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COMPLETE INTERSECTIONS

CHARLES F. DORAN, JORDAN KOSTIUK, AND FENGLONG YOU

ABSTRACT. Given a Tyurin degeneration of a Calabi-Yau complete intersection in a toric
variety, we prove gluing formulas relating the generalized functional invariants, periods, and
I-functions of the mirror Calabi-Yau family and those of the two mirror Landau-Ginzburg
models. Our proof makes explicit the “gluing/splitting” of fibrations in the Doran-Harder-
Thompson mirror conjecture. Our gluing formula implies an identity, obtained by composi-
tion with their respective mirror maps, that relates the absolute Gromov-Witten invariants
for the Calabi-Yaus and relative Gromov-Witten invariants for the quasi-Fanos.
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1. INTRODUCTION

1.1. The Doran-Harder-Thompson conjecture. Classical mirror symmetry is a con-
jecture relating properties of a Calabi-Yau variety and properties of its mirror Calabi-Yau
variety. The duality has been generalized to Fano varieties. By |[EHX97], the mirror to a
Fano variety X is a Landau-Ginzburg model (XV, W) such that XV is a K&dhler manifold and
W : XV - C is a proper map called the superpotential.

Mirror symmetry for Landau-Ginzburg models can be generalized to varieties beyond the
Fano case. In particular, the Landau-Ginzburg model for a quasi-Fano variety is defined
by A. Harder [Harl6]. A smooth variety X is quasi-Fano if its anticanonical linear system
contains a smooth Calabi-Yau member and H*(X,0Ox) =0 for all ¢ > 0. A degeneration of
Calabi-Yau varieties is given by ¥V - A, where A c C is the unit disk. The degeneration is
called a Tyurin degeneration if the total space V is smooth and the central fiber consists of two
quasi-Fano varieties X; and X, which meet normally along a common smooth anticanonical
(Calabi-Yau) divisor X.

Motivated in part by a question of A. Tyurin [Tyu04], Doran-Harder-Thompson formulated
a conjecture relating mirror symmetry for a Calabi-Yau variety X sarising as a smooth fiber
of a Tyurin degeneration V - A, and mirror symmetry for the quasi-Fano varieties X; and
X5 in the central fiber of V. The Doran-Harder-Thompson conjecture states that one should
be able to glue the Landau-Ginzburg models W; : XY - C of the pair (X;, Xj) for i =1,2 to
a Calabi-Yau variety X which is mirror to X with the fibers of the superpotentials gluing to
a fibration W : XV - P!, Furthermore, the compact fibers of the Landau-Ginzburg models
consist of Calabi-Yau manifolds mirror to the common anticanonical divisor X.

An enormous amount of evidence has already been collected in favor of this conjecture.
The topological version of the conjecture has been proved in [DHT17b] by computing the
corresponding Euler numbers. In this case the gluing could be viewed as taking place in
the symplectic category, with monodromies aligning with mirror autoequivalences in the
bounded derived category on the Tyurin degeneration side. In the case of elliptic curves, the
conjecture is proved by Kanazawa |Kanl7] via SYZ mirror symmetry. The original paper
[DHT17b] included evidence of compatibility of the DHT conjecture with the Dolgachev-
Nikulin-Pinkham formulation of mirror symmetry for lattice polarized K3 surfaces. This
was refined by Doran-Thompson, who obtained mirror notions of lattice polarization for
rational elliptic surfaces and for del Pezzo surfaces coming from, respectively, splitting of
fibrations and Tyurin degeneration of lattice polarized K3 surfaces [DT18].

1.2. The gluing formula. In this paper, we study the Tyurin degeneration of complete
intersections in toric varieties, and derive a gluing formula (in the complex category) for
Landau-Ginzburg models.
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We first analyze two special examples, namely, a conifold transition Qs of the quintic
threefold and the quintic threefold Q)5 itself. In these two examples, the mirror Calabi-Yau
threefold is fibered by Ms-polarized (“mirror quartic”) K3 surfaces and the mirror LG models
are Ms-polarized families of K3 surfaces. The key ingredients of the construction are the
generalized functional invariants which determine the families of Ms-polarized K3 surfaces
up to isomorphism. Therefore, gluing LG models must reduce to the gluing of generalized
functional invariants.

We show that the gluing formula for generalized functional invariants is simply a product
relation between them. Furthermore, we use generalized functional invariants to define the
holomorphic periods of LG models as pullbacks of the holomorphic period of mirror quartic
K3 surfaces. As shown by Doran-Malmendier [DM15] the holomorphic 3-form periods of K3
surface fibered Calabi-Yau threefolds can also be computed from the generalized functional
invariants and the holomorphic period of the fiber mirror quartic K3 surfaces. They are
expressed, equivalently, in terms of the Euler integral transform, the Hadamard product of
power series, and the middle convolution of ordinary differential equations. As a result, the
gluing formula for generalized functional invariants implies the gluing formula for periods
as well as the gluing formula for the bases of solutions to the corresponding Picard-Fuchs
equations (the full I-functions).

We generalize the gluing formula to toric complete intersections. After suitable identifica-
tion of variables, we obtain the following relation among periods.

Theorem 1.1 (= Theorem [.11)). Let X be a Calabi-Yau complete intersection in a toric
variety. Consider the Tyurin degeneration of X wvia a refinement of the nef partition. Let
X1 and X5 be the corresponding quasi-Fano varieties, where X1 and X5 are toric complete
intersections coming from the refinement of the nef partition and we blow up X5 to obtain
Xg Let X be the smooth anticanonical divisor which lies in the intersection of Xy and X2
The following Hadamard product relation holds

fo' (@) *q f3°(q) = 5{ Na.y) =0 f32 (0, y)—
We also have the Hadamard product relation among the solutions for the Picard-Fuchs

equations.

Theorem 1.2 (= Theorem [5.12). The Hadamard product relation among the bases of solu-
tions to Picard-Fuchs equations s

1
I (q) g I*°(q) = mjflxl(q y) *q I%2(g, y)—
We refer to Section for explanation of the notation.

In this paper, we focus on toric complete intersections, but the gluing formulas work for
more general Calabi-Yau manifolds. In particular, in a forthcoming paper, we will prove
the gluing formulas for the Tyurin degenerations of Calabi-Yau threefolds mirror to the
M y-polarized K3 surface fibered Calabi-Yau threefolds classified and constructed in full in
[DHNT17).
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1.3. Gromov-Witten invariants. According to the mirror theorem proved by Givental
[Giv9g] and Lian-Liu-Yau [LLY97], Gromov-Witten invariants of a Calabi-Yau variety are
related to periods of the mirror. Following Givental |Giv98|, on the A-side, we consider a
generating function of Gromov-Witten invariants of the Calabi-Yau variety X, called the
J-function. On the B-side, we consider the I-function, which encodes a basis of the cor-
responding Picard-Fuchs equation. The J-function and I-function are related by the mir-
ror map. A mirror theorem for smooth pairs has recently been proved by Fan-Tseng-You
[FTY19] using Givental’s formalism for relative Gromov-Witten theory developed by Fan-
Wu-You [FWY19b]|. Given a quasi-Fano variety X and its anticanonical divisor D, similar
to the absolute case, we can consider the relative J-function for the pair (X, D). Under suit-
able assumptions, the relative I-function is related to the relative J-function via a relative

mirror map. In general, the relative /-function lies in Givental’s Lagrangian cone for relative
Gromov-Witten theory defined in [FWY19b.

The gluing formula for periods implies a relation among absolute Gromov-Witten invari-
ants of the Calabi-Yau variety X and the relative Gromov-Witten invariants of the pairs
(X1,D) and (X3, D) via mirror maps. On the other hand, absolute Gromov-Witten invari-
ants of X and relative Gromov-Witten invariants of (X1, D) and (X3, D) are related by the
degeneration formula. While we may consider our gluing formula as the B-model counterpart
of the degeneration formula, the precise compatibility between the gluing formula and the
degeneration formula is not yet known.

1.4. Acknowledgment. We would like to thank Andrew Harder, Hiroshi Iritani, Bumsig
Kim, Melissa Liu, Yongbin Ruan, Alan Thompson, and Hsian-Hua Tseng for helpful dis-
cussions during various stages of this project. C. F. D. acknowledges the support of the
National Science and Engineering Research Council of Canada (NSERC). F. Y. is supported
by a postdoctoral fellowship of NSERC and the Department of Mathematical and Statistical
Sciences at the University of Alberta and a postdoctoral fellowship for the Thematic Program
on Homological Algebra of Mirror Symmetry at the Fields Institute for Research in Mathe-
matical Sciences. The authors thank the Center of Mathematical Sciences and Applications
(CMSA) at Harvard University where this work was completed and presented.

2. PREPARATION

2.1. Generalized functional invariants. In this section, we recall the definition of gener-
alized functional invariants for threefolds. We also give a definition for generalized functional
invariants in all dimensions.

We begin by reviewing some aspects of Kodaira’s theory of ellipic surfaces, for which we
refer to Kodaira’s original papers [Kod60,Kod63] for a complete treatment. Consider the
following differential equation:

af 1df  Zit-35
1 — oM 364
(1) dez "t dt t2(t—1)2f
Then, is a Fuchsian differential equation with regular singularities at ¢t = 0,1, co. It admits
a basis of solution wy,ws for which the quotient 7 = 2! defines a multi-valued function to the
upper half-plane:
P! = 9.
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The single-valued inverse function J:$ — P% is the classical modular J-function.

