
Commun. Math. Phys. 212, 625 – 647 (2000) Communications in
Mathematical

Physics
© Springer-Verlag 2000

Picard–Fuchs Uniformization and Modularity
of the Mirror Map

Charles F. Doran�

Department of Mathematics, Harvard University, Cambridge, MA 02138, USA.
E-mail: doran@math.harvard.edu

Received: 14 August 1999 / Accepted: 30 January 2000

Abstract: Arithmetic properties of mirror symmetry (type IIA-IIB string duality) are
studied. We give criteria for the mirror mapq-series of certain families of Calabi–Yau
manifolds to be automorphic functions. For families of elliptic curves and lattice polar-
ized K3 surfaces with surjective period mappings, global Torelli theorems allow one to
present these criteria in terms of the ramification behavior of natural algebraic invariants
– the functional and generalized functional invariants respectively. In particular, when
applied to one parameter families of rank 19 lattice polarized K3 surfaces, our crite-
rion demystifies the Mirror-Moonshine phenomenon of Lian and Yau and highlights its
non-monstrous nature. The lack of global Torelli theorems and presence of instanton
corrections makes Calabi–Yau threefold families more complicated. Via the constraints
of special geometry, the Picard–Fuchs equations for one parameter families of Calabi–
Yau threefolds imply a differential equation criterion for automorphicity of the mirror
map in terms of the Yukawa coupling. In the absence of instanton corrections, the pro-
jective periods map to a twisted cubic space curve. A hierarchy of “algebraic” instanton
corrections correlated with the differential Galois group of the Picard–Fuchs equation
is proposed.

1. Introduction

Numerous remarkable properties of the type IIA-IIB string duality better known as mir-
ror symmetry have been revealed since its discovery a decade ago. Mathematically this
symmetry entails a correspondence between complex moduli in one family of Calabi–
Yau manifolds and Kähler moduli of a mirror family. In the neighborhood of a large
complex structure/large radius limit point mirror symmetry is described by the mirror
mapq-series.The mirror map is a locally holomorphic function determined by the behav-
ior of fundamental solutions to the Picard–Fuchs equation for periods of a Calabi–Yau
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family about a point of maximal unipotent monodromy. For a family of Calabi–Yau
threefolds the mirror mapq-series and the Yukawa couplings determine a generating
function for the Gromov–Witten invariants. These invariants (conjecturally) count the
number of rational curves on a generic member of the family. In fact, the original predic-
tions of Candelas [2] for the one parameter family of Fermat-type quintic Calabi–Yau
hypersurfaces have now been proven mathematically [22].

In a series of papers, Lian and Yau [23–26] investigate arithmetic properties of the
mirror maps of several “torically defined” families of elliptic curves, K3 surfaces, and
Calabi–Yau threefolds constructed in their work with Hosono, Klemm, Roan andTheisen
[14,15,19,16,18]. Each of the one parameter families of elliptic curves and K3 surfaces
they study has a globally defined mirror map, automorphic with respect to the global
monodromy group of the family. The mirror maps of these elliptic curve families are clas-
sical modular functions for finite index subgroups of PSL(2,Z), while the mirror maps
of the K3 surface families are, up to an additive integer correction, always reciprocals of
some McKay–Thompson series associated to the monster in the “Monstrous Moonsine”
lists of Conway and Norton [4]. In particular, the mirror maps of their examples are
always automorphic functions for genus zero subgroups of PSL(2,R), a phenomenon
Lian and Yau dub “Mirror-Moonshine”.

When such modularity properties are possessed by a mirror map, other properties
of potential physical interest can be derived: e.g., integrality of the mirror map and
prepotential, congruences satisfied by the mirror map coefficients, the effect on instanton
corrections, etc. Thus a question of mathematical interest and physical relevance is:

Question 1.When is the mirror map an automorphic function?

Unlike other questions regarding the mirror map studied in the literature, this is an
inherently global question. We are asking for which families of Calabi–Yau manifolds
does the mirror map admit an extension to a map from the whole period domain to the
entire base of the family.

Our question is related to the classical problem of characterizing modular relations
between automorphic functions and the elliptic modular function. In fact, for families
of elliptic curves we will see in Sect. 2.1 that this is all that is involved: we recover the
classical criterion for just such modular relations from [11,1,41]. In [7,8] we answer
our question for families overP1. For elliptic curve families we use Kodaira’sfunctional
invariant J to pull back the uniformizing differential equation for the elliptic modular
function from the coarse moduli space of elliptic curves (theJ -line). The existence of
the functional invariantJ can be interpreted as a consequence of the (trivial) classical
analogue of the globalTorelli theorem. In the case of lattice polarized K3 surface families,
we apply the globalTorelli theorem of Nikulin (see the lists of related works in Dolgachev
[6]) to define ageneralized functional invariantmapping again from the base of a family
to the associated coarse moduli space. We use this generalized functional invariant to
explain the Mirror-Moonshine phenomenon for families of K3 surfaces overP

1 with third
order Picard–Fuchs differential equations – the setting in which the Mirror-Moonshine
Conjecture of Lian and Yau was originally formuated.

The basic idea behind our approach to answering the modularity question for one pa-
rameter families is quite simple: The mirror map of a family of elliptic curves (resp. rank
19 lattice polarized K3 surfaces) is classically modular (resp. automorphic) if and only
if the Picard–Fuchs differential equation is a classical uniformizing differential equation
(resp. the symmetric square of one). We call thisPicard–Fuchs uniformization.

In this paper, instead of deriving the modularity criterion “from scratch” from the local
behavior of uniformizing differential equations onP1, we use the theory of branched
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covers of orbifolds as described by Namba [31]. This approach gives us directly the
modularity criterion in the neatest possible form, and applies to both

1. one parameter families of elliptic curves (Sect. 2.1) and rank 19 lattice polarized K3
surfaces (Sect. 3.1) over a base curve of arbitrary genus, and

2. multiparameter families of lattice polarized K3 surfaces with surjective period map-
ping (Sect. 3.2).

We replace the uniformizing differential equations for the elliptic curve and lattice polar-
ized K3 surface families with holomorphic projective connections and holomorphic con-
formal connections respectively. Picard–Fuchs uniformization occurs when the Gauss-
Manin connection of such a family of elliptic curves (resp. lattice polarized K3 surfaces)
is a holomorphic projective (resp. holomorphic conformal) connection.

The lack of a global Torelli theorem for Calabi–Yau threefolds (in particular no pre-
sentation of the coarse moduli space as a locally symmetric space) prevents one from
algebraically defining generalized functional invariants or mimicing the previous argu-
ments for elliptic curves and K3 surfaces. Instead of an algebraic criterion for modularity
of the mirror map, we must settle for a differential algebraic one in general.

The Picard–Fuchs equation for a one parameter family of Calabi- Yau manifolds
with h2,1 = 1 has order four. Moreover the constraints imposed by special geometry
imply that about a point of maximal unipotent monodromy there is a set of fundamental
solutions of the form

u, u · t, u · Ḟ , u · (tḞ − 2F) ,

whereu(z) is the fundamental solution locally holomorphic at the point of maximal
unipotent monodromy,t (z) is the mirror map, andF(z) is the prepotential (the derivative
Ḟ is taken with respect to the mirror map coordinatet). Following Lian and Yau, one
can derive a “quantum Schwarzian equation” relating the second order coefficient of the
Picard–Fuchs equation, the mirror map, and the Yukawa couplings (Sect. 4.1).

In the absence of instanton corrections, this quantum Schwarzian reduces to a classical
one, and the Picard–Fuchs equation takes the special form of a symmetric cube of a
second order equation. We give first a criterion for modularity of such mirror maps in
the beginning of Sect. 4.2.

