o b e z  =  0 ) correspondin g t o th e tori c diviso r a t infinit y 
DQO is maximally unipotent . Le t 7 0 be an invarian t cycl e for thi s monodromy . Th e 
period o n 7 0 o f a  famil y o f holomorphi c 3-form s (define d ove r al l o f B)  i s alway s 
represented i n the uni t dis k a s a  GKZ-generalize d hypergeometri c series . A  second 
regular singula r poin t (whic h w e locate a t z  —  1) ha s loca l monodrom y unipoten t 
of rank on e an d i s called a  conifold  singularity  i n th e physic s literature . O f course , 
by genera l principle s [BN] , the latte r ha s quasi-unipoten t monodromy . 

For th e quinti c mirro r an d th e quinti c twi n mirro r thi s generalize d hypergeo -
metric serie s i s the on e give n i n Sectio n 1.1 . 

1.4. Homologica l Mirro r Symmetry . Muc h mor e tha n a  correspondenc e 
of Hodg e number s o f mirro r pair s i s predicted b y mirro r symmetry . Naively , fo r a 
mirror pai r (X , X) deformatio n o f th e comple x structur e o n X  i s mirro r t o defor -
mation o f th e symplecti c (i.e. , Kahler ) structur e o n X.  S o fa r ther e ha s bee n n o 
general constructio n o f a  moduli spac e o f symplectic structur e deformation s mirro r 
to the usua l modul i spac e of complex structure deformations . (Fo r such a  propose d 
construction i n the cas e of K3  surfaces , se e [Bri]. ) I n particular , ther e i s no known 
analogue fo r X  o f the Z-VH S fo r X.  Nevertheless , ther e i s a  proposal du e to Kont -
sevich whic h significantl y refine s th e statemen t tha t 6 even(X) =  b odd(X). Thi s i s 
his Homologica l Mirro r Symmetr y (HMS ) Conjecture . I t posit s tha t mirro r pair s 
(X, X)  shoul d have the property tha t th e derived categor y o f bounded complexe s of 
coherent sheave s o n X  (clearl y a  generalization o f the eve n cohomology ) shoul d b e 
equivalent t o a  category buil t fro m th e Fukaya symplectic category o f the mirror X, 
taking into account certai n flat  line bundles on the specia l Lagrangian cycle s (whic h 
is a generalization o f the third cohomolog y o f X). I t i s not ye t a  precise conjecture , 
and much work in algebraic and symplectic geometry is underway to make it so. Th e 
conjecture wa s inspired b y the earlies t inkling s o f what eventuall y becam e D-bran e 
physics, and , throug h th e introductio n o f th e derive d category , ha s itsel f provide d 
a languag e fo r physicist s t o expres s tha t theor y [MSCMM] . I n th e contex t o f th e 
Batyrev-Borisov mirro r pairs , illustrative example s hav e been studied b y many (se e 
for exampl e [Aspl , Asp2 , BD , BDM , DJP , Doug , Hor , Hos l , Hos2 , Mor ] 
and reference s therein) . 

As we noted before , ther e i s more structur e underlyin g th e famil y X  tha n jus t 
the Gauss-Mani n connection , o r equivalently th e Picard-Fuch s differentia l equatio n 
satisfied b y th e famil y o f holomorphi c 3-forms . Ther e i s th e Z-VH S wher e th e 
integral loca l syste m arise s b y takin g period s ove r integra l 3-cycles . Thi s i s on e 
of th e mai n object s o f ou r interes t i n thi s investigation . Ther e i s a  genera l result , 
due t o Griffiths , Deligne , an d Schmi d (se e th e en d o f thi s section ) tha t tell s u s i n 
this cas e tha t th e integra l monodrom y representatio n determine s th e Z-VHS . Now 
by considerin g "D-bran e charges" , i.e. , b y takin g cohomolog y i n th e categorie s 
on bot h side s o f th e HM S correspondence , an d retainin g th e informatio n abou t 
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categorical automorphism s o n bot h sides , w e obtai n a  mathematica l predictio n 
from mirro r symmetry . B y thi s reasoning , mirro r symmetr y predict s tha t ther e 
is a n equivalenc e betwee n th e monodrom y representatio n o f the Z-VH S fo r X  an d 
automorphisms o f integra l eve n topologica l if-theor y K°(X)  obtaine d fro m th e 
categorical autoequivalences . Ther e i s a  precise conjectur e [Kon ] fo r th e if-theor y 
automorphism mirro r t o th e maximall y unipoten t monodrom y fo r an y Calabi-Ya u 
family. Ther e i s als o a  conjectur e [BD , BDM , DJP ] (generalizin g a  proposa l o f 
Kontsevich i n th e cas e o f th e quintic ) fo r th e if-theor y automorphis m mirro r t o 
the monodrom y abou t z  —  1 for one-paramete r families , o r mor e generall y fo r th e 
monodromy abou t th e conifol d locu s i n th e compactificatio n o f the modul i space . 