The differential equation (1)) is the Picard-Fuchs differential equation for the following
family of elliptic curves:
27t 27t

2 2_fgd - o
2) O R

For each t, the elliptic curve Fj is the elliptic curve with J-invariant equal to ¢.

Given an arbitrary family of elliptic curves f:& — T, the period map T = § is the multi-
valued function 7 = 1 determined by choosing a suitable basis of period functions. The
composition of the period map with the modular J-function is a rational function J:T — P!
and is called Kodaira’s functional invariant associated to the family f:€ - T'. For eachte T,
J(t) is the J-invariant of the elliptic curve E;.

The homological invariant of the family f:£ — T is the local system G = R'f,Z of first
cohomology groups of the family. Kodaira showed in |[Kod60] that the functional and ho-
mological invariants determine the isomorphism class of the elliptic surface. The functional
invariant J is sufficient to determine the projective monodromy representation of the ho-
mological invariant. It follows that the functional invariant, together with a representation
m(T) — {£1} determine the elliptic surface up to isomorphism.

A similar story holds for My-polarized families of K3 surfaces, as was proved in [DHNT17].
The period domain for such families is equal to $, and the moduli space is M, = Xo(N)*,
the quotient of the modular curve X,(N) by the Fricke involution. To any family f: X — B of
My-polarized K3 surface, we associate the generalized functional invariant g: B — Xo(N)*
which is defined by sending each point b € B to the corresponding point in moduli of the
fiber f=1(b). The generalized functional invariants associated to families of My-polarized K3
surfaces have even tighter control over the families: a family f:X — B is determined up to
isomorphism by the generalized functional invariant [DHNT17].

Example 2.1. Choose a coordinate A on the modular curve Xy(2)* for which A = 0 is the

cusp, A = %6 is the order 2 orbifold point and A = oo is the order 4 orbifold point. Let A5

denote the quartic mirror family of K3 surfaces defined by
{.i‘li’g.i'g(fl + X9 + i’g - ].) + A= 0} .
Then, the fibers of X5 are Ms-polarized K3 surfaces for
1
AeXo(2)" =40, — :
€ 0( ) {07 256 OO}

The singular fiber types of X, are determined in [DHNT16|. The singular fiber at the cusp
A =0 is a singular K3 surface of type IIl containing 4 components; the monodromy trans-
formation of the corresponding variation of Hodge structure is maximally unipotent. At
A= %, the singular fiber is a singular K3 surface containing an A; singularity; the mon-
odromy transformation on the VHS is conjugate to

0
0].
-1

o O =
O = O
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The singular fiber at A = oo is a singular fiber with 31 components and the monodromy is
conjugate to

0
-1

0

O O .
_ o O

According to the results described above, any Ms-polarized family of K3 surfaces is bira-
tional to the pull-back of X, via the generalized functional invariant map ¢g: B - X(2)*. The
types of singular fibers appearing in the pull-back is determined by the ramification profile
and is worked out in detail in [DHNT16].

The Picard-Fuchs operator corresponding to the VHS of the quartic mirror family is

(3) 53—25&(5&)(5%)(5%),

and the holomorphic and logarithmic solutions to this ODE are given by

I

N R log)\+42(4n) (Z %))\"
. J=n+1

With this as motivation, we make the following definition:

Definition 2.2. Let f: X - B be a family of Calabi-Yau manifolds. The morphism g: B - M,
taking a point in the base to the corresponding point in the moduli space M of the fiber is
called the generalized functional invariant of the family.

Remark 2.3. The construction of M is strongly dependant on the type of Calabi-Yau fibers
under consideration. If any confusion is likely to arise, this will be addressed on a case-by-case
basis.

Remark 2.4. In this paper, we will be using Hori-Vafa mirror because it can be used to
describe both the mirrors of quasi-Fano varieties and the mirrors of Calabi-Yau complete
intersections in toric varities. The difference between generalized functional invariants in
our paper and generalized functional invariants in previous literature (e.g. [CDL*16]) is
the following. First of all, in [CDL*16], authors considered Batyrev mirrors of Calabi-Yau
complete intersections in toric varities. Batyrev mirrors and Hori-Vafa mirrors are equivelent
under change of variables. Secondly, generalized functional invariants in |[CDL*16| Section
4.1] are defined using the M-polarized K3 surface in [CDL*16, Theorem 4.3]. While in this
paper, we will consider generalized functional invariant maps to the mirror family of the
Calabi-Yau (n — 1)-fold in the Tyurin degeneration of Calabi-Yau n-fold. This is because
we want to find the relation among generalized functional invariants of two LG models and
mirror Calabi-Yau n-fold with respect to the mirror of the intersection of two quasi-Fanos.
Therefore, after change of variables, generalized functional invariants in our paper will be the
same as generalized functional invariants in [CDL*16].

2.2. Periods. In this section, we define periods of LG models using generalized functional
invariants. We first recall the definition of Landau-Ginzburg model for quasi-Fano varieties.
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Definition 2.5 ([DHT17b], Definition 2.1). A Landau-Ginzburg model of a quasi-Fano va-
riety X is a pair (XV, W) consisting of a Kahler manifold XV satisfying A'(X") = 0 and a
proper map W : XV — C, where W is called the superpotential.

Definition 2.6. Given a Landau-Ginzburg model and a choice of holomorphic n-form w, we
define the periods of the LG model relative to W and w to be the period functions associated
to the varying fibers of the LG model obtained by integrating transcendental cycles across
the n-form w.

Remark 2.7. We expect that if (XV, W) is the LG model of X, then the smooth fibers of W
should be mirror to generic anticanonical hypersurfaces in X. Since the fibers are Calabi-Yau
manifolds, the choice of w is well-defined up to multiplication by a holomorphic function on
the base of the LG model. Scaling the holomorphic form by a function has the effect of
scaling the periods by the same function.

Remark 2.8. It is often the case that our LG models will depend on various deformation
parameters. We clarify here that the relative period functions we consider are functions of
both the base variable of the LG model and the deformation parameters. It will often be
the case that we will treat this object as a deforming family of periods in which case we will
distinguish the base variable of LG model from the deformation parameters.

Remark 2.9. As described in [DHNT17|, the geometry of an M,-polarized family of K3
surfaces is determined by the associated generalized functional invariant. Thus, as long as
one uses the pull-back of the chosen holomorphic 2-form on &), to compute the periods of
the fibration, then the periods of the family will be precisely the pull-backs of the periods
of &,, via the functional invariant. Later on in this paper, we will have to scale these period
functions appropriately.

More generally, the LG models that we work with in this paper corresponding to higher-
dimensional Calabi-Yau manifolds will be constructed via pull-back. Therefore, in these cases
too, the periods of the LG model will be determined by pulling back by rational functions
and scaling appropriately.

For Fano varieties, the classical period of the Minkowski polynomial associated to the LG
model was introduced in [CCG*13]. Note that the periods in [CCG*13| are power series in
one variable, which is essentially the base parameter of the LG model. We would like to point
out that the periods in Definition can be specialized to the classical periods in [CCG*13|.

Example 2.10. We consider the period for the LG model of P3 along with its smooth
anticanonical K3 surface. The LG model can be written as the fiberwise compactification of
the following. The potential is

W:XV-C
($1,$2,$3»y) =Y,

where XV is

XV:{(xlax%xiiay)e((c*)Zl T1+ T +x3+ 4 :y}
T1T2T3

Performing a change of variables z; = yZ;, we find that XV is birational to

oy (T + s+ 5 — 1) + — = 0.
y
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That is, XV is the pull-back of the family X, via the generalized function invariant

)\:E.

We obtain periods for this LG model via pull-back. For example, the following expression is
a period function with respect to the 2-form obtained by pulling back the 2-form on AX5:

7 ) = 20 - 3 S (L)

d>0

By setting ¢ = 1 and 1/y = t, we recover the classical period

P3 _ (4d)! 4d

Although this is rather a trivial example, in general, the classical period can be obtained
from the period defined in Definition in a similar way: set all the complex parameters to
1 and set the base parameter y of the LG model to 1/t.

2.2.1. The iterative structure of periods. In this section, we take a detour to explain how
periods of a family of Calabi-Yau n-fold, fibered by Calabi-Yau (n — 1)-fold, can also be
computed using generalized functional invariants. Given a family of Calabi-Yau n-fold fibered
by Calabi-Yau (n—1)-fold, the period of the family of Calabi-Yau n-fold is the residue integral
of the pullback of the period of its internal fibration of the Calabi-Yau (n — 1)-fold by the
generalized functional invariant. This iterative structure has already studied in [DM15].

The quintic mirror family X of Calabi-Yau threefolds is defined by
{r12073y(21 + T2+ 23+ Yy — 1)+ = 0}.

By setting

|

7j2: a‘%?): 7)\: w 47
l-y -y -y y(1-y)

the quintic mirror family is written in terms of the quartic mirror family. That is, for each
e P -0, 5%, oo}, Xy is fibered by Ms-polarized K3 surfaces and the fibration is governed
by the functional invariant

T =

)\ = LAL

y(1-y)

As is shown in [DM15, Proposition 5.1, we can calculate the periods of the quintic mirror
family of Calabi-Yau threefold by integrating the “relative” periods corresponding to the
fibration structure. We review some of the details below, but refer the readers to [DM15] for
more.
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First, note that:

S TP p— (4d1)!( 0 )d1
y(1-y)™"° y(1-y) ;5o (di)* \y(1-y)*
) (4d1)!(¢d1)(4d1+d2)! o
o (di)? (4d))lds! ?
_ (4d; +dy)!
e (di)'dy!

wdl do—d1— 1

Here, we have used the fact that

1 X (d+E)
(1-y)k+t ‘(;) d'k!

Next, if we integrate around a closed loop around y = 0 and use the residue theorem, we find

that
St , (5dy)!
27rz§£ y(1-y) d1>o¢d (di!)®

The expression on the right-hand side is the well-known expression for the holomorphic period
on the quintic mirror family of Calabi-Yau threefolds.