Suppose on the other hand that there are instanton corrections, so the quantum
Schwarzian is not classical. If we assume that the mirror map is an automorphic func-
tion, it will satisfy another classical Schwarzian equation. By subtracting the two to
eliminate the Schwarzian derivative terms, and applying a reduction of order argument
to the original Picard–Fuchs equation, we obtain a nonlinear differential equation in the
Yukawa coupling and coefficients of the Picard–Fuchs and classical Schwarzian equa-
tions (the “modularity equation” in Theorem 9). The mirror map does not appear in this
expression, yet the equation will hold if and only if the mirror map is automorphic. This
is our general criterion for modularity of the mirror map for Calabi–Yau threefolds.

The absence of instanton corrections in a one parameter family of Calabi–Yau three-
folds corresponds to the existence of a homogeneous third order relation among the four
periods, i.e., the image of the period mapping lies on a twisted cubic space curve. It is
natural to ask what other homogeneous algebraic relations can occur between periods
of one parameter families of Calabi–Yau threefolds. We call these “algebraic” instanton
corrections. In Sect. 4.3 we apply a century old theorem of Fano to give a rough clas-
sification, paralleling the structure of the differential Galois group of the Picard–Fuchs
equation.

Most of the results on the mirror map for Calabi–Yau manifolds which appear in
the literature depend on the hypothesis that the families of Calabi–Yau threefolds arise
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“torically”, i.e., as particular parametrized families of hypersurfaces or complete inter-
sections in Fano toric varieties. By working in the setting of transcendental algebraic
geometry, we obtain general results about whole classes of families of Calabi–Yau man-
ifolds. There has been a major effort in the literature to produce examples, first of mirror
maps in general [19,14–16] and then to test the (generalized) Mirror-Moonshine phe-
nomenon in particular [23–26,42]. Since the point of this paper is to explain general
tools and results, we refer the reader interested in examples to the papers cited above.

2. Elliptic Curve Families

In this section we derive the modularity criterion for mirror maps of one parameter
families of elliptic curves with section (Theorem 2), and make some comments on the
case of multiparameter families of elliptic curves (Sect. 2.2). It does not really make
sense to ask our question in this latter case, but we will use it to motivate some aspects
of the problem for multiparameter families of K3 surfaces.

2.1. One parameter families of elliptic curves with section.In the early 1960’s Kodaira
developed a general theory of elliptic surfaces, i.e., compact complex surfaces fibered
over curves, with generic fiber an elliptic curve. In particular he showed that every elliptic
surface with section is determined by a pair of natural invariants. The first of these, the
functional invariant, is a meromorphic function on the base of the family which keeps
track of theJ -value of each elliptic curve fiber. The second, thehomological invariant,
is nothing more than the monodromy representation associated with the second order
Fuchsian ordinary differential equation satisfied by the periods, i.e., the monodromy of
the Picard–Fuchs equation.

The elliptic surfaces with a section, thebasic elliptic surfaces, play a distinguished
role in Kodaira’s theory. There is acanonical formfor such a family of elliptic curves
π : X → C with section, exhibitingX as a divisor in aP2-bundle over the base curve
C:

Theorem 1 ([29], Theorem (2.1)). Let� denote the given section ofπ , i.e.,� = s(C),
a divisor onX which is taken isomorphically ontoC by π . Let L = π∗[OX(�)/OX].
Suppose that the general fiber ofπ is smooth. ThenL is invertible andX is isomorphic
to the closed subscheme ofP = P(L⊗2⊕ L⊗3⊕ OY ) defined by

y2z = 4x3− g2xz
2− g3z

3 ,

where
g2 ∈ �(C,L⊗−4) , g3 ∈ �(C,L⊗−6) ,

and[x, y, z] is the global coordinate system ofP relative to(L⊗2,L⊗3,OC). Moreover
the pair(g2, g3) is unique up to isomorphism, and thediscriminant

g3
2 − 27g2

3 ∈ �(C,L⊗−12)

vanishes at a points ∈ C precisely when the fiberXs is singular. �
For a family of elliptic curves in Weierstrass form, the functional invariant takes the

form

J = g3
2/� : C → P

1
J . (1)
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The fact that the functional invariant takes the special form of Eq. (1) is evidence of
the coarseness of the “J - line” moduli space of elliptic curves. By contrast, if we were
to mark the two torsion on each elliptic curve, i.e., use the Legendre familyy2 =
x(x − 1)(x − λ(s)) “λ-line” moduli space, thenanyrational function on the base curve
C would be a “λ-functional invariant” for a family of elliptic curves with level two
structure overC.

Kodaira has classified the singular fiber types which can arise in Weierstrass fibered
elliptic surfaces. The singular fibers which appear in a smooth minimal elliptic surface
fall into “types”:

In (n ≥ 0), II , III , IV , I∗n (n ≥ 0), IV∗, III ∗, and II∗.

Denote a smooth elliptic fiber by I0. The fiber of type I1 is a rational curve with a single
node. More generally, fibers of type In consist of ann-cycle of intersecting rational
curves forn ≥ 1. A fiber of type II is just a rational curve with a single cusp. Type III
fibers consist of two rational curves with a single point of tangency. Fibers of type IV
consist of three rational components intersecting at a single point. There are also fibers
of types I∗n, n ≥ 0, IV∗, III ∗, and II∗, whose dual intersection graphs, minus in each case
a multiplicity one component, correspond to those graphs of Dynkin typesDn+4, E6,
E7, andE8 respectively.

We now recall how the Kodaira fiber types correlate with the ramification behavior
of theJ-map.

Lemma 1 ([30], Lemma IV.4.1). LetF = Xs be the fiber ofπ overs ∈ C, and letνs(J)
be the multiplicity of the functional invariant ats.

1. If F has typeII , IV , IV∗, or II∗, thenJ(s) = 0. Conversely, suppose thatJ(s) = 0.
Then
– F has typeI0 or I∗0 if and only ifνs(J) ≡ 0 mod 3,
– F has typeII or IV∗ if and only ifνs(J) ≡ 1 mod 3,
– F has typeIV or II∗ if and only ifνs(J) ≡ 2 mod 3.

2. If F has typeIII or III ∗, thenJ(s) = 1. Conversely, suppose thatJ(s) = 1. Then
– F has typeI0 or I∗0 if and only ifνs(J) ≡ 0 mod 2,
– F has typeIII or III ∗ if and only ifνs(J) ≡ 1 mod 2.

3. F has typeIn or I∗n with n ≥ 1 if and only ifJ has a pole ats of ordern. �

Following [35, p. 304], one can apply the Griffiths-Dwork approach to computing
the Picard–Fuchs equation of a Weierstrass elliptic surface as a Fuchsian system:

d

dz

(
η1
η2

)
=

[ −1
12d log� 3δ

2�−g2δ
8�

1
12d log�

] (
η1
η2

)
,

where
� = g3

2 − 27g2
3 , δ = 3g3g2

′ − 2g2g3
′

and

η1 =
∫
γ

dx

y
, η2 =

∫
γ

xdx

y
.

From this, for a one parameter family of elliptic curves in Weierstrass form it is not
difficult to write down the Picard–Fuchs second order ordinary differential equation
satisfied by the periods of the holomorphic one formω = dx/y over the one cycles on
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the fibers. Picking a basis of one cyclesγi, i = 0,1, we denote byfi =
∫
γi

ω the basis
of solutions to the Picard–Fuchs equation.