Let u s giv e mor e detail s abou t thes e propose d if-theor y automorphisms . Le t 
(X,X) b e a  mirro r pai r wit h h}i l(X) —  h2,1(X) =  1 . Th e maximall y unipoten t 
monodromy fo r th e one-paramete r Z-VH S fo r X  i s propose d t o b e mirro r t o th e 
if-theory automorphis m i f (X) — > i f (X) give n b y 

(1.4) Z»Z®C 

where c\(C)  i s th e positiv e generato r o f H 1,1(X1 Z) . Th e conifol d monodrom y 
(conventionally take n abou t z  —  1) i s proposed t o b e mirro r t o th e Fourier-Muka i 
"push-pull" transfor m 

(1.5) £  - X > ) * («A-1 M A) ~* °^ ®  Pa(0) 
A 

where A  C  X  x  X  i s th e diagonal , pi  ar e th e projection s ont o th e factors , an d 
A runs ove r fla t lin e bundle s o n X.  Thi s proposa l implie s tha t th e monodrom y 
automorphism o f iJ 3(X,Z) aroun d th e conifol d locu s i s then a  su m o f term s eac h 
of whic h i s a  Picard-Lefschet z transformatio n o n a  vanishing cycle . Th e vanishin g 
cycles ar e al l equivalen t modul o torsion , s o tha t thi s monodrom y i s divisibl e b y 
the numbe r o f term s i n th e sum , whic h i s |7Ti(X)| . Th e remainin g monodrom y 
(conventionally take n a t oo) , whethe r o f finit e orde r (a s i n th e cas e o f th e quinti c 
family) o r not , i s determined a s th e produc t o f the monodromie s a t 0  and 1 . 

2. Classificatio n o f Z-VH S 

For th e purpos e o f investigatin g thi s propose d Hodge-theoretic/if-theoreti c 
mirror relationshi p i t i s ver y usefu l t o hav e a  complet e descriptio n o f th e possi -
ble integra l variation s o f Hodge structur e tha t ca n underli e a  family o f Calabi-Ya u 
threefolds ove r P 1 \  {0,1 , oo} with h 2,1 =  1 , subjec t t o th e assumptio n o f th e exis -
tence of a point o f maximally unipoten t monodrom y (a t z  =  0) , a point o f unipoten t 
monodromy o f ran k on e (a t z  =  1) , an d quasi-unipotenc y o f thei r produc t (neces -
sary a t z  =  o o b y th e Monodrom y Theore m [BN] . I n thi s cas e th e monodrom y 
representation o f th e Z-VH S determine s tha t variatio n u p t o isomorphism . T o 
see thi s le t H  an d Ji!  b e Z-VH S ove r th e sam e connecte d algebrai c bas e B  wit h 
ft,3'0 =  ft 2'1 =  1  and wit h isomorphi c irreducibl e monodrom y ((2 ) o f Theore m 2. 1 
establishes irreducibilit y fo r ou r specifi c case) . Th e bundl e / Hom{H^/H') wit h it s 
natural induce d flat  connection , integra l structur e an d Hodg e filtration i s a Z-VH S 
of weight zer o ove r B.  B y [Sch , Theore m (7.22)] , the 7Ti( JB)-invariant subbundl e i s 
a su b Z-VHS. O f course , the invarian t subbundl e i s the flat  bundl e whose fiber ove r 
any poin t x  G  B  i s th e TTI(B,  X) -invariant subspac e o f H o m c C ^ , ^ ) . Sinc e th e 
monodromies o f H  an d H  ar e irreducible , b y Schur' s lemma, th e invarian t subbun -
dle i s one-dimensional . Bu t a  weigh t zer o Hodg e structur e o n a  one-dimensiona l 
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space i s of type (0,0) . Thi s mean s tha t an y non-trivial TTI(B,  X) -invariant homo -
morphism H x — > 7i' x preserves the Hodge filtration an d hence is an isomorphism of 
Hodge structures , showin g tha t H  and Hf ar e isomorphic a s Z-VHS ove r B. 

In this section we classify Z-VH S over P1 \{0 ,1 , oo} with /i 3 '0 = /i 2 '1 = 1  subject 
to th e conditions tha t th e local monodrom y abou t z  —  0 is maximally unipoten t 
and the local monodromy abou t z  = 1  is unipotent o f rank one . A s noted above , the 
key to this classificatio n i s the classification o f possible monodrom y representation s 
underlying suc h variations . 

2.1. Classificatio n result s fo r p:  TT^P 1 \  {0,1 , oo}) - • Sp(4,Z) . W e begin 
by classifyin g rea l representations . Le t V b e a four-dimensional rea l vecto r space . 
Let T : V  —> • V b e a  unipoten t automorphis m o f V  an d le t T V be the nilpoten t 
endomorphism o f V  define d b y TV = T  -  Id . The n N dimV =  0 . T  i s said t o be 
maximally unipotent  i f J\f dimV-1 -£  0. Also , th e rank  o f T  i s define d t o be the 
dimension o f the image o f AT, so that T  i s maximally unipoten t i f and only i f its 
rank i s one less tha n th e dimension o f V. 

Throughout w e fix x G  P1 \ {0,1 , oo} and a representatio n 

p : 7 r 1 ( P 1 \ { 0 , l , o o } , x ) ^ G L ( F ) . 

We have geometri c generator s 70,71 , and 700 for 7Ti(AT, X) which are represented by 
loops in P1 \{0 ,1 , 00} encircling 0,1, 00 respectively. Thes e are oriented positively so 
that the y satisfy the relation 7o7i7oo =  1 - We denote the images of these generator s 
under p  by To,Ti,Too, respectively , an d in view of the eventual applicatio n t o flat 
bundles ove r P 1 \ {0,1 , 00} call the m th e monodromy aroun d 0,1 , 00. 

THEOREM 2.1 . Suppose  that  the  monodromy  TQ  is  maximally  unipotent  and 
that the  monodromy  T\  is  unipotent  of  rank  1 . Set  Ni  =  Ti  — Id for i  —  0,1 . 
Define an  invariant  m  G  M  by choosing a  non-zero vector  v  G  Ke r AQ and  setting 
N^N^v)) =  -mv. Then: 

(1) m  is  independent of  the choice of  v. 
(2) The  representation p  is irreducible if  and only if  m ^  0 . 
(3) If  the  monodromy at  infinity has  an invariant vector,  then  m  =  0. 
(4) In  the case when m ^ 0,  the representation p  is determined, up  to conjuga-

tion by  an element of  GL(V), by  the characteristic polynomial  of  the mon-
odromy transformation  around  infinity.  Direct  computation  shows  that  the 
characteristic polynomial  of  X^1 =  T^T\  is 

(2.1) x 4 +  (a - 4 ) x3 +  ( 6 - 2 a + bra)  x2 +  ( a - 4  + m - bm)  x + 1  . 