We remark that the series expression above is only convergent for |# <1 and so the

series formula present is only valid on the intersection of | S| < 1 and the cylinder |y| < 1

(which is happily non-empty!).

In summary, we have constructed the standard holomorphic period of the quintic mirror
family by integrating the i-dependent family of relative periods with respect to y. The
scaling factor of y(1-y) in front of the relative periods is present to ensure that the resulting
integral corresponds precisely to the specific choice of holomorphic 3-form that one normally
makes when studying the quintic mirror.

3. TYURIN DEGENERATION OF A CONIFOLD TRANSITION OF QUINTIC THREEFOLDS

In this section, we consider the following Calabi-Yau threefold with two Kahler parameters:
complete intersection of bidegrees (4,1) and (1,1) in P4 x P1. We denoted it by Qs. It is a
conifold transition of a quintic threefold in P*, see, for example, [CDJ*0§|. The Calabi-Yau
threefold Q5 admits a Tyurin degeneration

Q5 ~ Xl UKks3 XE,

where X, is a hypersurface of bidegree (4,1) in P8 x P! and X, is a complete intersection
of bidegrees (4,0),(1,1) in P* x P!, Indeed, X is the blow-up of P? along the complete
intersection of two quartic surfaces and X5 is the blow-up of a quartic threefold Q, along the
complete intersection of two hyperplanes (degree one hypersurfaces in Q).
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3.1. Generalized functional invariants. Tl}e mirrors of Q5, Xl and Xg can be written
down explicitly following [Giv98|. The mirror QY of Q5 is the compactification of

@ +@:1;x4+y=1}.

{($17$2,$3,x4,y) € ((C*)S T1+To+ XT3+ ———
T1T2X3%4 Y

The LG model for )N(l is
W1 : XI/ -C
(xlax2a$37y1) = Y1,

where X} is the fiberwise compactification of

+—=1
T1T2T3 n

X1,T2,%3,Y1) € Cc* 4 1 +Ty+ T3+ 11 o1 .
( ) € (

The LG model for Xg is
WQ : Xﬁ/ - C
(x17x27x37y2) = Y2,

where X} is the fiberwise compactification of

{(331, Lo, T3,Y2) € (C*)4

T+ To+ T3+ N2 —1}
1 2 3 = .
12223(1 = qo2/y2)

By performing an appropriate change of variables, we see that all three of these families
are fibered by quartic mirror K3 surfaces. This allows us to conclude that they are families of
Ms-polarized K3 surfaces and read off their generalized functional invariants. For example,

for the family X v, we make the following change of variables:
~ T ~ T ~ T3 _ qi,1

Ty = y Ly = —————,T3 = » A1 .
1-qo1/n 1-qo1/m 1=qo1/mn (1-qo1/y1)*
This produces the quartic mirror family of K3 surfaces:

fli’gi'g(fl + i‘g + 533 - 1) + )\1 =0.

q1,1
N ° (1-q0,1/y1)*"
compute the generalized functional invariants for ()Y and X by making appropriate changes
of variable to match with the quartic mirror family. We obtain the following generalized
functional invariants for Q\g, le and Xg ;

We read off the generalized functional invariant for le as A\ = Similarly, we

\ = 0 A = q1,1 Ay = q1,2
(1-y)(1-qo/y)*’ (1-qoa/yn)* 1 qo2/vo
Before proceeding, we map out the locations of the branch points and singular fibers. For

QY with functional invariant A\ = ————, we have
’ -0 (1-%)

A10) ={0,00}, A71(00) ={1,q0}, A7 (L) = {five points}.

256
Similarly, we find

ATH(0) = {0}, AT'(e0) = {go1}, AT (ﬁ) = {four points}.
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031(0) = (0, 5" (00) = {aa}, As" (55 = fone point).

The point y; = 0 is a cusp and corresponds to a semistable fiber of type III with 34
components; the fiber at y; = oo is smooth; the four fibers located at the pre-image of %6
are singular K3 surfaces containing a single A; singularity; the point y; = go1 has a type III
fiber. On the second LG model, the point y, = 0 is a cusp corresponding to a type III fiber
with 4 components; the fiber y2 = go2 has 31 components; the fiber y; = co is smooth; the

fiber over the pre-image of ﬁ is a singular K3 surface with an A; singularity.

The conifold transition itself has type III fibers at y = 0 and y = co with 34 and 4 compo-
nents respectively; the fiber y = 1 has 31 components; the fiber y = ¢go has a type III fiber;

the five fibers over the pre-images of ﬁ are singular K3 surfaces with A; singularities.

We glue the bases of the two LG models by making the following identification of variables:
(4) q1=4q11=412, 4o=4dqo1, Y=l = CIO,2/y2.

Proposition 3.1. Under the identification , the following product relation holds among
the functional invariants:

5 A_h

91 q11 1,2

Remark 3.2. The parameter ¢; above is a scaling parameter on the modular curve X, (2)*.
Thus, one should think of equation as saying that the generalized functional invariant of
Qg is the product of the two functional invariants corresponding the LG models X )/ and XQV
after scaling appropriately.

This gluing formula for generalized functional invariants illustrates how the fibers of the
two Landau-Ginzburg models are combined into the internal fibration on the Calabi-Yau
threefold. Before exploring the meaning of this gluing in terms of both fiberwise periods
(of the Ms-polarized K3 surface fibers) and periods of the Calabi-Yau threefold itself, it is
natural to ask whether the mirror to the conifold transition can be seen directly in terms of
the generalized functional invariant A\. The answer is a resounding ”yes!”.

3.1.1. Murror quintic as a limit. Re-writing the functional invariant, we have
\ = Yaq1 .
(y=1)(y - @)
This corresponds to the family of h?! = 2 Calabi-Yau threefolds that we are studying. In
order to obtain the quintic mirror via a limit, we make a change of variables and take an
appropriate limit. First, make the transformation:
y=(1-q0)7+q-
In this coordinate system, the generalized functional invariant transforms to
P ((1-90)7 +q)
(I-@)  y*(y-1)
Now pull out a factor of ¢y from the numerator:

1-qo ~
G ( 1)
(1-9)° g*(y-1)
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€
€

Q16

FiGURE 1. The topological gluing of functional invariants.

Set z; = (1_"#)4, 29 = 21 120 = (1Q1qq°)5 Then, the functional invariant above is re-written as
21y + z
R
g(g-1)

In the limit z; - 0, we obtain the quintic mirror with z, as the scaling parameter. In other

words, we want afﬁ to go to zero in such a way that (1q1q°)5 remains finite. This is exactly

the limit that was considered in [CDJ*08]. The corresponding limits performed on the level
of holomorphic periods are carried out in [CDJ*0§].

3.1.2. Topological Gluing. Before continuing, let us briefly explain how the multiplication of
functional invariants described above relates to the topological gluing described in [DHT17a].
The maps Aj, Ay, A are all covers of the modular curve X((2)* branched over 0,00, with A
branching over two points p;,ps depending on z1,2s. On the base curve Xy(2)*, draw arcs
joining 0 to pi, p1 to pa, pa to oo and oo to 0. Then, the covers \;, Ay are determined by
graphs drawn on the Riemann sphere. These graphs are depicted in Figure [T, where the
red dots are pre-images of 0, the blue squares are pre-images of p;, the blue triangles are
pre-images of po, and the yellow dots are pre-images of oo.

The spheres at the top of Figure (1| correspond to A; on the right and s on the left. Below,
we have cut one of the edges joining a blue square to the adjacent blue triangle and opened it
up. Finally, we glue the two spheres along these cuts. The resulting object is a sphere whose
graph determines the cover corresponding to A, which corresponds, in turn, to the h?! = 2
family of Calabi-Yau threefolds.

In the limit as z; - 0, the blue squares degenerate into the red dots, which themselves
coalesce to produce one red dot corresponding to the cusp of ramification index 5. This cover
corresponds to the quintic mirror.

We can recognize the local system of the VHS corresponding to the Ms-polarized K3
surfaces as the gluing of the two individual VHSs corresponding to Ay, Ao. This follows from
the fact that all three of these local systems are determined by the covers A, A1, Ay respectively,
but we can also be more explicit if we reference Figure[I] Indeed, choose base points on each
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of the covering spheres, depicted as the black dots in Figure[I] together with a basis of loops—
note that the monodromy around the blue dots is trivial. Then, a basis of loops for the glued
sphere is obtained by first taking the basis on the left sphere, and then “dragging” the basis
of loops corresponding to the right sphere along the black path. Since there is no monodromy
around the blue square, this is well-defined and the resulting global mondromy representation
can be thought of as the concatenation of the original two monodromy representations. That
is, if the monodromy tuple corresponding to the left sphere is (g1, g2, g3) and the monodromy
truple corresponding to the right sphere is (hq, ha, hs, hy, hs, he), then the monodromy tuple
of the gluing is (g1, 92,93, b1, ha, hs, hy, hs, he). Moreover, if we make these choices so that
g3 and h; correspond the monodromy around the red dots, then the limiting monodromy is
obtained by simply multiplying g3 and h; together.

3.2. Relation among periods. In Section 3.1 we saw how the generalized functional in-
variant for ()5 arises by gluing two LG models and their corresponding generalized functional
invariants. In this section, we explore what this means on the level of periods.