We can now reinterpret Kodaira’s functional invariantJ as the composition of the
projective period morphismτ := f1/f0 : C → H ⊂ P

1 and the morphismJ : H → P
1

extending the classical modular function, i.e.,J = J ◦ ω1/ω0:

Ez
�� E

��

H

J (τ)

��������������

C

τ(z) ����������

�������

�������

∂(z)
�� PSL(2,Z)\H∗ ∼= P

1
J

Recall that a regular singular point of a Fuchsian ordinary differential equation of
orderk

dkf

dsk
+ P1(s)

dk−1f

dsk−1 + . . .+ Pk(s)f = 0 , Pi(s) ∈ C(s) , (2)

is called apoint of maximal unipotent monodromyif the local monodromy matrixG is
such thatG− Ik is nilpotent with exact orderk. In a neighborhood of a point of maximal
unipotent monodromy, Frobenius’ method tells us that there is a basis of solutions such
that the first is holomorphic at the point, the second has logarithmic behavior, the next
behaves like log2, . . . , up to logk−1.

An easy consequence of Lemma 1 is

Corollary 1. The points of maximal unipotent monodromy in the base curveC of an
elliptic surfaceE are the pointss ∈ C over which there is a singular fiber of typeIn or
I∗n, n ≥ 1 (i.e., the support of the semistable elliptic fibers).�
Moreover, the presence of a point of maximal unipotent monodromy has global effects:

Corollary 2. The Picard–Fuchs differential equation of an elliptic surface has a point
of maximal unipotent monodromy if and only if the global monodromy group has infinite
order if and only if the family of elliptic curves is not isotrivial.�

Consider more generally a one parameter family of Calabi–Yau manifoldsπ : X →
C, whose Picard–Fuchs equation has a point of maximal unipotent monodromy. In a
neighborhood of such a point consider the multivalued truncated period vector consisting
only of the holomorphic solution and the logarithmic solution

[phol(s) : plog(s)] : C � P
1.

If the image lies in the upper half planeH ⊂ P
1, then, possibly after composition

with projective linear transformations so that the singular point lies at 0∈ P
1 and

maps toı∞ ∈ H
∗ ⊂ P

1, we can consider theq-series for the local inverse mapping
z(q(τ )) : H �� C , q(τ) = e2πıτ .

Thisq-seriesz(q) is called themirror mapof the familyπ : X → P
1 about the point

of maximal unipotent monodromy:

H

z(q)��
P

1

τ(z)
����������

�������

�������
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Example 1.Consider the familyEJ of elliptic curves overP1 defined by the equation

EJ : y2 = 4x3− 27s

s − 1
x − 27s

s − 1
.

The periods of the formdx/y may be given in terms of the hypergeometric function2F1
(see [39, pp. 232–233] for explicit expressions). The Picard–Fuchs equation is

d2f

ds2 +
1

s

df

ds
+ (31/144)s − 1/36

s2(s − 1)2 f = 0.

There is a basis of solutions with local monodromiesG0, G1, G∞ about the regular
singular points{0,1,∞} respectively, where

G0 =
(

1 1
−1 0

)
, G1 =

(
0 −1
1 0

)
, G∞ =

(
1 1
0 1

)
.

The unique point of maximal unipotent monodromy lies ats = ∞ ∈ P
1. The mirror

map about this point is quite familiar. Since the maximal unipotent monodromy point
is at∞, we change variables first toz = 1/s so the mirror mapq-series will be locally
holomorphic. The single-valued local inverse to the period mapping is then the reciprocal
of theq-series for the elliptic modular functionJ (q),

J (q) = 1

q
+ 744+ 196884q + 21493760q2+O(q3) ,

z(q) = 1

J (q)
= q − 744q2+ 356652q3− 140361152q4+O(q5).

The period mapping is defined as a map to projective space. If one is interested in the
mirror map it is often preferable to consider the Picard–Fuchs differential equation only
up to “projective equivalence”. Theprojective normal formof a Fuchsian ordinary dif-
ferential equation (e.g., that in Eq. (2) above) is the unique Fuchsian ordinary differential
equation without a(k − 1)st order derivative

dkg

dsk
+ R2(s)

dk−2g

dsk−2 + . . .+ Rk(s)g = 0 , Ri(s) ∈ C(s)

whose fundamental solutions define the same projective period map as that of Eq. (2). It
is always possible to pass to the projective normal form differential equation by rescaling
each fundamental solution of the original equation by thekth root of the Wronskian.

Example 2.Suppose now thatk = 2, i.e., the initial differential equation is

d2f

ds2 + P1(s)
df

ds
+ P2(s)f = 0 ,

then the projective normal form of this differential equation takes the particularly simple
form

d2g

ds2 +
(
P2(s)− 1

2
P1
′(s)− 1

4
P1(s)

2
)
g = 0.

Let /J denote the projective normal form of the Picard–Fuchs equation of the family
EJ from Example 1,

/J : d2

ds2 +
36s2− 41s + 32

144s2(s − 1)2 .
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As the process of taking the projective normal form does not alter the position or type
of a maximal unipotent monodromy point, and as the projective solution determines the
mirror map there, we see that

the mirror mapz(t) of a family of Calabi–Yau manifolds about a point of max-
imal unipotent monodromy of the Picard–Fuchs equation is determined by the
projective normal form of this differential equation.

Since the projective normalized Picard–Fuchs equation determines the mirror map, it is
natural to ask if there is a simpler expression for this differential equation. In fact, by
direct computation one can check that

Proposition 1. The projective normalized Picard–Fuchs equation of a one parameter
family of elliptic curves with section equals the projective normal form of the pullback
J∗(/J ) of /J fromP

1
J to C by the functional invariant. �

Thus the mirror map of a one parameter family of elliptic curves is determined by the
functional invariantJ. This suggests that the answer to our modularity question should
be expressed purely in terms of properties of the functional invariant itself.

We now discuss three approaches to characterize modular mirror maps, each yielding
the same criterion stated in terms of properties of the functional invariant. The three
methods amount to the characterization of modular functions on the upper half planeH

in terms of

1. modular relations between modular hauptmoduls and the elliptic modular functionJ ,
2. uniformizing differential equations (genusg = 0) and holomorphic projective con-

nections (g ≥ 1) on modular curves, and
3. branched covers of theJ -line elliptic modular orbifold, respectively.

The first of these is the most classical, implicit in fact in the early works of Fricke and
Klein [11].They introduce the notion of a single valued local uniformizer, orhauptmodul,
H(τ) for a genus zero modular curve. They compute several classical examples of
modular relationsbetween hauptmodulsH(τ) and the elliptic modular functionJ (τ),
i.e., rational functionsR(z) ∈ C(z) with the property thatR(H(τ)) = J (τ). In [1]Atkin
and Swinnerton-Dyer state the following characterization of modular relations:

Proposition 2. A functionf (τ) is a hauptmodul for a finite index subgroup of the
classical elliptic modular groupPSL(2,Z) if and only if there is a rational function
R(z) ∈ C(z) such that

1. R(f (τ )) = J (τ),
2. R(z) ramifies only over{0,1,∞} ⊂ P

1
J , and

3. the orders of ramification are= 1 or 3 over0, and= 1 or 2 over1. �
They comment further that this divisibility criterion extends to automorphic functions
for subgroups of PSL(2,Z) of arbitrary genus. Their proof was extended by Venkov [41]
to genus zero Fuchsian groups of the first kind more general than the classical elliptic
modular group. The mirror map of a one parameter family of elliptic curves is modular
when the functional invariant satisfies the three conditions of the proposition.