Notice that  a  and  b are determined by  this polynomial.  The  real numbers 
a,b,m are  complete invariants  of  the conjugacy class  of  p as  a represen-
tation into  GL(V). 

(5) For  m /0 take  as  basis for V the  vectors 

(2.2) Nl{ .v)yNo{Nl(.v))j
No(N^ v »^v 
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in this  basis  matrices for 

To = 

Ti = 

A 
i 
0 

\o 
/ I 

0 
0 

\o 

* T0 an d T i are 

0 0  0 \ 
1 0  0 

m 1  0 
0 1  1 / 

- a - 6 - l \ 
1 0  0 
0 1  0 
0 0 i / 

(2.3) 

(2.4) 

For the rest o f this sectio n we assume tha t T o is maximally unipotent , 
that T\  i s a unipoten t o f rank one , and that p  is irreducible , i.e. , m ^ 0, 
and w e let ra, a, b be as in the statement o f the previous lemma . 

COROLLARY 2.2 . There  is  a  non-degenerate  symplectic  form  on  V invariant 
under p  if and  only  ifb=l.  In  this  case,  this  form is  unique up  to non-zero scalar 
multiplication and  the matrix for  this  form  in  the  basis  (2.2)  is (up  to a  positive 
scalar) 

(2.5) <v) = ± 

/o 
a 
1 

V 

—a 
0 

- 1 
0 

- 1 
1 
0 
0 

- ^ 
0 
0 
0 / 

We no w fix a non-degenerat e ske w pairin g (  , )  on V. 

COROLLARY 2.3 . There  are  exactly 14  conjugacy  classes  of  representations 
p: 7ri(P 1 \ {0 ,1, oo}) — > Sp(V) with  To and T\ as  given in  Theorem 2.1  and  with  T^ 
being quasi-unipotent.  These  are  classified by  the pairs of  nonzero integers  (ra , a) 
(with b  = 1)  and a complete set  of such pairs  is  given in  the  first  two columns of 
Table 1. 

We ar e actually intereste d i n representation s t o Sp(4,Z) , o r equivalentl y i n 
lattices L  C  V  invarian t unde r p  and on which th e symplectic for m i s a perfec t 
integral pairing . Her e is a first resul t alon g thes e lines . 

COROLLARY 2.4 . Suppose  that  L  c  V  is  an integral lattice  invariant  under  p 
such that  the  restriction of  (•, •) to  L is  a perfect integral  pairing.  Then  b  — 1 and 
a^m^TL. Conversely,  ifb—\  and  a,m GZ , then there  is  an integral lattice  LQ  in 
V invariant  under  p  on which the  pairing is  a perfect integral  pairing. Furthermore, 
there is  a  basis  for LQ  in  which  TQ,  T\  and  the pairing are  given by  the matrices 
in Equations  (2.3),and  (2.4),  respectively,  and  the symplectic form  is  given, up  to 
sign, by  Equation (2.5). 

Notice tha t w e are not claiming that , give n a  lattice L  C  V invarian t unde r p 
and on which th e symplectic for m i s a perfect integra l pairing , the lattice LQ  a s in 
Corollary 2. 4 is related i n any way to L. I n fact, the y ar e closely relate d (thoug h 
not necessaril y equal) , bu t that relationshi p i s somewhat delicat e an d depends on 
the arithmeti c propertie s o f m and a. 

Now suppose tha t b  = 1 and that a  and m ^ 0  are integers. Le t ei, e2, es, e^ be 
a basi s of V in which the symplectic pairin g (• , •) is given by Equation (2.5) , and To 
and T\  ar e given by Equations (2.3 ) and (2.4), respectively. Ou r goa l is to study all 
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possible integra l lattice s invarian t unde r p  an d o n whic h th e symplecti c pairin g i s 
a perfec t integra l pairing . B y Corollar y 2. 4 th e lattic e LQ  spanne d b y {e i , . . . , e^} 
is such a  lattice . 

We introduc e th e (increasing ) weight  filtratio n VK*(V ) associate d wit h T 0 b y 
setting W2i  —  Vl^+ i =  Ker(7V 0)

z+1 fo r i  — 0 , . . . , 3 . Thi s i s the monodrom y weigh t 
filtration i n the limitin g mixe d Hodg e structure a s defined b y Delign e [Dell] . Thi s 
filtration ha s th e propert y tha t iVo* . Wj — > Wj-2  an d iV o induces a n isomorphis m 
on th e associate d gradeds : iVo : Wj/Wj-i  — » Wj-2/Wjs.  Fi x a n integra l lattic e 
L o n whic h th e pairin g i s a  perfec t integra l pairin g an d whic h i s invarian t unde r 
p. The n W2i(L)  =  L  D  W^i ha s ran k equa l t o i  - f 1 , an d henc e th e quotient s 
W2i(L)/W2i-2(L) =  Z  fo r i  =  0 , . . . , 3 . Notic e i n particula r tha t fo r th e lattic e L o 

NnWoi^^Lo/W^Lo) 

and 

7V0: L0/W4(L0) - > W 4{L0)/W2(L0) 

are isomorphisms . 