3.2.1. Periods for mirror quartic K3. Consider the period associated to quartic mirror

(©) (g = Y Wl

di1>0 (dl!)4 h
Let 6, = qla%l, then fI3(q) satisfies the following ODE
(7) (62 —4q1 (404, +1)(40,, +2)(40,, +3))F(q1) = 0.

The basis of solutions for Equation can be taken as the coefficients of powers of H in the
following function:

. dy Hiill(élH + k)

(8) ]Kg(fh) = Qfl Z a;

T mod ]'137
d1>0 klzl(H+k)4

where ¢ff = efllogar,

3.2.2. Periods for Qg The holomorphic period for Q5 can be found in [CDJ*08]. It can also
be obtained as a residue integral of the pullback of

1 K3
(1-y)(1-qo/y)"° (@)

by the generalized functional invariant

A

_ qi
(1-y)(L-q/y)*

We have
1
(1-y)(1-q/y)

di
f({(s()\): 1 (4d1)! ( q1 )

(1-y)(1-q0/y) 5o (di)* \ (1 -y)(1-qo/y)*

_ 1 (4d1)' Q1 4 (dl +d071)!( )do,l
- 9) e @\ T/t~ dilde,! Y
4dq)! di +dp1)! (4d + dpyo)!
()t gy Lt o U 2 o)) (s gy,

oo 30 (A1) dildoy!  (4dy)!dyo!
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After taking a residue, we obtain the well-known formula for the holomorphic period of

Qy:

1 1 NN
Pl a) =5 ¢ L

_ (4dy)! g, (dy +do)! (4dy + dp)!
= dl%(;o (d1|)4 (ql) dq ldol (4d1)'d0' (qo)

= Z (4dy + dp)!(dy + dp)! g,
d1,dp>0 (d1 ) (d l)2 1 Yo

Remark 3.3. These series will converge on the intersection ‘ ‘ <1 and |yl < 1.

q1
(1= (1-2)
Similar convergence considerations will percolate in the work that follows. We will avoid
commenting further on domains of convergence unless there is likely to be ambiguity as to

which domains we should be using.

The holomorphic period fgk(ql, Qo) is the solution for the following system of PDEs.
(9)
(HQ1)5 —q1 (49611 + (9110 + 1)(49111 + eqo + 2)(49(11 + 9110 + 3)(4‘9(11 + 9110 + 4)(9(11 + qu + 1)F(Q17 Q[)) =0
(6.110)2 - q0(49q1 + 9‘10 + 1)(QQ1 + 9‘10 + 1)F(Q1a QO) =0.

The basis of solutions for the system of PDEs is given by

i a0 AT (4H + P+ k)T (H + P+ k)

IQ‘E’(%,QO) a'qw Y, 4

> mod H?3, P%.
dy,do>0 k:l(H + k)5 Hkil(P + k)z

3.2.3. Periods for LG models. Following Section , periods for le can be constructed by
pulling back periods of the mirror quartic via the generalized functional invariant map A;.
Consider the following scaled version of the pull-back of the holomorphic period:

(1-qo1/y1)"° ()

_ 1 (4d1)' ( qu )dl
(1-qo1/y1) iz (di)* \ (1 = qo1/y1)*

g )y ),

a0 (di)A(4dy)\dy!

4dy + dy)!
:d a ((dlleol il11(CI0 Jy1)%.
1,do>0 .

Because go1 and y; always appear at the same time with the form g ;/y;, we will also denote

(a1, q01,11) =

4 (qo, 1/y1) %

by f()Xl(qu,x) the holomorphic period for X  defined above:

X, _ (4d1+d0)' di .d
fo ' (qia,x) = dl%{;ﬂ)m 112
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The holomorphic period fg(l (q1,1,) is the solution for the following system of PDEs.
(10) (g0, )* = @11 (40g, , + 0, + 1) (40, , + 0, +2)(40,, , + 6, +3) (404, , + 0, +4)F(q1,1,2) =0
(0:)—2(40,, , + 0.+ 1)F(q11,2) =0.

q1,1
q1,1
The basis of solutions for the system of PDEs is given by

[1,27%(4H + P + k)

(g, 2) = gfha” g5z mod H?3, P2,
b dl%):w kzl(H +k)* k:l(P +k)
We also write
) o0 [1;4*% (4H + P + k)
(q11,901,9) = 'y (a0 /y)T Y a4t (q0.1/y)™ mod H*, P?.

dy,dp>0 ’ szl(H k)4nk:1(P+k)

Similarly, we can pull back the holomorphic period for the mirror quartic via the generalized
functional invariant map Ay to obtain the holomorphic period for X'

1 (4dy)! ( ¢1.2 )dl
(1- o, 2/12) di,do>0 (diH)* \1- do, 212

~ (4d1)!(dy + dp)! &
w0 () (d)ldgl 12

~ (4dy)!(dy + dp)! g

_dl,dozo (dl!)5d !

RErS) qog/y)fo (A2) =

(q0,2/y2)™

(QO 2/Z/2)d0

We define f({(z(qm,y), the holomorphic period for XQV , to be

X, _ (4d1)'(d1+d0)' dv  do
fO (%,2;3/) dh%():zo (dl')SdQ' QI,Q

The holomorphic period f§2(q172, y) is the solution for the following system of PDEs.

(11) (9q1,2 )4 - 4q1,2(49th,2 + 1)(40111,2 + 2)(49 + 3)(9 + 9y + 1)F(Q1,27 y) =0
(Qy) - y(9q1,2 + gy + 1)F((J1,2a y) =0.

The basis of solutions for the system of PDEs is given by

. [5 (4H + k) T (H+ P+ k

o (quoy) = by’ Y qlhy® ( ) - ( )
di1,do>0 =(H+I{Z)H=(P+/{Z)

Remark 3.4. Let us address the scaling factors that appear in our period expressions.

Ultimately, we will take the relative periods of X Y and X Y to construct the periods for Qs.
In order to make sure that the periods for X are Compatlble with each other, we need to

q1,2 q1,2

mod H?, P2

scale the periods appropriately. More precisely, the functions féXi(qu, x) are ¢ ;~dependent
families of periods functions for the base variable . The scaling factors are chosen to ensure
that the characteristic exponents of the corresponding ¢; ;-dependent families of ODEs at the
singular points are the same for both f;*'(q11,7) and f;**(g1.2,y). This should be thought
of as a fine-tuning of the holomorphic form used to calculate the period integrals associated
to each factor.
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3.2.4. Relations.

Theorem 3.5. The holomorphic periods of LG models can be glued together to form the
holomorphic period of the mirror Calabi—Yau QY with correction given by the holomorphic
period of the mirror quartic K3 surface. More precisely, the relation is given by the Hadamard
product

. 1 . ¢ dy
£ (a1, 90) %y fE3(q1) = %jgfoxl(ql,qo,y) g f()XZ(Q1ay)?7

where 4, means the Hadamard product with respect to the variable q.

Proof. This is a straightforward computation:

1 X % dy
o jgfo (41, 90,9) *q fo (¢1,9) y

_L % (4d1 + d071)! (4d1)'(d1 + d072)!
211 d1,do 1,do 220 (d1!)4d071! (d1!)5d072!

_ (4d1+d0)' (4d1)!(d1+d0)!qd1qd0
0o (i)l (di!)ddg! TP

=& (q1,@0) *ar FE3 (1)

dy
qi”(qo/y)do*l(y)d”?

Remark 3.6. Recall that, we have the following identification of variables:

G =q11=q1,2, 4Go=9,1, Y=Y = 610,2/y2-

Gluing the LG models on the level of periods means taking the residue integral for the
periods of LG models over y, where y is the base parameter of the internal fibration of Qg
The period of Qg are also computed by residue integral (over the parameter y) of period of
the Calabi-Yau family in one dimensional lower via the generalized functional invariants.

One can also write down a Hadamard product relation among the Picard-Fuchs operators.
Moreover, we have the following identity among the bases of solutions to the Picard-Fuchs
equations.

Theorem 3.7. We have the following Hadamard product relation
5 1 ¢ : d
(12) ]Qs(qhqo) *q1 ‘[Kg((.h): %%I‘XI(QMQOJJ) *(h IXQ(QDy)?y mod H37P2'

In the Hadamard product *,,, we treat logq, as a variable that is independent from q,. Al-
ternative, one may consider I(qi,qo) = I(q1,q0)/qi'qf’ and write Hadamard product relation
for I.

More explicitly, one can write an identity for each coefficient of H*P? for 0 <a <2,0<b< 1.
Let ffj‘(ql,qo) be the coefficient of HiPJ for I195(qy,q0). We still write fg%(ql,qo) for the
coefficient of HOPY, since it is simply the holomorphic period. Similarly, for the coefficients
of I%3(qy), I*1(q1, qo,y) and IX2(qy,y). We have the following identity for the coefficient of
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FE(01:00) *ar Fi3(@) + £ (a1.00) *ar FE3@1)

1 % % ¢ % dy
= 95 (£ (a1, 00:9) = 702 (a1,9) + 13 (91,00,9) *00 FiG(a1,9) "

2

For the coefficient of H?, we have

Fo (a1, 00) %1 FE2(ar) + £25 (a1, 0) *q F12 () + 17 (q1.0) %o F2 (1)

1 : : ~ : : : dy
5= j{ (155 (a1,00,9) *au 132 (ar,0) + 15 (01,0, 9) g0 15 a1s9) + 5 (01,40 9) = £35(01,0)) Y

Remark 3.8. We want to point out that /X1 and IX2 are not exactly the I-functions for the
corresponding relative Gromov-Witten invariants in Section 6.3 We will use [X0E3) and
I(X2.K3) to denote the relative I-functions which are more complicated than /X1 and IXz.
Nevertheless, the information of 7%t and IX2 can be extracted from the relative I-functions.