The second approach, the one used to characterize modular mirror maps for families
of elliptic curves overP1 in [8], focuses on the local properties of Fuchsian second
order ordinary differential equations in projective normal form which characterizeuni-
formizing differential equations. The uniformization theory for Riemann surfaces can be
reformulated after Gunning [13] in terms ofholomorphic projective connectionson the
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Riemann surface. On a local chart, or over a genus zero Riemann surface, this projective
connection takes the form of a second order Fuchsian ordinary differential equation in
projective normal form, i.e.,

d2f

dz2 +Q(z)f = 0. (3)

A fundamental set of solutions{f1, f2} to a uniformizing differential equation (3) has
the property thatQ(z) is the Schwarzian derivative of the projective solutionτ(z) =
f1(z)/f2(z)with respect toz, i.e.,Q(z) = {τ(z); z}.The local behavior of the Schwarzian
at poles then characterizes the class ofQ(z) corresponding to uniformizing differential
equations. Our criterion for modularity of the mirror map becomes a constraint on the
functional invariantJ so that the projective normalization of the pullback of the projective
normalized/J (uniformizing differential equation for theJ -line) is again a uniformiz-
ing differential equation. The “no excess ramification” condition (i.e., no ramification
except over{0,1,∞} ⊂ P

1
J ) means that the projective normal form of the Picard–Fuchs

equation must be free of apparent singularities. For a detailed discussion see [8, §3,4].
The third method, characterizing branched covers of orbifolds, is the most easily

generalized of these three, and hence is our method of choice. We sketch here the theory
of branched covers of orbifolds due to Kato, following Yoshida [44, §5.1]. LetX be a
compact Riemann surface of genusg, equipped withm ≥ 1 marked “orbifold points”
aj ∈ X and associated “orbifold weights”bj ∈ Z (2 ≤ bj ≤ ∞). Suppose thatg = 0
andm ≥ 3. Fix the following data:X0 := X \ {a1, . . . , am}; X̃0 the universal covering
of X0; H the fundamental group ofX0, which we also view as the transformation
group ofX̃0; µj the element ofH represented by a simple loop aboutaj ; H [µb] the

smallest normal subgroup ofH containingµ
bj
j (j = 1, . . . , m) (determined uniquely

independent of choice ofµj or basepoint forH ). LetK be an arbitrary subgroup ofH
containingH [µb], X′0 the covering ofX0 corresponding toK, andX′ the completion
of X′0, i.e., the space obtained by adding toX′0 all points over theaj with finite bj .
Then we have a sort of “galois correspondence” of branched covers: The spaceX′ is a
branched cover ofX branching ataj with a ramification index dividingbj ; we say that
X′ is branched at most over the divisorD = ∑m

j=1 bj · (aj ) ∈ Pic(X). Conversely, to

such a branched covering ofX there corresponds a subgroupK, H [µb] ⊂ K ⊂ H . The
coveringM corresponding toK = H [µb] is called theuniversal branched coveringof
X. In other words we have the following diagram of correspondences:

X̃0 ↔ 1
↓ |

1 ↔ M ⊃ M0 ↔ H [µb]
| ↓ ↓ |

K/H [µb] ↔ X′ ⊃ X′0 ↔ K

| ↓ ↓ |
H/H [µb] ↔ X ⊃ X0 ↔ H

In this language we can most cleanly state our modularity criterion for the mirror
map:

Theorem 2. The mirror map of a one parameter family of elliptic curves with section
π : E → C is an automorphic function for a finite index subgroup ofPSL(2,Z) if and
only if the functional invariantJ(z) is branched at most over3 · (0)+2 · (1) ∈ Pic(P1

J ).
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Proof. Apply the galois correspondence above to theJ -line orbifold. The Riemann
surfaceX ∼= P

1
J (genusg = 0), m = 3, a1 = 0, a2 = 1, a3 = ∞, b1 = 3, b2 = 2,

b3 = ∞, D = 3 · (0)+ 2 · (1) ∈ Pic(P1
J ). There is a correspondence between Riemann

surfaces uniformized by subgroups ofH/H [µb] ∼= PSL(2,Z) and covers of theJ -line
branched at most overD = 3 · (0)+ 2 · (1). The mirror map is an automorphic function
for a subgroup of PSL(2,Z) if and only if the baseC of the family is so uniformized.
But the branched coveringC → P

1
J is given byJ. Hence the modularity criterion is just

that the natural cover of theJ -line defined by the functional invariant branch at most
overD. �
This is not the end of the story in the elliptic curve case. By Lemma 1 we know the
correspondence between local ramification behavior of the functional invariant and the
type of Kodaira singular fiber to appear in the elliptic surface. In particular, if the mirror
map of a basic elliptic surface is modular, then there are no singular fibers of types
IV or II ∗. Moreover, if one restricts to the case of rational elliptic surfaces where all
combinations of singular fiber types are known, one can list all rational elliptic modular
surfaces with section. See [8, Theorem 4.11].

2.2. Multi-parameter families of elliptic curves.The definition of Weierstrass fibrations
in the one parameter case extends naturally to multiparameter families of elliptic curves
with section. It is natural to ask if the modularity characterization extends in any way
to familiesπ : E → S of elliptic curves with section where dim(S) ≥ 2. This isn’t
possible, but the obstruction is of interest in itself, and suggests an important hypothesis
to make in the case of multiparameter families of K3 surfaces (Sect. 3.2).

To begin with, the Gauss-Manin system for a multiparameter family of elliptic curves
consists of a rank two system of linear partial differential equations. With a slight modi-
fication, we can construct a family of varieties for which the Gauss–Manin system takes
a recognizable projective normal form. Replace ann parameter family of elliptic curves
fiberwise with theirnth power. The resulting Gauss-Manin system (essentially thenth
symmetric power of the original) is a rankn+1 system of linear partial differential equa-
tions inn independent variables. A (projective) normal form exists for such differential
equations [28]:

∂2w

∂zi∂zj
=

n∑
k=1

P k
ij

∂w

∂zk
+ P 0

ijw (i, j = 1, . . . , n).

In the one parameter setting (n = 1) these equations reduce to projective normalized
second order Fuchsian ordinary differential equations. Local conditions coming from
the Schwarzian derivative define a natural subclass consisting of uniformizing differen-
tial equations for Riemann surfaces with respect to subgroups of PSL(2,R) (projective
connections ifg ≥ 1). In the multivariable case, the analogous subclass consists of the
multiparameterholomorphic projective connections(connections modelled after projec-
tive space) much studied by Kobayashi [20] in a program established by Cartan. Holo-
morphic projective connections generalize the Schwarzian derivative, and uniformize
quotients of then-ball

Bn := {[z0 : . . . : zn] ∈ P
n | |z0|2− |z1|2− . . .− |zn|2 > 0}

by a discrete subgroup of the analytic automorphisms.
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The difficulty we encounter in generalizing our modularity criterion for the mirror
map to multiparameter families of elliptic curves is fundamental. The image of the
projective period morphism, even considering the symmetric power family, only lies
on a one dimensional submanifold of the period domainBn! A necessary condition for
the Picard–Fuchs equation to uniformize the baseS of our family E is for the period
mappingS � Bn to be surjective. In fact, as the local inverse to the period mapping,
the mirror map itself cannot be defined unless the period mapping is surjective and the
dimension ofS equals that of the period domain.

This suggests two ingredients which will be needed for the multiparameter K3 surface
generalization in Sect. 3.2:

1. a notion of uniformizing differential equation well adapted for Picard–Fuchs equa-
tions of K3 surface families, and

2. consideration only of families with surjective period mappings.

3. K3 Surface Families

The results of Sect.2 are extended here to families of lattice polarized K3 surfaces with
surjective period mappings, first in the one parameter case (Sect. 3.1) and then for
multiparameter families (Sect. 3.2). By applying the resulting criterion for automorphic
mirror maps to one parameter families of rank 19 lattice polarized K3 surfaces, we
explain the Mirror-Moonshine phenomenon of Lian and Yau.