LEMMA 2.5 . Suppose  that  ^1,^2^3,-^ 4 is  a  basis  for L  such  that  for  each  i the 
subset ^4-2, . . . , £4 is a  basis  for W2i(L).  Then  the  matrix  for  the  symplectic  form 
is 

/ 0  a (3  ± 1 \ 
I -a 0  ± 1 0 
\-P ±1  0  0 
\±1 0  0  0  / 

for appropriate  integers  a  and  (3. 

REMARK 2.6 . W e no w fix  ou r convention s regardin g integra l base s fo r L  per -
taining t o th e abov e isomorphism s o n associate d gradeds . Fro m no w o n w e shal l 
consider base s fo r L  satisfying : 

(1) Fo r ever y i  <  4 the se t {^4-2,... , £4} forms a  basi s fo r W2i(L); 
(2) <4L,4 ) =  - 1 ; 

(3) (£ 2Js) =  1. 
(4) Dualit y tell s u s tha t ther e i s a  non-zer o intege r r  suc h tha t NQ(£I)  =  r£ 2 

(mod £3,£4)  an d No(£s)  —  r£4. B y changin g th e sign s o f £2  and £3  if 
necessary, w e arrange tha t r  >  0 . 

(5) W e define s  b y requirin g tha t NQ^)  =  s£%  (mo d £4). 
(6) W e defin e t  suc h tha t iVi(£ 4) =  ~t£\  (mo d £ 2JSJA)' 

Of course, r i s the divisibility of TVo a s a map WQ/W^  — > W4/W2  an d als o W2/W0 —> 
Wo whil e 5  is the divisibilit y o f No:  W4/W2  — > M /̂W^ o an d t  i s th e divisibilit y o f 
JVi: W o - ^ ^ 6 / W 4 . 

In particular , w e have: 

THEOREM 2.7 . Tft e integers  r , s an d £  are invariants of  the  isomorphism  class 

of (L,p, (-,->)• 

Notice tha t thes e integra l invariant s ar e relate d t o th e intege r invarian t m  o f 
the rea l conjugac y clas s o f p  b y 

(2.6) m  —  r 2st an d t\a. 
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For eac h z , 1 < i < 4, the real subspac e o f V spanne d b y {^,... £4} is equal to 
that spanne d by {e^,. . ., 64}, which means the matrix whos e columns express the £i 
in terms of the ej  is weakly lowe r triangular . Sinc e the image of the representatio n 
p is Zariski dense in Sp(V) genera l considerations impl y tha t the coefficients i n this 
matrix ar e contained in Q[y/(l/d)] fo r some integer d.  I n fact, a  much more explici t 
result holds . 

As an indication of how the basis {£i  } of the new lattice L  is expressed in terms 
of the origina l basi s {e^ } of the origina l lattic e Lo , consider th e following lemma . 

LEMMA 2.8 . There  exists  a  basis ^1,-^2^3^4 for  L as  described above such that 

d ae 2 ,  /?e 3 7e 4 
£1 —  —p  H  7 = -r 

>/£ rtV t y/t  rty/i 
€2 ^ 3 / i e 4 

r v t e 3 H  ^ r 

14 = 

/or appropriate  a , /?, 7, i, // G Z. 

Vte4 

Once again let us impose the condition tha t T^ is quasi-unipotent, i.e. , that the 
pair (m , a) i s one of the 1 4 pairs liste d in Table 1 . Case-by-cas e analysi s result s in 
a complet e classification o f the possible a, /?, 7, 5, /x corresponding to each allowabl e 
r,s,t. Addin g th e numbers i n Colum n 4  of Table 1  one sees tha t ther e ar e 11 2 
possibilities. 

In Equation s (1.4 ) and (1.5) we gave explici t formula s fo r the proposed auto -
morphisms o f K-theory. Translatin g thes e by mirror symmetr y give s the following 
conditions on TQ and Ti, which we express in terms o f the invariants r  and t: 

CONJECTURE 2.9 . For  any Z-VHS arising  from  a  family of  Calabi-Yau three-
folds X  with h 2,1 —  1 over P1 \ {0,1 , 00} we  have: 

(2.7) r  —  1  (mirro r t o the fact tha t c\{C)  is a generator o f H 2(X,Z)) 

(2.8) Ni  —  t-N\  fo r some indivisibl e integra l transformatio n N\. 

Furthermore, t  is  equal to the order of  the fundamental group  of  the mirror  Calabi-
Yau threefold  X . 

REMARK 2.10 . A stronge r versio n o f the first  equatio n wa s conjectured b y 
Morrison t o hol d fo r the local maximall y unipoten t monodrom y i n arbitrar y di -
mensional familie s o f Calabi-Yau threefolds , [CoKa , p . 150] . Conditio n (2.8 ) an d 
the las t statemen t ar e conjectured t o hol d fo r the local monodrom y aroun d th e 
principal discriminan t fo r arbitrary dimensiona l familie s o f Calabi-Yau threefolds . 

The invariants m and a encode natural geometric information abou t the Calabi-
Yau threefold s X  i n the last colum n o f Table 1 . As observed b y Borcea [Bore ] for 
the 1 3 examples wit h t  =  1 , the integers w e identified a s invariants (ra , a) abov e 
have a  mirror interpretatio n a s m =  C?  and a — dim(H0(X,O(C))) respectively . 
In fact , thi s interpretatio n applie s to all the geometric example s liste d i n Table 1. 

The classificatio n o f representations int o Sp(4 , Z) satisfyin g th e two condition s 
in Conjectur e 2. 9 is simpler t o state tha n th e general case : 
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PROPOSITION 2.11 . An  integral  lattice  L  c  V  on  which  the  symplectic  pairing 
is a  perfect  integral  pairing  and  which  is  invariant  under  p  and  which  satisfies 
Conditions (2.7)  and  (2.8)  is  determined  by  t. 