4. TYURIN DEGENERATION OF QUINTIC THREEFOLDS

4.1. Blow-up along P3. We consider the Tyurin degeneration of a quintic threefold Q5 into
a quartic threefold @4 and the blow-up BlgP? of P? along complete intersection center of
degrees 4 and 5 hypersurfaces, that is,

Q5 ~ Q4 Uz Bl P?

where C' is the complete intersection of degrees 4 and 5 hypersurfaces in P3, and K3 is the
common anticanonical K3 hypersurface. We would like to write down the LG models for
Q4 and BlgP? and glue them to the mirror family of Q5. Since BlgP3 can be written as a
hypersurface in a toric variety, we can write down the LG models following Givental [Giv9§].
For the rest of this section, we write X; := (), and XQ := Bl P3.

The LG model for X; = Q4 is
W1 . Xi/ - C
($1,$2,9C3,yl) =,

where X/ is the fiberwise compactification of

{($1,$27$3,y1) € (C*)|zy + 20 + 3 + 1 1},
T1T2X3Y1

Following [CCGK16, Section E], the quasi-Fano variety X, = Blo(IP3) can be constructed
as a hypersurface of degree (4,1) in the toric variety P(Ops(-1) & Ops).

The LG model of X, = Bl (P?) is defined as follows
W2 : Xﬁ/ - C
(71, 22,23,Y2) = Y2,

where XQV is the fiberwise compactification of

* do2 = 41,2Y2
{(x17-752,$3,y2) e (CH |z + g + T3+ —= + 2 = 1}.
Y2 T1X273
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Finally, the mirror quintic family @)Y is defined by the following equation

r1wowsy(xy + X9 +x3+y—1) +q1 = 0.

Similar to the computation in Section B, we obtain the generalized functional invariants
for @Y, X\ and XJ respectively:

q1 qi1,1 q1,2Y2
13 W S W {6 S ¢ 7
( ) 9(1—9)4 ! n 2 (1—(]0,2/y2)4
We set
(14) g1 =911 =q12Y2, Y=U1 = CJO,Q/yQ-

The matching of singular fibers works similarly to the previous section with singular fibers
on one LG model being glued to smooth fibers of the other. We have

Proposition 4.1. Under the identification , the following product relation holds among
the functional invariants:

A A
(15) L4 2

91 q11 1,2
Remark 4.2. Similar to Equation , Equation says that the the functional invariant
for QY is equal to the product of the functional invariants of the LG models X and X after
scaling.

The period for @)y is

(5d1)!
fo @)=Y @'
)= 2
The period for X7 is

1 ) g\
w2700 = 2 (d111)4( 11)

The period for X3 is
¢ 1
f32 (1292, q0.2/y2) 1oy T3 (A2)

1 (4d1)! ( d1,2Y2 )d1

1- do 2/3/2 d120 (d)*\(1- do, 2/1y2)*

(4dy)! 4, (4dy + dy)! .
_dl%ww( 1,2Y Ya) W(Qm/%)
(4, + o). (q1292)" (qo.2/y2)™.

aridozo (d1)!*do!
We may rewrite the period for Xy as

X B (4d1 + do)
0 (QhZ/) d1%(;>0 (dl)'4d'

Note that ¢; = 1.1 = ¢1292 and y = y1 = go2/y2 when we glue the LG models.

(@)™ ()™
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Theorem 4.3. We have the following Hadamard product relation:
1 g dy
o (@) *a foP (@) = %jg Jo* (a1 w) o £ (a1,9)7

Proof. This is a straightforward computation. O

The Picard-Fuchs operators and the bases of solutions to Picard-Fuchs equations are related

in a similar way. Let
IQ5((]1) — 6Hlog<11 Z H211(5H+ k) qd.
Hiﬂ(H + k)5 :

a>0
gy = (@) 3 (o gy U0,
7 d120 HZil(H + k)4’
) o0 [T;24% (4H + P + k)
(quy) =ai'y” Y ey g :
d1,do>0 oo (H + E)TT2, (P + k)

Theorem 4.4. We have the following Hadamard product relation
1 ; d
16) %) @) = 5 f P ) o)) mod i

where we set P = H. In the Hadamard product *,, , we treat logq, as a variable that is
independent from q,. Alternative, we can consider I(q1) == I(q1)/qf" and write Hadamard
product relation for I.

4.2. Blow-up along the quartic threefold. We consider the Tyurin degeneration of Q)5
into P and the blow-up of @4 along the complete intersection C' of hypersurfaces of degrees
1 and 5:

Qs ~ PP Uk Ble(Q4).
For the rest of this section we write X; := P3 and X, := Ble(Qy4).-
The LG model for X; = P3 is given by the fiberwise compactification of
W:(C*)?-C
qi,1
T1ToT3

(ZE‘I,IQ,(L’{J,) =T+ Ty +T3+

It can be rewritten as follows. The potential is
W1 : Xi/ - C
(1,22, 23,91) = Y1,

where X/ is the fiberwise compactification of

*\4 QI,I _
, = .
{(931 T2,73,Y1) € (C7)* |1 + 29 + 23 + yl}
X123

The Blown-up variety X, = Bleo(Q4) can be realized as a complete intersection of degrees
(1,1) and (4,0) in the toric variety P(Op1(-4) ® Ops) - P4 The LG model of X5 = Ble(Q4)

can be written as follows:
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The potential is
WQ : X; - C
(71,72, 73,Y2) = Yo,

where X} is the fiberwise compactification of

4
{(xl,xg,xg,yg) € (C*)4 L1+ T+ Ty + Yod1,2 _ 1}.
212273(1 = qo,2/y2)

The generalized functional invariants for )¥, X" and f(g are

4
q1 q1,1 q1,2Y>
e TIID YL - S PR ..
y(1-y)* vi (1-qo2/y2)
For A\, we consider the change of variable y — 1 —y, then we have
4
41 Q1,1 41,2Y9
P (R P L W L1 R
y'(1-y) Y (1-qo2/v2)
We consider the following identification among variables
(17) G == QoY Y=Y = Goz/Ye-

Proposition 4.5. Under the identification , we have the relation among generalized
functional invariants

AN A

q1 - qd1,1 C]1,2‘

The period for X7 is

75 () = féf?’(Al)-dzogff;y(q“) .

The period for Xg/ is

1=q02/y2 d5o () \ (1 = qo2/92)
= Z (4dy)! (dy + dp)!
aaso (i)t dildy!

—f100) =
-y

(q1.205) " (qo2/y2) ™.

We can rewrite the period for Xy as

gy = Y

dy,dp>0 (dl')4

We have the Hadamard product relation among periods.

(4d1)! (dclll';'dcj(!))! (Q1)d1 (y)do‘

Theorem 4.6. The following relation holds for holomorphic periods:

P v F@) = = 5 Can0) v 5 )
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The Picard-Fuchs operators and the bases of solutions to Picard-Fuchs equations are related
in a similar way. Let
T2 (4H + k)

JX — INH N 4vdy 11k=1
(01,9) = (@/y") dlZZO(ql/y) o ()

IX2(Q1 y) = q{{yP i qd1yd0 Hiill(4H + k’) Hzlz*l'do(H + P+ ]ﬁ)
) = 1 |

d1,dp>0 Hilﬂ(H + k)5 HZ21(P + k)
Theorem 4.7. We have the following Hadamard product relation
1 ¢ d
(18) 195(q1) %, T (1) = %jgfxl(qhy) *q IXQ(qlvy)?y mod H?,

where we set P = 4H. In the Hadamard product *,, , we treat logq, as a variable that is
independent from q,. Alternative, we can consider I(q1) == I(q1)/qf" and write Hadamard
product relation for I.

5. TYURIN DEGENERATION OF CALABI-YAU COMPLETE INTERSECTIONS IN TORIC
VARIETIES

5.1. Set-up. Let X be a Calabi-Yau complete intersection in a toric variety Y defined by a
generic section of E = Lo @® Ly & -+ ® Lg, where each L; is a nef line bundle. Let p; = ¢1(L;),
then —Ky = Y7 qc1(L;). Let s, € HO(Y, L;) be generic sections determining X. A refinement
of the nef partition with respect to Ly is given by two nef line bundles Ly, Lo2 such that
Lo=Loy ® Los. Let po1=c1(Lo1) and po2 = c1(Lo2). We have two quasi-Fano varieties X3
and Xy defined by sections of Iy = Lo 1 ®L; @+ ® Ls and FEy = Lo2® Ly ®---® L, respectively.
Let so1 € HO(Y, Lo1) and so2 € HY(Y, Lo2) be the generic sections determining X; and Xo.
For our construction of a Tyurin degeneration, we blow up X, along Xon{so=0}n{se1 =0}.
We write the blown-up variety as X,. Two quasi-Fano varieties X; and X, intersect along
Xo which is a Calabi-Yau complete intersection in the toric variety Y defined by a generic
section of LO,l @ L072 ® L1 DD LS.