3.1. One parameter families of K3 surfaces.In their first systematic investigations of
mirror symmetry for one parameter families of Calabi–Yau manifolds constructed via
the “orbifold construction” [24], Lian andYau discovered that the reciprocal of the mirror
maps for the K3 surfaces they were studying agreed, up to an additive constant, with
some of theMcKay–Thompson normalizedq-seriesin the lists of Conway–Norton [4].
The evidence was sufficiently strong that they formulated

Conjecture 1 (Mirror-Moonshine, [24,23]).If z(q) is the mirror map for a one parameter
family of algebraic K3 surfaces from an orbifold construction which has a third order
Picard–Fuchs equation, then, for somec ∈ Z, theq-series

1

z(q)
+ c

is a McKay–Thompson seriesTg(q) for some elementg in the Monster.

In [25,26], Lian andYau compute many more toric examples (including over a dozen
complete intersection examples), and note that the correspondence to monstrous groups
persists. This suggested that the hypothesis regarding the “orbifold construction” should
perhaps be weakened to the hypothesis “torically constructed”.

As noted in the proof of Theorem 5, for a family of lattice polarized K3 surfaces
the condition of having a third order Picard–Fuchs equation is equivalent to the generic
member possessing a polarization by a lattice of rank 19.

Furthermore, a McKay–Thompson series is in particular a hauptmodul for some
“monstrous” genus zero arithmetic group�, and the various equivalent hauptmoduls are
well-defined as generators of the function field of the rational curve� \H

∗ only up to
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action of�. We see that in Conjecture 1 an equivalent conclusion is that the mirror map
is itself a hauptmodul (unnormalized!) for some monstrous�.

Before Conjecture 1 was even formulated, Beukers, Peters, and Stienstra had com-
puted the Picard–Fuchs equation of a particular family of rank 19 lattice polarized K3
surfaces [33]. The mirror map was determined by Verrill and Yui [42]. Although it is
a hauptmodul, thisq-series does not satisfy the conclusion of the Mirror-Moonshine
Conjecture. Thus it provides a counterexample to a “monstrous” generalization of the
Mirror-Moonshine Conjecture for torically constructed families.

This suggests that we characterize the families of rank 19 lattice polarized K3 surfaces
whose mirror maps are hauptmoduls for genus zero groups – a special case of our question
from the introduction.

The condition that a one parameter family of K3 surfaces have a third order Picard–
Fuchs equation is actually quite natural. The periods obtained by integration of the
holomorphic two formω = ω(2,0) over algebraic two cycles all vanish. For a K3 surface
X, the intersection form defines onH2(X,Z) the structure of a lattice, isomorphic to the
even unimodular lattice

L = U ⊥ U ⊥ U ⊥ −E8 ⊥ −E8 ,

whereU is the standard hyperbolic plane. The sublattice of algebraic cycles inH2(X,Z)

is naturally identified with the Picard group Pic(X) of divisor classes ofX. Thus the
rankρ of the Picard group determines the order of the Picard–Fuchs equation: order of
Picard–Fuchs= 22− ρ. In particular, the families considered by Lian and Yau all have
Picard rank 19.

LetM be a lattice. AnM-polarized K3 surfaceis a pair(X, j) of a K3 surfaceX and
a primitive lattice embeddingj : M ↪→ Pic(X). The examples studied by Lian and Yau
relating to Mirror-Moonshine are families of rank 19 lattice polarized K3 surfaces.

A moduli space for lattice polarized K3 surfaces is constructed in [6, §3]. Each
isomorphism class of(X, j) is represented by a point of this coarse moduli spaceKM .
Moreover the global Torelli theorem for lattice polarized K3 surfaces implies, as with
theJ -line in the case of elliptic curve moduli, thatKM has the structure of an arithmetic
quotient of a symmetric homogeneous spaceDM (a bounded symmetric domain of type
IV) by an arithmetic group�M . Here

DM
∼= O(2,20− ρ)/(SO(2)×O(20− ρ))

and
�M = ker(O(N)→ Aut(N∗/N)) ,

whereN := M⊥
L . In particular, if the rank ofM is 19 thenDM

∼= H.
The generalized functional invariantHM : S → KM of a family π : X → S of

M-polarized K3 surfaces may now be defined, by analogy with the elliptic curve case,
as the composition of the multivalued period morphismS � DM and the arithmetic
quotientDM → KM .

Since we are particularly interested in the caseρ = 19, the Picard–Fuchs equations
of such one parameter families must be studied. We begin by examining some prelim-
inary generalities on symmetric powers of second order Fuchsian ordinary differential
equations.

Assume that we have a second order Fuchsian ordinary differential equationL2f = 0,
where

L2 = d2

ds2 + P1(s)
d

ds
+ P2(s).
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The second order equationL2f = 0 is equivalent to the system of first order differential
equations {

f ′ = g

g′ = −P2f − P1g

with {f, g} as fundamental solutions. Observe that

{f n, f n−1g, . . . , fgn−1, gn}
forms a set of fundamental solutions for thenth symmetric powerL = L

� n
2 . The

following result describes a system of first order differential equations forL with these
fundamental solutions.

Theorem 3 ([21], Theorem 2). If {f, g} satisfy a first order2× 2 differential system

d

dt

(
f

g

)
=

(
0 1
−P2 −P1

) (
f

g

)
,

then{f n, f n−1g, . . . , fgn−1, gn} satisfy the(n+ 1)× (n+ 1) system

d

dt




f n

f n−1g
...

fgn−1

gn


 = A




f n

f n−1g
...

fgn−1

gn


 ,

whereA = (aij ) is an(n+ 1)× (n+ 1) matrix such that

ak,k = (1− k)P1, 1≤ k ≤ n+ 1,
ak,k+1 = n+ 1− k, 1≤ k ≤ n,

ak+1,k = −kP2, 1≤ k ≤ n,

ai,j = 0, i > j + 1 or j > i + 1. �

Example 3.In particular, whenn = 2, the case for a symmetric square, one may rewrite
the system in terms of a single third order operator

Sym2(L2) = d3

ds3 + 3P1
d2

ds2 + (2P1
2+ 4P2+ P1

′) d

ds
+ (4P1P2+ 2P2

′).

Our next task is to show that the Picard–Fuchs equation of a one parameter family of
rank 19 lattice polarized K3 surfaces is a symmetric square of a second order equation,
and to reduce the modularity question for the mirror map to the second order setting.

Theorem 4 ([38], Lemma 3.1.(b)). Let L1(y) andL2(y) be homogeneous linear dif-
ferential polynomials with coefficients inC(t). Then there exists a homogeneous linear
differential equationL3(y) = 0 with coefficients inC(t) and solution space theC-span
of

{ν1ν2 | L1(ν1) = 0 and L2(ν2) = 0}. �
We call the operatorL3(y) constructed above thesymmetric productof L1 andL2, and
denote it byL1�L2. In fact, the operation is associative, and we may further define
L� n for n ≥ 1 byL�1 = L andL� n = L� n−1�L. We call Symn(L) = L� n thenth

symmetric powerof L; conversely,L is thenth root of L� n.
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Lemma 2 ([38], Lemma 4, p. 129). Let L(y) be a homogeneous linear differential
polynomial with coefficients inC(t). ThenL(y) = L

� n
2 (y) for some second order

homogeneous linear differential polynomialL2(y) with coefficients inC(t) if and only
if there exists a fundamental set of solutions{y1, . . . , yn+1} of L(y) = 0 such that

yiyi+2− y2
i+1 = 0 , i = 1, . . . , n− 1. �

Corollary 3. Let L(y) = 0 be a third order homogeneous linear equation with coeffi-
cients inC(t). If there exists a nondegenerate homogeneous polynomialP of degree2
with constant coefficients and a fundamental set of solutions{y1, y2, y3} of L(y) = 0
such thatP(y1, y2, y3) = 0, thenL(y) is the second symmetric power of a second order
homogeneous linear differential equation with coefficients inC(t).