Columns 5  and 6  of Tabl e 1  list th e 2 3 of the 11 2 representations tha t satisf y 
these conditions . Notic e tha t withou t assumin g Condition s (2.7 ) an d (2.8 ) th e 
invariants m,a,r,s,t  d o no t i n genera l determin e th e isomorphis m clas s o f th e 
lattice. 

2.2. Fro m representation s t o Z-VHS . A s w e argue d a t th e en d o f Sec -
tion 1.4 , fo r a  Z-VHS over a  quasi-projective bas e with completely irreducibl e mon -
odromy representation , th e isomorphis m clas s o f th e monodrom y representatio n 
determines th e isomorphis m clas s o f th e Z-VHS . Accordin g t o a  theore m o f Bore l 
and Narasimha n [BN ] th e loca l monodrom y o f an y Z-VH S i s quasi-unipotent . 

THEOREM 2.12 . Suppose  we  have a  primitive weight-three  Z-VHS  H  over  P 1 \ 
{0,1, oo} satisfying: 

(1) ft 3'0 =  h 2'1 =  1 , 
(2) the  underlying  monodromy  representation  p  into  5p(4 , Z) is  irreducible, 
(3) T o is  maximally  unipotent,  and 
(4) T\  is  unipotent  of  rank  one. 

Then p  is  conjugate  in  5p(4 , Z) to  one  of  the  112  representations  enumerated  in 
Table 1 and the  isomorphism  class  ofH  as  a  Z-VHS is  determined  by  the  5p(4,Z) -
conjugacy class  of  p. 

The remainin g questio n i s on e o f existence : Whic h o f th e 11 2 representation s 
underlie a  Z-VHS ? 

Each o f th e 1 4 rea l representation s comes  fro m a  generalize d hypergeometri c 
ODE. Tha t i s t o say , fo r eac h o f th e fourtee n pair s (m , a) i n Tabl e 1  we hav e th e 
following data : 

(1) a  fla t bundl e wit h a  rea l structure , 
(2) a  rea l symplecti c for m paralle l unde r th e fla t connection , 
(3) a  holomorphi c sectio n w  o f the complexificatio n o f the fla t bundle , 

such tha t th e Picard-Fuchs equatio n satisfie d b y w  i s the generalize d hypergeomet -
ric equatio n 

(2.9) [6 4 -  z  (9 +  ai ) ( 9 +  a 2) ( 6 +  a 3) ( 9 +  a 4)] w{z)  =  0  , 

where th e a ; ar e th e entrie s i n Colum n 3  o f Tabl e 1  corresponding t o (m , a) an d 
9 =  zSJ z. Th e putative Hodg e filtration o n this fla t bundl e i s given by: T z~% i s the 
span o f the holomorphi c sectio n an d it s firs t i  covarian t derivatives . Thi s filtratio n 
is automaticall y horizonta l an d satisfie s th e firs t Hodg e conditio n (1.1) . I t i s no t 
clear tha t th e filtratio n satisfie s th e secon d Hodg e conditio n (1.2) , bu t i f i t does , 
then th e polarizatio n conditio n (1.3 ) follows . 

By direc t geometri c construction s w e kno w tha t al l 1 4 o f thes e representa -
tions aris e as local systems (o r subquotient s o f local systems) underlyin g familie s of 
Calabi-Yau threefolds . O f these , 1 3 are loca l systems o f third cohomolog y fo r one -
parameter familie s o f complet e intersectio n Calabi-Ya u threefold s wit h /i 2 '1 =  1  in 
toric varietie s (se e Sectio n 3) . Thus , thes e thirtee n ar e i n fac t rea l representation s 
underlying R-VHS . Consequently , fo r thes e 1 3 real types ther e i s a Hodge filtratio n 
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making thi s a n R-VHS . I n th e remainin g cas e fo r whic h (ra , a) —  (1,4) w e d o no t 
know whethe r Condition s (1.2 ) an d (1.3 ) hold . 

Since Condition s (1.1) , (1.2) , an d (1.3 ) mak e referenc e onl y t o th e symplecti c 
form an d th e rea l structure , a  paralle l lattic e i n a  R-VHS o n whic h th e symplecti c 
form i s a  perfec t integra l pairin g determine s a  Z-VHS . Hence , al l integra l repre -
sentations whos e rea l type s satisf y (ra , a) ^  (1,4 ) underli e (uniqu e isomorphis m 
classes of ) Z-VHS . Sinc e th e rea l representatio n correspondin g t o (m,a)  =  (1,4 ) 
has a  uniqu e integra l lattice , ther e i s onl y on e o f th e 11 2 integra l representation s 
enumerated i n Tabl e 1  whic h migh t no t com e fro m a  Z-VHS . Thus , u p t o thi s 
one ambiguit y w e have completel y classifie d Z-VH S satisfyin g th e condition s give n 
in Theore m 2.12 . Thi s mean s that , u p t o th e sam e ambiguity , w e hav e classifie d 
the complet e curve s i n th e smoot h locu s o f th e perio d spac e V/T  isomorphi c t o 
P1 \  {0,1 , oc} with th e give n loca l monodrom y conditions . 