We can again realize X, as a complete intersection in a toric variety following [CCGK16,
Section EJ. Indeed, it is a hypersurface in the total space of 7 : Px, (O & i*La}Q) — Xy defined
by a generic section of the line bundle 7%i*Ly; ® O(1), where i : X5 < Y is the inclusion
map. In other words, it is a complete intersection in the toric variety Py (O & L5’12 given
by a generic section of 7*Lgo @ 7*Ly & - @ m*Ls & (7* Lo ® O(1)) where we use the same
7 for the projection of Py (O @ Lg}) to the base Y. Then ~Ky, = (P -7*i*po2)|x, by the
adjunction formula, where P = CI(OPY(OeL(;}Q)(l))-

Remark 5.1. In dimension one, there is no codimension-two subvarieties to blow up. How-
ever, we may use the same geometric construction for blow-ups as above to construct a one
dimensional subvariety in another toric variety. Then the results in dimension one are parallel
to the results in higher dimensions.

Let py,...,,p- € H?(Y,Z) be a nef integral basis. We write the toric divisors as

Dj:Zmijpi, 13]Sm,
=1
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for some m,;.

Let X be the Calabi-Yau complete intersection in the toric variety Y. The nef partition
of the toric divisors gives a partition of the variables x1,...,z,, into s+ 1 groups. Let Fj(x)
be the sum of z; in each group [ =0,...,s. Following [Giv98|, the Hori-Vafa mirror XV of X
is Calabi-Yau compactification of

{(ml,..., e(C* )mH —qi,izl,...,r;Fl(x):1,1:0,...,3}.

=1

Note that ¢;, 1 <72 <r, are complex parameters for XV from the ambient toric variety Y.

5.2. Blowing-up both quasi-Fanos. We first consider the case when we blow-up both
quasi-Fanos. Then, the Calabi-Yau and quasi-Fanos, denoted by X, X; and X5 respectively,
becomes complete intersections in the toric variety Y x PL. Let 7; and 75 be the projection
of Y x P! onto Y and P! respectively. Then

e X is the complete intersection in Y xP! defined by generic sections of 7w Ly, ..., mf L,
7 Lo ® m50p1 (1) and 7§ Lo o ® m5O0p1(1);

e X is the complete intersection in Y x P! defined by generic sections of 7j Ly, ...,
7y Ls, mf Loy and 7§ Lo ® w5 Op1 (1);

e X, is the complete intersection in Y x P! defined by generic sections of 7j Ly, ...,
i Lg, mf Lo ® m3Op1 (1) and 75 Lo o;

e X is the complete intersection in Y defined by generic sections of Lo, Lo2, L1, -,
L.

The mirror for X is the compactification of

m

mij _ =1 . _ .
ij =gt =1,...,7Y1Y2 = qo;
j=1

{(xla <oy Ty y17y2) € (C*)m+2

F(x)=11=1,.. ->S§F0,1(5U) ty = 1;F0,2(37) + Yo = 1}

m

H Y=gi=1,...,;

=1

:{(xl,...,xm,y) C*ym+t

F(x)=1,l=1,...,8;Fp1(z) +y = 1F02(gp)+3= }

where Fjy;(x) and Fya(x) correspond to the refinement of the nef partition with respect to
Ly. In particular, we have Fy 1 (x) + Fy2(z) = Fo(z).

The mirror for Xl is a LG model
W: Xy -C*

(513'1, s >$m7y1) = Y1,
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where X is the fiberwise compactification of

m

{(171,---71‘m,y1 (C )m+ H vv_qi71,7:=17...,7“;

=1

Fx)=1,0=1,...,8 F,(z) = 1, Fya(x) + 2L = 1}.
Y

1

Similarly, the mirror for X, is a LG model
W:Xy —-C*
(1'1, s 7$m7y2) = Y2,

where X} is the fiberwise compactification of

{(xh e T, ) € (CF)™H

m

mij _ C_ .
Hajj =qi2,t=1,...,7;

j=1

E($):1,l:1, , S, F()l(ﬁlf) 2 —1 FOQ(Z')—l}

The X; and X, intersect along X, which is a Calabi-Yau variety in one dimensional lower.
The mirror for Xy is X which is the compactification of

{(xl, ey T) € (CH™

m

H Y=qii=1,...,r;

=1

F(z)=11=1,....s:Fp1(x) =1, Fyo(x) = 1}~

5.2.1. Generalized functional invariants. We can compute the generalized functional invari-
ants from the mirrors. Let Fy,(z) = j, +...,2;, and Fyy(z) = x4, +...,j,,,. For XV,
we have Fyq(x) +y =1 and Fya(z) + q?o =1. For y # 1 and q?o # 1, the following change of
variables can give us X

X X

T, =—" k=1...,a; I k=a+1,...,a+0;
Jk ]-_y Jk = 11— q0/y
and
(19) A = — & —,1=1...,r
ITior (1= y)™ e Tt 0,1 (1 = qo/y) ™o
Then, A= (\q,..., ) is called the generalized functional invariant for XV.

The generalized functional invariants for le and )~(2V can be computed in a similar way.
Indeed, we have

qi,1
U (L= go fy)

1=1...,7;

QZQ
21 Ai
) 2o [Te1 (1= qoofy2)™in’
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We have the following identification of the variables:
(22) Y=v1=0qo2/Y2 Q=q1, G =q1=q21<i<r

Proposition 5.2. Under the identification (@, the generalized functional invariants satisfy
the product relation

Ai AiiNig

—=—— g=1,...,7

4i qi 4
Remark 5.3. To specialize to Section |3, we set Y = P4 Then m =5, r =1, [ = 0, and
my; = 1for j=1,...,5. We also have Fy; = x4 and Fjy5 = 21 + 22+ 23+ 5, where 25 = xlxigm.

Then the generalized functional invariants specialize to the generalized functional invariants
in Section [3l

5.2.2. Periods. Let ¢=(q1,...,¢-) and A = (Ay,..., ;). The holomorphic period for Xy is

Hlszl<plvd>! d
@)=Y Sem(en d) (e, d)q”,
deHy (Y';Z) [1721(D;, d)!
Vj(Dj,d)20
where ¢% = q§p17d)'__q7<}7 ~) We can compute the holomorphic period for XV via generalized

functional invariants:

SN

1
(1-y)(1-qo/y)

[T (pr. d)!
i (o1 Yoz, d)
deH;;/;Z) Hj:I(Dj,d>! 0,1 0.2

vj.(Dj,d)>0

qd

|
) (1 — y)1+(PO,17d)(1 — qo/y)l‘*(PO,Q’d)

_ 5 [T (P, d))! (do,l+<Po,17d>)!(do,2+(Po,2ad))!qdydo,l(qo/y)do,z,
deHa(v:2) dot dasz0 [Lje1{ Dy, d)! do!do,o!
Vj7<Dj,d)ZO

Then, we obtain the holomorphic period for XV:

X _ 1 1 X0y 4Y
fo (¢:90) = %% (1—y)(1—qo/y)f0 ()\)?

_ [T (o, d)! (do + {po,1,d))!(do + <:00727d>)!qdqdo
deHa vz doso 11j=1{Dj, d)! (do!)? 0
V3j,(Dj,d)20

The holomorphic periods for )~(1V and Xg are defined as the pullback of the corresponding
generalized functional invariants, we have

¢ " d)! ,d)!(d ,d)g?
f()Xl(q7q0,1,y1): Z Z Hl—l(ph > (pO,l )( 0+<p0,2 )) q (QOJ/yl)dO;

deH3(Y;Z) do>0 H;‘nzl(Dj, d)' dO'
vj»<Dj,d>ZO

5(2(61,?;) _ Z Z 1o, d)! (do + (po1,d))po2, d) g (y)do.

deH3(YZ) do=20 Hjnl1<Dj7d>! dp!

Then, by direct computation, we have
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Theorem 5.4. The following Hadamard product relation holds
15(4:90) *q £ (a) = %j{fo&(q,qa,y) * f?@,;;)%
Let NE(Y') c Hy(Y,R) be the cone generated by effective curves and NE(Y)z := NE(Y) n

(H2(Y,Z)/ tors). We have the Hadamard product relation among Picard-Fuchs equations.

Theorem 5.5. The Hadamard product relation among the bases of solutions to Picard-Fuchs
equations 1s

: 1 . ' d
IX(q,qO) *q IXO(Q) = % ‘¢‘ [Xl(q7QO/y) *(1 IX2(Q7y)?y7

0 - s {p1.d)
o0 )

deNE(Y')z,do20 j=1 ( chDj;?(Dj +k) J\i=1 k=
d)+d d)+d
( o +0(Po1+100+k)npo2 +0(Po,2+P0+k))

where

[X(q, %) —eZiopiloga;

—_

do d.
90 9
k:1 (po + k) ’
7." . . ]._Ik: oo(D +k) hd)
]Xo(q) —pXi=1Pil0gq; (Pl + k)
deNEZ<Y>ZE 22 (D; + k) ) it Hl

(po,1,d) (po,2,d)
) H (Po,1+k) H (P0,2+k‘) qd;
k=1

k=1
ITL_.(D; +k>)(ﬁ M (pl+k))

deNE(Y)Z,dOZOj:I( Dj.d (D- =1 k=1

< P01 (P +l€)1—[p02d+d0(p072+p0+/€))

]Xl(q, %) = eZizoPilogai

do d
4°q9%
kzl(p0+k) 0
% r —oo D +k s l
IXQ((],QO) = @Zi=0pi10gqi Z H Hk ( ) H H o +k})
deNE(Y ) z,d0>0 j=1 Hk 7 (D k) ) \i=1 k=1
(H P01 o (Po,l +Po + k) szol’z’ (/)0,2 + k)) do d
4y q -
Hg‘il(poJrk‘) °

In the Hadamard product *,, we treat logq; as a variable that is independent from q;. Al-
ternative, we can consider I1(q) = I1(q)/(X pilogq;) and write Hadamard product relation for
1.