Proof. This follows easily from Lemma 2. By assumption, the fundamental set of solu-
tions satisfies a nondegenerate quadratic relation. Since all such quadrics inP

2(C) are
projectively equivalent to

y1y3− y2
2 = 0

the criterion of the lemma applies andL(y) is a symmetric square.�
In this form, using the expression for the projective normal form of a second order

Fuchsian differential equation given in Example 2, it is easy to check that:

Proposition 3. LetL2 be as above a second order Fuchsian ordinary differential oper-
ator, and letL = Sym2(L2) be its symmetric square. Then the projective normal form
of L is the symmetric square of the projective normal form ofL2. �
In fact, it is possible to provide an explicit description of the relationship between the
monodromy matrices of the second order “square root” equation and those of the third
order symmetric square equation. This is provided by the faithful representation of
SL(2,C) in SL(3,C) via the symmetric square representation [38].

Finally, we see the relevance of all of this for Picard–Fuchs equations of our rank 19
lattice polarized K3 surface families:

Theorem 5. The Picard–Fuchs equation of a family of rank 19 lattice polarized K3 sur-
faces is the symmetric square of a second order homogeneous linear Fuchsian ordinary
differential equation.

Proof. To begin with, the order of the Picard–Fuchs equation is equal to the rank of
the transcendental lattice, i.e., 22− 19 = 3. By Nikulin’s Torelli theorem for lattice
polarized K3 surfaces the period domain lies on a nondegenerate quadric inP

2 [6].
Thus, Corollary 3 implies that the third order Picard–Fuchs differential equation is in
fact a symmetric square.�

There is another approach to proving this result in the special case of K3 surfaces
polarized by a lattice of the form

Mn := U ⊥ U ⊥ −E8 ⊥ −E8 ⊥ 〈−2n〉 ,
which takes advantage of their presentation asShioda-Inose surfacescoming from a
product of two elliptic curves linked by ann-isogeny. See [32] for more details. Such a
simple geometric description is lacking in case of a general rank 19 lattice polarization.
Nevertheless, our approach via symmetric square(root) Picard–Fuchs equations still
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applies! This is what allows our transcendental methods to extend beyond theMn-
polarized case to general rank 19 lattice polarized K3 surface families.

We have effectively reduced the question of automorphicity of the mirror map to the
case of uniformization of orbifold Riemann surfaces by second order Fuchsian equations
already addressed in Sect. 2.1. Our result is

Theorem 6. The mirror map of a one parameter family of rank 19 lattice polarized K3
surfacesπ : X → C is an automorphic function for a finite index subgroup of�M if and
only if the generalized functional invariantHM(z) is branched at most over the orbifold
divisorD ∈ Pic(KM).

Proof. By Theorem 5 the Picard–Fuchs equation of such a family of K3 surfaces is a
symmetric square. The mirror map of a one parameter family of rank 19 lattice polarized
K3 surfaces about a point of maximal unipotent monodromy is identical to that of the
projective normalized square root of its Picard–Fuchs equation about the corresponding
point: If {f, g} is a fundamental set of solutions to the square root equation, sayf the
locally holomorphic solution, then{f 2, fg, g2} is a fundamental set of solutions to
the symmetric square, withf 2 locally holomorphic. The (truncated) projective period
mapping for the K3 surface family, is given byfg/f 2 = g/f , which is exactly the
projective period ratio of the square root equation. Thus the mirror map for the K3
surface family is modular if and only if the projective normalized square root of Picard–
Fuchs is a uniformizing differential equation forC. We can now apply the same galois
correspondence for branched covers of orbifolds we used in Theorem 2. NowX = KM ,
theaj andbj are determined by the positions and orders of the fixed points of the action
of �M onDM

∼= H, and the total orbifold divisor ofKM is againD =∑m
j=1 bj · (aj ) ∈

Pic(KM). �
Using the theorem of Fano reproduced in Sect. 4.3, we can even characterize near

modularity properties of one parameter families of rank 18 lattice polarized K3 surfaces.
By the nondegenerate quadric structure of the period domain and case 3 of Theorem 9
we know that the fourth order projective normalized Picard–Fuchs equation is a ten-
sor product of two second order Fuchsian equations in projective normal form. If the
fundamental solutions, in{hol., log.} pairs, for these factor equations are

{a, b} and{c, d} ,
then the fundamental solutions to the product equation take the form

{ac, bc, ad, bd}
so the truncated projective period mapping consists of the pair{b/a, d/c}, i.e., the pair
of projective solutions to the factor equations. Although it is not natural to describe the
mirror map when the dimension of the family is unequal to that of the associated period
domain, there is a good notion of “bimodularity”, i.e., when each factor equation is a
uniformizing differential equation (necessarily distinct else the lattice polarization rank
jumps to 19 and the equation is a symmetric square).

3.2. Multi-parameter families of K3 surfaces.For the multiparameter definition of
points of maximal unipotent monodromy and the mirror map we refer the reader to
the unified presentation in [5] (§5.2.2 and §6.3.1 respectively). The details of the local
description of the mirror map are in fact irrelevant for what follows as we address the
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globalquestion of modularity. In any case, the existence of a point of maximal unipotent
monodromy is again guaranteed by the (related) hypotheses:

1. the family is not isotrivial, and
2. the period mapping is surjective.

We define the generalized functional invariantHM : S → KM for a familyπ : X → S

of M-polarized K3 surfaces as in Sect. 3.1 as the composition of the multivalued period
morphismS � DM and the quotient map to the coarse moduli spaceDM → KM

coming from the global Torelli theorem.
Under our hypotheses, the Gauss–Manin system for ann parameter family of rank

20−n lattice polarized K3 surfaces is a system of linear partial differential equations of
rankn+ 2 in n independent variables. Any such system has a (projective) normal form
[37]

∂2u

∂zi∂zj
= gij

∂2u

∂z1∂zn
+

n∑
k=1

Ak
ij

∂u

∂zk
+ A0

ij u (1≤ i, j ≤ n) ,

where

gij = gji , Ak
ij = Ak

ji , A0
ij = A0

ji , g1n = 1 , Ak
1n = A0

1n = 0

(for n ≥ 3), or [36]

∂2u

∂x2 = l
∂2u

∂x∂y
+ a

∂u

∂x
+ b

∂u

∂y
+ pu ,

∂2u

∂y2 = m
∂2u

∂x∂y
+ c

∂u

∂x
+ d

∂u

∂y
+ qu

(for n = 2).
The global Torelli theorem of Nikulin again implies that the periods map to a quadric

projective hypersurface. The natural subclass of uniformizing differential equations
adapted to the Picard–Fuchs equations of lattice polarized K3 surfaces with surjective pe-
riod mappings are theholomorphic conformal connections(connections modelled after
hyperquadrics) introduced by Kobayashi [20]. Once again the question of automorphic-
ity of the inverse to the projective period mapping reduces to the uniformizability of the
baseS of our family as a branched cover of the modular orbifoldKM .