3. Geometri c realizatio n o f abstrac t variation s b y one-paramete r 
families o f Calabi-Ya u threefold s 

The first  tw o columns o f Table 1  give the invariant s m  an d a  for th e 1 4 R-VHS 
in th e classification . Th e thir d colum n give s the coefficient s o f the hypergeometri c 
ODE, se e Equatio n (2.9) , o r equivalentl y (l/27rz ) time s th e log s o f th e eigenval -
ues o f T^ . Th e fourt h colum n enumerate s th e integra l lattice s withi n eac h rea l 
representation. Th e fifth  colum n indicate s th e numbe r o f integra l lattice s tha t ar e 
"mirror-consistent" i n th e sens e tha t the y satisf y bot h condition s (2.7 ) an d (2.8) . 
The sixt h colum n show s th e t  value s fo r eac h o f th e mirro r consisten t representa -
tions enumerate d i n th e fifth.  Fo r eac h o f these , th e final  colum n indicate s know n 
geometric example s wit h integra l variation s o f Hodge structur e o f thi s type . Sinc e 
the example s liste d al l have h 1,1 =  1 , to rea d eac h entr y prefac e wit h "Th e Z-VH S 
of H 3 o f th e Batyrev-Boriso v mirro r o f . . ." . 

The tw o example s wit h (m , a) —  (2, 3) an d (6 , 5) hav e a n asteris k t o indicat e 
that, eve n thoug h thes e familie s o f Calabi-Ya u complet e intersection s i n weighte d 
projective spac e ar e o f th e correc t type , th e Newto n polytope s o f th e weighte d 
projective space s ar e no t reflexiv e an d s o thes e example s don' t quit e fit  int o th e 
Batyrev-Borisov description of mirror pairs (though the Greene-Plesser constructio n 
does apply [KT]) . Denotin g the vertices o f the (2 , 3) polytope b y {e i , . . . , es, —e\ — 
e2 — 2e3 — 2e4 — 3e5}, an d thos e of the (6 , 5) polytope b y {e i , . . . , es, — e\ —  e2 — e3 — 
e4 — 2e5}, suitable reflexiv e polytope s ar e obtaine d b y addin g i n eac h cas e the ne w 
vertex —e$.  These hav e th e propert y tha t the y posses s ne f partition s o f bidegree s 
[4, 6] an d [3,4 ] respectively , wit h Hodg e number s matchin g thos e o f th e origina l 
Calabi-Yau hypersurface s i n th e tw o weighte d projectiv e spaces . 

The exampl e denote d A  is the quinti c twin, whic h we already recognize d a s th e 
free quotien t o f the quinti c b y Z/5Z. Th e res t o f the example s labele d B  through H 
arise in a  quite simila r fashion , b y finding a  suitable fre e actio n b y a  group o f orde r 
t ^  1  on a  simply-connected Calabi-Ya u o f that clas s (specificall y th e one describe d 
in th e correspondin g t  =  1  entr y o f th e fifth  column ) an d takin g th e quotient . 
When tha t actio n i s compatible with the toric structure o f the original example, th e 
Batyrev-Borisov mirro r constructio n applies . I n th e classificatio n o f 4 D reflexiv e 
polytopes b y Kreuzer-Skark e [KrSkCY ] ther e ar e precisel y five  polytope s whic h 
correspond t o tori c hypersurface s wit h h 1,1 =  1 , an d fou r o f thes e ar e amon g th e 
weighted projectiv e space s liste d i n th e sevent h colum n o f Tabl e 1  — th e quintic , 
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m 

1 

1 

2 

5 

1 

2 

3 

4 

4 

6 

8 

9 

12 

16 

a 

4 

3 

4 

5 

2 

3 

4 

5 

4 

5 

6 

6 

7 

8 

&15 &2 , &3 , 0-4 

1 5  7  1 1 
1 2 ' 1 2 ' 1 2 ' 1 2 

1 3 7  9 
10 ' 1 0 ' 1 0 ' 1 0 

1 3 5  7 
8 ' 8 ' 8 ' 8 

1 2 3  4 
5 ' 5 ' 5 ' 5 

1 1 5 5 
6 ' 6 ' 6 ' 6 

1 1 3 5 
6 ' 4 ' 4 ' 6 

1 1 2 5 
6 ' 3 ' 3 ' 6 

1 1 1 5 
6 ' 2 ' 2 ' 6 

1 1 3 3 
4 ' 4 ' 4 ' 4 

1 1 2 3 
4 ' 3 ' 3 ' 4 

1 1 1 3 
4 ' 2 ' 2 ' 4 

1 1 2 2 
3 ' 3 ' 3 ' 3 

1 1 1 2 
3 ' 2 ' 2 ' 3 

1 1 1 1 
2 ' 2 ' 2 ' 2 

#LZ 

1 

1 

2 

2 

1 

1 

1 

11 

8 

1 

14 

8 

11 

50 

# £M C 

1 

1 

2 

2 

1 

1 

1 

1 

3 

1 

2 

2 

1 

4 

* 

1 

1 

1 

2 

1 

5 

1 

1 

1 

1 

1 

2 

4 

1 

1 

2 

1 

3 

1 

1 

2 

4 

8 

Geometric example s 

I 

W P £ 1 | 1 | 2 | 5 [ I O ] 

WPi,M ,M[8] 

II 

P4[5] 1 

A 

WP?, 1,2,2,3,3 [6, 6 ] 

WPi , i , i ,2A3[4,6]* 

WPli.1,1,216] 

WP? |1 |1|1|1|3[2,6] 

WP?,1|1>1|2|2[4,4] 

B 

c 

WPf> 1 | 1 | 1 | 1 | 2[3,4]* 1 

F5[2,4] 

D 

P5[3,3] 

E 

P6[2,2,3] 

P7[2,2,2,2] 

F 

G 1 
H 

TABLE 1 . Tabl e o f "Mirror-Consistent " p:  TT^P 1 \ {0 , l,oo}) - > Sp(4) 
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the sextic , th e octic , an d the dectic . Th e remaining exampl e i s the alternativ e 
derivation o f the quinti c twi n fro m Exampl e 1. 3 for which the Batyrev mirro r pai r 
construction applies . Not e tha t th e fact tha t th e "octi c twin " doe s no t aris e in 
this wa y means tha t i f there doe s exis t a  fre e quotien t o f the octic hypersurfac e 
in WP j 1  1 j 4 [8] by the group Z/2Z , then th e action canno t b e compatibl e wit h 
the tori c structur e (i.e. , aris e fro m a  natural involutio n o n the weighted projectiv e 
ambient space) . 