Remark 5.6. The case when we blow-up both quasi-Fanos can be considered as a special case
of the Tyurin degeneration when blowing-up occurs on only one of the quasi-Fanos. Indeed,
we can directly consider the Tyurin degeneration for X in Y x P! given by a refinement of the
nef partition (7] Lo2 ® m5O0p1(1)) & L1 & -+ @ Ly & (7] Lo ® m3Op1 (1)) with respect to either
ﬂ-fLO’Q ® WSOPI (1)) or W;LOJ ® F;OPl (1))
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5.3. General case. We consider the case when we blow-up one of the quasi-Fanos. We
assume that we blow-up X5. The blown-up variety is denoted by X5. The mirrors for X and
X are described in Section [5.1. The mirror for X is the LG model

W:X)/->C"
(Ih e ,Im) = FO}Q((L‘)7

where X7 is the fiberwise compactification of

{(371, e ,[L‘m) € (C*)m

Hx;n” =qq1,i=1,...,7;
j=1
_F'Z(ZE) :17l=1,...,8;F0’1([E) :1}

X, is a complete intersection in the toric variety Py (O @ L(_),lz) given by a generic section
of Loy ® L1 @ ®L,® (7" Lo; ® O(1)). The LG model for X, is

W:Xy-»C*
(l‘l? v 7xm7y2) = Y2,
where X'QV is the fiberwise compactification of

oymet | [T mis ), - SR mi, ;_ )
(xlw"axmayZ)e((C) Hmj Yo _Qi,Zaz_la"'7T>

J=1

F(x)=1,1=1,...,s; Fo1(z) + % =1, Fya(x) = 1}_

5.3.1. Generalized functional invariants. Then, we can compute the generalized functional
invariants. Recall that XV is the compactification of

{(xl,...,:cm) e (CH™

Set Fyo(x) =y, then Fy;(z) =1-y. Following the computation in Section [5.2.1] the gener-
alized functional invariant for XV is

(23) A= — A i=1..r
[Thoy (1 =)™k [Tilas (y) ™

For X}, we also set Fya(z) =y, then the generalized functional invariant is

Hx;nij:qivizlu"wr;ﬂ(x)zl’l:O,”.’S}.
j=1

(24) Y — T

mijk Y

b
Hg:a+1 Y
The generalized functional invariant for X, is

(25) Aig = IR gi2 =107
y2 k=a+1 """ HZ:l(l _ q072/y2)m”k

We set

a+b .
k=a+1 ngk . 1
72 - 5

>
(26) G = Qi1 = QoY CaTy Y =Y1 = qo2/ Yo
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Proposition 5.7. Under the identification @, the generalized functional invariants satisfy
the product relation

Ai AixAia

—=——"= g=1...,7

4% 4 G

Remark 5.8. One can specialize to Section [] following Remark [5.3]

Remark 5.9. Section [5.2| can be viewed as a special case of the current section as follows.
The ambient toric variety in Section is Y xPL. Let py,...,,p, € H2(Y,Z) be a nef integral
basis and pg € H2(IP',Z) is the hyperplane class in P'. We use the same notation p; to denote
the pullbacks of p; to H2(Y x P',7Z). We can write the toric divisors as

Dj:Zmijpi+0p0, 1£jSm,
i=1

for some m;;. And

r
Dm+1 = Dm+2 = ZOpz + Do.
=1

In other words,
Dj:Zmijpi, 13j£m+2,
=0

where m;; =0 for 1<j<mandi=r+1; my; =0for j=m+1,m+2and 1 <i¢<m. The

Tyurin degeneration is given by the refinement of the nef partition with respect to the part

7§ Lo1®75Op1(1). The refinement produces two new parts Fy 1 (x) =z, +...,x;, and Fyo = y.

The generalized functional invariants for XV and X are already computed in Section

The generalized functional invariant for X%’ is Equation . In this special case, the factor
a+b

Yoy Zizar1 ™k in the denominator of 1' is actually y5 = 1, because there is only one element

in Fyy forie{l,...,7} and j € {m+1,m+2}. So the generalized functional invariant for Xy

specialize to the one in Section [5.2 Hence, we recover the generalized functional invariants
in Section [5.21

Note that in Section [5.2] we consider X, as a complete intersection in Y, while, in the
current section, we consider it as a complete intersection in Y x IP1. This results in a slightly
different expressions of its mirror X . Therefore, generalized functional invariants for X and
X are changed accordingly. Nevertheless, the product relation among generalized functional
invariants always holds.

Remark 5.10. Note that

a+b atb r r a+b
poz=ci(Los)= Y Dj = > > myp= Z( > mz‘jk)pz'-
k=a+1 k=a+11=1 =1 \k=a+1
The first Chern class of the normal bundle of the anticanonical divisor X, in X is i*pg 2 €
a+b .
H?(Xy), where i : Xg = Y is the inclusion. It gives an explanation for the factor y2Z kma+1 Tt
in Equation (26)). This factor does not appear in Section because the normal bundle is

trivial.
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5.3.2. Periods. The holomorphic period for X is

Hls:1<plv d)' d
o (q) = L (o, d){po.2, d)g
’ dd%;@ [T} (D;, d)!
Vj,(D]',d)ZO

We can compute the holomorphic period for XV via generalized functional invariants.

1w
(M)
(1-y)"°
H?=l<pl>d>! q
_ LAV d) (o, d)!
deH;am Ty Dy, o M0 O s
Vj{(D;,d)>0

d

(d0,1 + (,00,1, d))!qd

Hle(plv d)' y
d071!<p071’ d)!y(/’o,%d)

= Z Z m—<p0,1>d>!<p0,27d>!
deH2(Y;Z) do,120 Hj:1<Dj7 d)'

We obtain the holomorphic period for XV:

< ~ 1 1 Xo dy
fi (q)—g—m.f(l_y) S

Hl5:1<pl7 d>| d
= = (P01, d) +{po2, d))!q".
deHg;;Z) Hj=l<Dj> d)'

Vj,(Dj,d)ZO

) o) s
deH»(Y;7) Hj=l< j7d>|
Vj,(Dj,d)ZO

The holomorphic periods for X, and XQV are computed in a similar way, we have

X 11 (o, d)! q*
g, ) = m {po1, ) po2, AP\ ——0
’ ' deHgY;Z) [T724(D;, d)! o B8 (g ) feo2d)

v3j,(D;,d)>0

L= YY [Ti-1 (o1, d)! (do + {po,1, d))!poz, d)lg’ ().

) deHo(YZ) do20 H?ll(Dj, d)! do!

Recall that y = y1 = go2/y2. Then we have

Theorem 5.11. The following Hadamard product relation holds
ORI O = Bl e S

Similarly, we have the Hadamard product relation among Picard-Fuchs operators. Let

+ s {p1,d
I*(q) = exorlosa 57 H(Hk_ =D, k))(l_[ H(pz+l<:))q,

deNE(Y)g j=1 Hk:_oo (Dj+k) ) \i=0 k=1
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Po(g) = Eharbsn 5 H(H’“ ”(D*’“))(ﬁﬁ<pl+k>)

deNE(Y)z j=1 . (Dj +k =1 k=1

(po,1,d) (po,2,d)
: H (po1+k) H (po2+k) q%;
k=1 k=1

m 0 ) s {p1,
[¥1(q,y) = eXimpilosria 57 [T ( HZ?“’(DJ +k) ) (H pl_[ (i + k) )

d)
- 7
deNE(Y)7,do>0 j=1 b (D + k) =L k=1

(Pﬁd) {(po,2,d) qd
(P +k) (Po2+ k) | ———,
k] i) y(Po,zﬁ)
where )\i,l = Mbql—lmljk,l = ]....,7”;
k=a+1 Y1

[XQ(q,y) = eXiz1Piloggi+pology Z H H’f OO(D il k) li[ ﬁ (pr+ k)
deNE(Y)z,do>0 j=1

Hk__ (D4 1=1 k=1
( §Ji°;d+d°<pm+po+k> oz + k)
: yrq.
k=1(p0+k)

Theorem 5.12. The Hadamard product relation among the bases of solutions to Picard-
Fuchs equations is

1 ; dy
(@) 5 1(0) = 5 § ¥ (a0) #  (a.0) .
T Y

where we set pyg = po2. In the Hadamard product *,, we treat logq; as a variable that is inde-
pendent from q;. Alternative, we can consider 1(q) = I(q)/(¥ pilogq;) and write Hadamard
product relation for I.

6. GROMOV-WITTEN INVARIANTS

In this section, we discuss how the relation among periods is related to the A-model data:
Gromov-Witten invariants. The Tyurin degeneration naturally relates absolute Gromov-
Witten invariants of a Calabi-Yau variety and the relative Gromov-Witten invariants of the
quasi-Fano varieties via the degeneration formula |Li01], [Li02] and [LRO1]. The periods for
the mirror Calabi-Yau families are related to absolute Gromov-Witten invariants of Calabi-
Yau varieties by the mirror theorem of [Giv98] and [LLY97]. The periods for the LG models
are related to relative Gromov-Witten invariants of the quasi-Fano varieties by the relative
mirror theorem which is recently proved in [FTY19).

6.1. Definition. In this section, we give a brief review of the definition of absolute and
relative Gromov-Witten invariants.

Let X be a smooth projective variety. We consider the moduli space M, 4(X) of n-
pointed, genus g, degree d € Hy(X, Q) stable maps to X. Let ev; be the i-th evaluation map,
where

ev; :Mg7n7d(X) - X, forl<i<n.
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Let s; : Mgm,d(X) — Cyn.d(X) be the i-th section of the universal curve, and let v, =
ci(s? (ng,n,d(X)/ﬁg,n,d(X))) be the descendant class at the i-th marked point. Consider

o v, e H*(X,Q), for 1 <i<n;
e a; € Zsg, for 1 <i<n.