Fortunately, the galois correspondence for branched covers of orbifold Riemann
surfaces has been generalized by Namba [31] to the case of orbifold complex manifolds
of higher dimension.We refer to [31, Theorem 1.2.7] for the details, but the only essential
difference is that we must add a higher dimensional analogue of the topological condition
excluding “g = 0,m = 1 or 2” in the Riemann surface case. This topological condition,
[31, Condition 1.2.4], says: ifµd

j ∈ H [µb], thenbj | d (for all j , 1 ≤ j ≤ m). By
applying the galois correspondence as before to our families we find

Theorem 7. The mirror map of ann parameter family of rank20− n lattice polarized
K3 surfacesπ : X → S is an automorphic function for a finite index subgroup of�M

(M := the polarizing lattice) if and only if the generalized functional invariantHM is
branched at most over the orbifold divisor ofKM . �
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4. Calabi–Yau Threefold Families

We have seen that the presence of a global Torelli theorem is a great help in establishing
modularity criteria for the mirror map, expressed in terms of natural algebraic invariants
of our families of Calabi–Yau manifolds. It is known that in general moduli spaces
of polarized Calabi–Yau threefolds lack the structure of a locally symmetric space.
Nevertheless, it is possible that a differential algebraic criterion for automorphicity of
the mirror map may be obtainable for Calabi–Yau threefold families by making use of the
“special geometry" of Calabi–Yau threefold moduli. In fact, one can use the constraints
imposed by special geometry on the Picard–Fuchs equation of a one parameter family
of Calabi- Yau threefolds withh2,1 = 1 to derive an auxiliary differential equation
(involving the Yukawa couplings, the coefficients of Picard–Fuchs, and the rational
function defining the putative uniformizing differential equation) which holds if and
only if the mirror map is an automorphic function (Theorem 9 in Sect. 4.2).

4.1. Picard–Fuchs equations of Calabi–Yau threefolds and special geometry.Special
geometry arises in globalN = 2 supersymmetry in four dimensions as a structure
on the manifold spanned by the scalars in the vectormultiplets. The moduli space of
(2,2) superconformal field theories, and thus the moduli space of Calabi–Yau threefolds,
satisfies the same constraint equation for the natural Kähler metric on moduli space.

In the case of one parameter families of Calabi–Yau threefolds withh2,1 = 1 much
is known about the implications of special geometry. In particular, the effect of special
geometry on the fourth order Picard–Fuchs ordinary differential equations is well known
[19,3]. We review these results in this section, using notation largely compatible with
that in [19,27]. We will always use primes (e.g.,f ′(z)) to denote derivatives with respect
to the base parameterz, and dots (e.g.,̇F(t)) to denote derivatives with respect to the
truncated period mapping parametert .

Suppose given the Picard–Fuchs equation for a family ofh2,1 = 1 Calabi–Yau
threefolds

Lf (z) = 0 : f ′′′′(z)+ b3(z)f
′′′(z)+ b2(z)f

′′(z)+ b1(z)f
′(z)+ b0(z)f (z) = 0

with fundamental solutions

(ξ0, ξ1, ξ0Ḟ (ξ1/ξ0), ξ0((ξ1/ξ0)Ḟ (ξ1/ξ0)− 2F(ξ1/ξ0))).

Thent (z) := ξ1/ξ0 is the truncated period mapping.
By rescaling the solutionsg(z) := f (z)/A(z), where

A(z) = exp

(
−1

4

∫
b3(z)dz

)
,

we obtain the projective normalized Picard–Fuchs equation

Lg(z) = 0 : g′′′′(z)+ a2(z)g
′′(z)+ a1(z)g

′(z)+ a0(z)g(z) = 0

with fundamental solutions 1/A(z) times the previous ones. In fact,a1(z) = a′2(z) (see
[19]). Let u(z) = ξ0/A. The quantum Yukawa coupling is related to the holomorphic
solutionu(z) about the point of maximal unipotent monodromy:

K = Ḟ (3) = const.A2/ξ2
0 = const./u2.
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By reduction of order applied to thez ↔ t variables exchanged equationL̃g = 0,
we derive a third order variant of the Picard–Fuchs equation int , satisfied byu(t),

PF
(3)
t u(t) = 0 : u̇(3)(t)+ 1

2c2(t)u̇(t)+ 1
4 ċ2(t)u(t) = 0,

i.e.,

PF
(3)
t u = 1

4

(
L̃(u · t)− t · (L̃u)

)
.

We recognizePF
(3)
t as the symmetric square of the second order “square root” equation

PF
(2)
t v(t) = 0 : v̈(t)+ 1

8c2(t)v(t) = 0

satisfied byv(t) = √u(t).
By plugging in the two remaining fundamental solutions, one finds that the resulting

system of equations reads

c2(t) = r2(t) , c0(t) = r0(t),

where

c2(t) = a2(z)(ż)
2− 15

2

(
z̈

ż

)2

+ 5
ż(3)

ż
= a2(z)(ż)

2+ 5{z(t), t},

r2(t) = 2
K̈

K
− 5

2

(
K̇

K

)2

,

and the lengthy expressions forc0(t) andr0(t) are found in [19], where they are used
to derive nonlinear ordinary differential equations of high order for the mirror map and
Yukawa coupling. Thec0 = r0 equation provides no simplification of our approach to
modularity in Sect. 4.2, soc0 andr0 may be safely ignored.

By reduction of order applied toLg = 0, we find a third order Picard–Fuchs type
equation inz for T (z) = t ′(z), PF

(3)
z T (z) = 0 :

T ′′′(z)+ 4
u′(z)
u(z)

T ′′(z)+
(

6
u′′(z)
u(z)

+ a2(z)

)
T ′(z)+

(
4
u′′′(z)
u(z)

+ 2a2(z)
u′(z)
u(z)

+ a′2(z)
)
T (z) = 0.

It is important that the dependence of the coefficients onu is only through the ratios

u′(z)
u(z)

,
u′′(z)
u(z)

, and
u′′′(z)
u(z)

– this is why the constant relatingK andu never enters into the equation even if we
rewrite it in terms ofK. With this in mind, letr := d logu, andLu(z) = 0 becomes

(r ′′′ + 4rr ′′ + 3(r ′)2+ 6r2r ′ + r4)+ a2(r
′ + r2)+ a′2r + a0 = 0. (4)

For Calabi–Yau threefold families (assuming special coordinates) Lian andYau show
that the mirror map satisfies a “quantum corrected” version of Schwarz’s equation (the
c2 = r2 equation above):

2Q(z)(ż)2+ {z, t} = 2
5 ÿ − 1

10(ẏ)
2,

wherey(t) = log(K(t)), Q(z) = a2(z)/10. For reference note as well that

c2(t) = 2ÿ − 1

2
(ẏ)2.
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4.2. Characterization of modular mirror maps.We will start with the case with no
instanton corrections:

The quantum corrections vanish if and only ifc2(t) = 0, i.e., when

ẍ = (ẋ)2,

wherex = y/4. LettingX = ẋ, this becomeṡX = X2, with solutionsX(t) = −(c−t)−1

for constantc. So

K(t) = exp(y(t)) = exp(4x(t)) = exp(4(log(c − t)+ d)) = const.(c − t)4.

WheneverK(t) does not take this particular form, we know that the mirror mapz(t) is
not an automorphic function for the projective monodromy group of the second order
ordinary differential equation in projective normal form with coefficientQ(z). Con-
versely, ifK(t) satisfies Eq. (4.2) andQ(z) satisfies the local conditions coming from
the Schwarzian derivative for orbifold uniformization (i.e., characteristic exponent differ-
ences are proper unit fractions or zero), then the mirror mapz(t) will be an automorphic
function. A two parameter family of Calabi–Yau threefolds (a subfamily of the 101 pa-
rameter family of Calabi–Yau quintic hypersurfaces inP

4) without instanton corrections
is described in [3].