The onl y known constructio n o f example H, a Calabi-Yau whos e mirror define s 
the t —  8  integral structure in the same real class as the mirror of the complete inter -
section of four quadric s in P7 , requires a manifestly non-tori c group action. I t comes 
from Ja e Park's recen t constructio n [Park ] o f the mirro r o f Beauville's Calabi-Ya u 
threefold wit h nonabelia n fundamenta l group . Exampl e H  is the Beauville mani -
fold, th e quotient o f P7[2, 2, 2, 2] by the group Qg  of unit quaternions . Example s F 
and G  are then th e intermediate quotient s obtaine d throug h th e same action , but 
restricted t o the subgroups Z 2 and Z4 of Q$ respectively . 

For Exampl e I I the authors don' t kno w o f a famil y o f Calabi-Yau threefold s 
with h2,1 =  1  over P1 \{0 ,1 , 00} realizing this Z-VHS, and for Example I the author s 
don't kno w whether ther e is a geometric realization of this representation or indeed 
whether ther e i s a Z-VHS wit h thi s representation . 

REMARK 3.1 . Al l of these tori c example s satisf y Conjectur e 2.9 . Notic e tha t 
geometric familie s realizin g a  given (ra , a) bu t differen t t  value s giv e example s of 
geometric Z-VHS that ar e isomorphic a s R-VHS. The quintic mirror an d the quinti c 
twin mirro r familie s compris e th e simples t exampl e o f thi s phenomenon . Mor e 
generally, t o the best o f the authors' knowledge , al l complete intersectio n Calabi -
Yau threefold s arisin g fro m a  nef partition o f the anti-canonical diviso r a t infinit y 
in Gorenstei n Fan o tori c varietie s satisf y th e multiparameter generalizatio n o f this 
conjecture. 

Some positiv e result s alon g thes e line s are: 

THEOREM 3.2 . For  any Calabi-Yau  threefold  that is  an anti-canonical hypersur-
face in  a Gorenstein  Fano  toric  variety  the  local monodromy T\  —  Id + Ni around 
the prinicpal  discriminant  satisfies  Condition  (2.8)  with t  equal  to the order of  the 
fundamental group  of  the Batyrev  mirror  Calabi-  Yau. 

For any  Calabi-Yau  threefold  X  that  is  a  complete  intersection  arising  from 
a nef  partition of  the anti-canonical divisor  at  infinity in  a  Gorenstein  Fano  toric 
variety and  with h 2,1(X) =  1  the parameter space  of complex moduli  can  be identi-
fied with  P 1 \ {0,1 , 00} in  such  a  way that the  monodromies T 0 and  T\ satisfy  the 
assumptions of  Theorem 2.12.  Furthermore,  T o satisfies Condition  (2.7). 

There are five one-parameter familie s o f Calabi-Yau threefol d hypersurface s in 
a Gorenstei n Fan o toric variety with h2,1 =  1 . By this theorem eac h of their Z-VH S 
is one of the 2 3 listed i n column 5  of Table 1 , where (m , a) ar e determined b y the 
local monodromy matrice s To and T\  an d t  is the order of the fundamenta l grou p of 
the mirror . W e conjecture tha t th e same is true fo r Calabi-Yau threefol d complet e 
intersections in Gorenstein Fan o tori c varietie s wit h /i 2 '1 = 1. 

4. Extension s an d final comment s 

4.1. Extensions . Th e classificatio n obtaine d abov e fo r Z-VH S underlyin g 
/i2 '1 =  1  Calabi-Yau threefol d modul i ove r P 1 \ {0,1 , 00} should b e extended bot h 
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to h 2,1 >  1  multiparamete r hypergeometri c variation s an d t o case s o f h 2'1 =  1 
Calabi-Yau threefol d modul i ove r curve s o f higher genu s an d wit h mor e punctures . 

A smal l bu t growin g numbe r o f th e latte r sort s o f Calabi-Ya u threefol d fam -
ilies ar e know n t o exist , mostl y vi a complet e intersectio n construction s i n partia l 
flag varieties [BCFKvS] , though ther e i s a  great dea l of indirect evidenc e fo r thei r 
existence. I n particular, recen t wor k of Almkvist-Zudilin [AZ ] on ordinary differen -
tial equations whos e associated forma l "Yukaw a coupling" serie s possess integralit y 
and positivit y propertie s tha t sugges t the y coul d b e Yukaw a coupling s fo r actua l 
Calabi-Yau threefold s —  so-called "fak e Picard-Fuch s equations " —  highlights th e 
importance o f classifyin g compatibl e integra l structures , bot h a s a  mean s o f elim -
inating som e case s fro m consideratio n an d i n orde r t o obtai n mor e informatio n 
about compatibl e Calabi-Ya u manifold s i f the y d o exis t (e.g. , possibl e nontrivia l 
fundamental groups) . 

For a  larg e numbe r o f th e Almkvist-Zudili n example s (wit h t  =  1 ) Christia n 
van Enckevor t an d Duc o va n Strate n [vEvS ] hav e use d a  numerica l approach , 
motivated b y HM S an d th e integralit y o f forma l Gopakumar-Vaf a invariants , t o 
determine th e integra l monodrom y representations . On e ver y interestin g questio n 
is whether thei r methods can be modified t o also detect alternat e integra l structure s 
with t  >  1 . Thes e woul d correspon d conjecturall y t o mor e familie s o f mirror s o f 
non-simply connecte d Calabi-Ya u threefolds . 

For eac h integra l structur e wit h t  >  1  i n a  clas s fo r whic h a  geometri c con -
struction o f th e t  —  1 representative i s known, on e ca n as k whethe r ther e i s a  fre e 
action of a finite  group of order t  on the known example such that th e mirror famil y 
realizes the t  >  1  variation. I n particular, fo r the examples in Table 1  the only entr y 
for whic h thi s remain s a n ope n questio n i s cas e II . Thu s w e ask : I s ther e a  free , 
holomorphic 3-form-preservin g actio n o f Z/2 Z o n th e "doubl e octic " ? 

4.2. Fina l comment s o n Tabl e 1 . A s note d already , th e author s d o no t 
know of any geometric constructions o f one-parameter familie s o f Calabi-Yau three -
folds wit h /i 2 '1 =  1  whose integra l monodrom y representations , underlyin g thei r 
weight thre e Z-VHS , correspon d t o th e representation s w e foun d wit h (ra , a, £) — 
(1,4,1) o r (2,4,2) . I n fact , w e d o no t eve n kno w o f candidat e mirro r familie s 
with h 1'1 =  1  an d th e correc t geometri c invariants . Nevertheless , thes e integra l 
monodromy representation s d o "com e fro m geometry " throug h restrictio n fro m 
multiparameter, highe r ran k variation s o f the sam e weight . 

The tas k o f finding  th e 4 D polytop e (i n cas e II ) an d 5 D polytop e wit h ne f 
partition (i n cas e I ) wit h appropriat e subloc i i s no t simple , bu t knowledg e o f th e 
corresponding integra l structure s help s t o poin t th e way . 

The (ra , a) =  (1,4 ) integra l structur e i s unique , s o i t suffice s t o merel y find a 
sub-local syste m o f th e appropriat e hypergeometri c typ e an d the n t o prov e tha t 
the restricte d monodrom y i s actuall y integral . Th e structur e o f th e generalize d 
hypergeometric serie s 4-^3(^ 9 ^ ? ^ ? i§ ) suggest s lookin g fo r a  complet e intersec -
tion o f bidegre e [2,12 ] i n WP ^ x  1  1?4 6. Unfortunately , ther e i s no t a  well-define d 
mirror o f suc h a  complet e intersectio n (difficultie s wit h th e singula r locus) . Thi s 
is reflecte d i n th e fac t tha t th e th e Newto n polytop e fo r th e weighte d projec -
tive spac e i s no t reflexive . W e ca n correc t thi s b y considerin g instea d th e re -
flexive polytop e (provide d b y Kreuze r an d Scheidegger ) wit h vertice s give n b y 
{[ei,e3], [e2,  64,65, —e\ — e2 — 63— 4e4 — 6e$, — 2e<± — 3es]}, where the brackets denot e 
the tw o pieces o f the ne f partition . Th e complet e intersectio n Calabi-Ya u threefol d 

Purchased from American Mathematical Society for the exclusive use of Charles Doran (drchfb)
Copyright 2006 American Mathematical Society. Duplication prohibited. Please report unauthorized use to cust-serv@ams.org.
Thank You! Your purchase supports the AMS' mission, programs, and services for the mathematical community.



MIRROR SYMMETR Y AN D INTEGRA L VARIATION S O F H O D G E S T R U C T U R E 53 5 

of bidegree [2,12 ] in this Gorenstei n Fan o toric variety ha s h 1,1 =  3 , but h t'oric —  2 . 
In term s o f the natura l (toricall y defined ) comple x structur e coordinate s z\ , Z2  for 
the polynomia l deformations , th e restrictio n locu s i s just th e locu s z\  —  0 . Follow -
ing Batyrev , th e generalize d hypergeometri c serie s fo r th e holomorphi c solutio n i n 
these coordinate s i s 

k,m 

(2m)l(6fc +  12m) l k 

(3/c + 6ra)!(ra!) 4/c!(2/c + 4m) ! x  2 

which upo n restrictio n yield s th e desire d series . Se e [KKRS ] fo r a  discussio n o f 
the singula r geometr y an d physic s o f thi s subfamily . 

The 4 D polytope fo r th e (ra , a) =  (2,4 ) exampl e i s found b y a  simila r method . 
Here one knows tha t th e desire d Z-VH S ha s t  =  2 , so one expects i f i t arise s by re-
striction tha t i t will  do so from a  family o f Calabi-Yau threefold s wit h fundamenta l 
group Z/2Z . Also , th e for m o f th e hypergeometri c serie s 4 ^ ( 1 , |, § , | ) suggest s 
looking for a  hypersurface o f degree 8 in W P j1 1 1 4 . Instea d o f taking this weighte d 
projective spac e a s the startin g point , sinc e Kreuzer-Skarke hav e completely classi -
fied the 473,800,77 6 equivalenc e classe s o f 4D reflexiv e pol y topes, on e ca n imagin e 
searching through thes e for thos e hypersurfaces wit h nontrivia l fundamenta l group . 
In fac t th e author s hav e done this , and a  unique polytope was found wit h the prop -
erty tha t th e hypersurfac e ha s fundamenta l grou p Z/2 Z an d ther e i s a  sublocu s of 
moduli o n which th e hypergeometri c serie s restrict s t o th e desire d form . 
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