Assume for the remainder of Sect. 4.2 that there are instanton corrections present.
Suppose that there is a rational functionR(z) (necessarily unequal toQ(z)) with respect
to which the mirror mapz(t) satisfies the classical Schwarz equation

2R(z)(ż)2+ {z, t} = 0 (5)

i.e., with respect to which the mirror map is an automorphic function. There is only one
such candidate rational functionR(z). This is the rational function which defines the
uniformizing differential equation with regular singular points with compatible charac-
teristic exponent differences exactly at those of the projective normal form Picard–Fuchs
equation. The only subtlety that arises is one of computational effectivity: If there are
more than three regular singular points, then the coefficients in the numerator ofR(z)

are difficult to determine in general from the denominator data – this is the famous
“accessory parameter problem” in Riemann–Hilbert theory.

By subtracting the two expressions (4.1) and (5) we have the equation

2(Q(z)− R(z))(ż)2 = 2

5
ÿ − 1

10
(ẏ)2. (6)

SetP(z) = 5(Q(z)− R(z)) andS(z) = (1/4)P (z). Then Eq. (6) can be rewritten as

S(z)(ż)2 = Ẋ −X2 , (7)

whereX = ẋ andx = y/4 as before. Now apply a Ricatti transformation

X(t) = ẇ(t)

w(t)
= d

dt
logw(t)

yielding the linear ordinary differential equation int

ẅ(t)+ S(z(t))(ż)2w(t) = 0.
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Now change the independent variable fromt to z and we get a second order linear
equation inz

w′′(z)− T ′(z)
T (z)

w′(z)+ S(z)w(z) = 0, (8)

whereT (z) = t ′(z).
This implies an equation forT

′(z)
T (z)

in terms of{w, S}, or {K,P }, or {u, a2, P }, or
{r, a2, P } (recallr = d logu). The equation in terms ofr, a2, P reads

T ′

T
= r ′

r
− 1

2
r − 1

2

P

r
.

One can of course substitute((a2(z)/2)− 5R(z)) for P(z) and obtain the expresion in
terms of{r, a2, R} as well.

Now apply this to reducePF
(3)
z to an expression of the formT (z)ϕ(z) = 0. Since

T (z) is not identically zero by assumption (the mirror map is locally invertible),ϕ(z) = 0.
This is the modularity condition.

If we use the expression ford logT in terms ofu, we can arrange to never have more
than au′′′ appear (usePF

(4)
z u = 0). Similarly we can arrange to never have more than

aw′′′ or aK ′′′ or a r ′′ appear. In ther variant in Theorem 9 below we use Eq. (4). Of
course this results in an additional term involvinga0 (there was onlya2 dependence in
the higher order equation).

Theorem 8. Here is the equation characterizing modularity of the mirror map in terms
of r, a0, a2, R:

0 = −a3
2 − 16a0r

2− 6a2
2r

2− 12a2r
4+ 8r6+ 30a2

2R

+ 80a2r
2R + 200r4R − 300a2R

2− 200r2R2+ 1000R3

+ 5a2ra
′
2− 6r3a′2− 50rRa′2+ 7a2

2r
′

+ 8a2r
2r ′ − 64r3r ′ + 116r4r ′ − 140a2Rr ′

− 80r2Rr ′ + 700R2r ′ − 12ra′2r ′ − 16a2(r
′)2

− 48r2(r ′)2+ 160R(r ′)2+ 16(r ′)3− 50a2rR
′ + 60r3R′

+ 500rRR′ + 120rr ′R′ − 4r2a′′2 − 16a2rr
′′

+ 80r3r ′′ + 160rRr ′′ + 32rr ′r ′′ + 40r2R′′.

In particular, this modularity equation is a second order nonlinear ordinary differential
equation with rational function coefficients which the logarithmic derivative of the holo-
morphic solution to the Picard–Fuchs equation (4.1) satisfies if and only if the mirror
map is an automorphic function.

Special geometry is a phenomenon present in multidimensional families of Calabi–
Yau manifolds as well [40]. A multiparameter criterion for automorphicity of the mirror
map would of course be desirable. Perhaps the recent mathematical reformulation of
special geometry by Freed [10] is a natural starting point.
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4.3. Algebraic instanton corrections.In case of families of lattice polarized K3 surfaces,
by global Torelli there is a homogeneous quadratic relation among the periods, and
no instanton corrections. For Calabi–Yau threefold families we can also interpret the
absence of instanton corrections as imposing a particular homogeneous algebraic relation
among the periods. In Sect. 4.2 we saw a condition for vanishing of instanton corrections
was thatc2(t) = 0. Equivalently, as described in [3, §2.1] for example, this can be
interpreted as the vanishing of the fourthW -algebra generatorw4 in the presence of
the vanishing of the third (w3 = 0 being a consequence of special geometry). This
implies in particular that the projective normalized Picard–Fuchs equation have a set
of fundamental solutions{u3

1, u
2
1u2, u1u

2
2, u

3
2}, whereu1 andu2 are the fundamental

solutions to the cube root equation

u′′(z)+Q(z)u(z) = 0.

In particular the projective periods map to a twisted cubic space curve.
What about other homogeneous algebraic relations among the periods? We call in-

stanton corrections for which the Picard–Fuchs equation still admits homogeneous alge-
braic relations among the periodsalgebraic instanton corrections. A century ago Fano
classified fourth order Fuchsian ordinary differential equations whose fundamental so-
lutions satisfy homogeneous algebraic relations [9, pp. 496–497]. To paraphrase in more
modern language

Theorem 9. The projective solution to a fourth order Fuchsian ordinary diferential
equation falls into one of the following classes:

1. The projective solution lies on an algebraic (twisted cubic) curve inP
3. These equa-

tions are symmetric cubes of second order Fuchsian ordinary differential equations.
2. There is a homogeneous quartic relation among the fundamental solutions. Such

equations can be transformed by a differential algebraic change of variablesf =
αh+ βh′ + γ h′′ to a member of the previous class.

3. A quadratic relation with nonvanishing discriminant exists among the fundamental
solutions. These equations are the tensor product of two distinct second order Fuch-
sian ordinary differential equationsL2⊗ L′2.

4. A quadratic relation with vanishing discriminant exists. These equations are formed
by operator composition of a first order and a third order equationL1 · L3.

5. No homogeneous algebraic relations exist among the fundamental solutions. This is
the generic case.

We can of course reinterpret Fano’s result as providing a rough classification of algebraic
instanton corrections.

In the first and last cases at least, we know Fano’s classification parallels the classifi-
cation by differential Galois group of the Picard–Fuchs equation. Since the Picard–Fuchs
differential equation is a Fuchsian ordinary differential equation, the differential Galois
group equals the Zariski closure of the global monodromy group. In the first case this
corresponds to the symmetric cube monodromy representation of SL(2,C) in Sp(4). In
the last case, the monodromy representation is irreducible and the differential Galois
group is all of Sp(4). It should be possible to fill in the other three entries as well.

In fact we can say more about the absence of algebraic relations among the periods in
the last case. By special geometry there are no homogeneous algebraic relations among

{u, u · t, u · Ḟ , u · (tḞ − 2F)}
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which implies there are no algebraic relations whatsoever among

{t, Ḟ , (tḞ − 2F)}.
Hence there are no algebraic relations among{t, F, Ḟ }, and thus no algebraic relations
between{t, F }.

Moreover the modularity equation from Theorem 9 takes a particularly simple form
in each of the nongeneric cases (e.g., it characterizes “bimodularity” in class 3. above).
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