Absolute Gromov-Witten invariants of X are defined as

27 Ta; (Vi = fi a1 gy* )t ey ().
(27) i w) o e e )

g,n,d
In this paper, we will be focusing on genus zero absolute Gromov-Witten invariants of Calabi-
Yau varieties.

Let X be a smooth projective variety and D be a smooth divisor. We can study the relative
Gromov-Witten invariants of (X, D).

For d € Hy(X,Q), we consider a partition k = (ky,. .., kn, ) € (Zso)™ of [,[D]. That is,

We consider the moduli space Mg7,;’n27d(X,D) of (ny + ny)-pointed, genus g, degree d €
Hy(X,Q), relative stable maps to (X, D) such that the contact orders for relative markings
are given by the partition k. We assume the first n; marked points are relative marked points
and the last ny marked points are non-relative marked points. Let ev; be the ¢-th evaluation
map, where

eVZ':M

g,]:},TLQ,

evi:]\/[

JX,D)—> D, forl<i<ny;

g’§7n27d(X,D) - X, forng;+1<i<n;+ns.

Write 9; = s*1b; which is the class pullback from the corresponding descendant class on the
moduli space Mg, +n,.4(X) of stable maps to X. Consider

e 0; € H*(D,Q), for 1 <i<ny;
e Vi € H*(X,Q), for 1 <i < ny;
® a; € Zsg, for 1 <1 <ny +ny.

Relative Gromov-Witten invariants of (X, D) are defined as

(28)
ni n9g (XvD)
(@[T o) -
i=1 i=1 g,l% no,d
[[M (X.D)Jir 77Z}1 €vy (61) wanl ean (5n1 )¢Z?ﬂl evn1+1 (7n1+1) ¢Z;L5:;2 V:11+n2 (7n1+n2)'
g,k no,d

We refer to [IP03], [LRO1], [Li01] and |Li02] for more details about the construction of relative
Gromov-Witten theory. Relative Gromov-Witten theory has recently been generalized to
include negative contact orders (allowing k; < 0) in [FWY19b] and [FWY19a]. We refer to
[FWY19b| and [FWY19a] for the precise definition of relative Gromov-Witten invariants with
negative contact orders. In this paper, we will be focusing on genus zero relative Gromov-
Witten invariants of quasi-Fano varieties along with their anticanonical divisors.
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6.2. A mirror theorem for Calabi-Yau varieties. In this section, we briefly review the
mirror theorem for toric complete intersections following [Giv98|. We are focusing on the
case of Calabi-Yau varieties. A mirror theorem relates a generating function of Gromov-
Witten invariants of a Calabi-Yau variety and periods of the mirror. The generating function
considered by Givental [Giv98| is called J-function. The periods are encoded in the so-called
I-function in |Giv9§].

The J-function is a cohomological valued function defined by

JX(r,z)zeT/z(1+Z % Qd<%> ¢a)7

o deNE(X)z~{0} 0,1,d

where the notation is explained as follows:

o 7=Y1pilogQie H*(X).

e p1,...,pr 18 an integral, nef basis of H?(X).

e NE(X) c Hy(X,R) is the cone generated by effective curves and NE(X)z := NE(X)n
(Hy(X,Z)/ tors).

e {¢} and {¢} are dual bases of H*(X).

o <%)é{1 4 1s Gromov-Witten invariant of X with degree d, 1-marked point and the
insertion is read as follows:

¢o¢ k —(k+2
— P2 S e ),
SR
Let X be a Calabi-Yau complete intersection in a toric variety Y defined by a section
of E = Lo® Ly & - @& L, where each L; is a nef line bundle. Recall that p, = ¢;(L;) and
-Ky =Y yc1(L;). Consider the fiberwise C*-action on the total space E. Following Coates-
Givental [CGO07|, we consider the universal family

ev
CO,n,d Y.

|-

Mona(Y)

Coates-Givental [CGO7] define
Eona:=Rr.ev' Ee KQ(Mo,a(Y)).
Let e(-) denote the C*-equivariant Euler class. The twisted J-function is

@ deNE(Y)z~{0} 0,1,d
where
n (e,E) n B
Ta; (Vi = ff , evi v e(Eop.d
([T >) e T e E)

is called a twisted Gromov-Witten invariant of Y. The twisted J-function admits a non-
equivariant limit JY>X, which satisfies

LT (r),2) = X (r,2) U i,
=0
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where 7 : X = Y is the inclusion.

Let Di,...,D,, be the classes in H2(Y") which are Poincaré dual to the toric divisors in
Y. The I-function is cohomological valued function defined by

s {pn,d)
(000 (1)
deNE(Y') j=1 I’Ik}m (Dj+kz)) \i=0 k=1

The I-function can be expanded as a power series in 1/z:

]X(q, Z) = Xi-1Pilogqi/z

J1(q B
1¥(g.2) = fola) + U2 s 0(1).
The mirror theorem is stated as follows.

Theorem 6.1 ([Giv98|, [LLY97]). The I-function and the J-function are equal after change
of variables:

TR (fi()] fo(a), 2) = I (. 2)/ fol(a).-

Remark 6.2. Note that 1X(q,z) takes values in H*(Y). The restriction i*1X(q,z) takes
values in H*(X) and lies in Givental’s Lagrangian cone of the Gromov-Witten theory of X.
A more common notation for our IX(q,z) is IY**(q,z). We choose not to use this notation
to avoid any possible confusion with the relative I-function that we consider in Section [6.3]

Remark 6.3. By setting z = 1 for the /-functions, we obtain the bases of solutions to the
Picard-Fuchs equations considered in previous sections.

We list the I-functions for some examples of Calabi-Yau varieties that we consider in this
paper.

Example 6.4. Let Q5 be a smooth quintic threefold in P*. The I-function is

[Q5(q Z) — eHlogq/z Z (n2i1(5H+ kz))qd
’ SO\ (H + k2)?

Example 6.5. Let Q5 be a complete intersection of bidegrees (4,1) and (1,1) in P4 x P!,
The I-function is

z Plz
I9(q0,2) = "qp " Y (
d1,dp>0

1490 (4H + P+ k2) TI9% (H + P + kz) ) de
1% (H + k)5 [I® (P + kz)? o

6.3. A mirror theorem for log Calabi-Yau pairs. A mirror theorem for a relative pair
(X, D) is proved in [FTY19]. In this section, we focus on the case when X is a toric complete
intersection and D is a smooth anticanonical divisor of X. The relative mirror theorem in
[FTY19] is again formulated in terms of the relation between J-functions and I-functions
under Givental’s formalism for relative Gromov-Witten theory which is recently developed

in [FWY19b|.
Following [FWY19b[, the ring of insertions for relative Gromov-Witten theory is defined

to be
'S:j = @517

€7
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where $p = H*(X) and $; = H*(D) if i € Z ~ {0}. For an element « € §);, we write [a]; for
its embedding in $). The pairing on $ is defined as follows:

0, ifi+j+0,
(29) ([e]i [8l;) ={ [xav B, ifi=j=0,
[paup, ifi+j=0,4,5%0.

Let too € H2(X) and [t,] € $ N Ho. Following [FTY19], we define the J-function.

Definition 6.6. The J-function for relative Gromov-Witten invariants of (X, D) is a $-
valued function

JOP[1] 2) =
d (X,D)
6t0*2/z (1+ [t U)] + Z ZQ_ Ma[ttw]v”'7[ttw]> [¢a])’

Z (mdeoo) e M2z -¢) OmsLd

where [t] = [toa] + [tiw] € 9; too = XiqpilogQ; € H2(X); {[¢a]} and {[¢*]} are dual bases
of $ under the pairing (29).

For simplicity, we only write down the /-function for the log Calabi-Yau pair (X, D), where
X is a complete intersection in the toric variety Y. We consider the extended I-function for
relative Gromov-Witten theory. It may be considered as a ”limit” of the extended I-function
for root stacks Xp, for » - oco. This is because of the relation between genus zero relative
and orbifold Gromov-Witten invariants proved in [ACW17], [TY18] and [FWY19b]. By
[FTY19], root stacks are hypersurfaces in toric stack bundles with fibers being weighted
projective lines Py . Let b o xi[1]; represent the extended data. In the language of orbifold
Gromov-Witten theory, x; corresponds to the box element of age i/r in the extended stacky
fan of P} .. Note that the age i/r in orbifold Gromov-Witten theory corresponds to contact
order 7 in relative Gromov-Witten theory. The limit is taken by first choosing k;, d and b,
then taking a sufficiently large r. Since it works for any b > 0, we may formally take b — oo
after taking r — oo.

Definition 6.7. The extended I-function for relative invariants is defined as follows
TP (gt z) =1, + 1,

where

) m 07 D ]{Z s {p1,d)
I, =eShaplosalz 3 (H H’;ij( k) [T (pu+kz)
=0

deNE(Y),k;20 \J7=1 l_[izi’oJ(Dj +kz) k=1
S iki<(D,d)

[o<k<(p.ay(D + kz) HJC -
D+ ((D,d) - Y ik;)z 2% [1(k;!) (Dd) ik
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and

m 0 s I
] :=eXi-1Pilogai/z Z (H Hf_ oo (D; + 1) ) (H /i_[ (1 + k:z))
j=1 l_[kz_oo ( it kZ)

deNE(Y),k;20 1=0 k=1
Y iki2(D,d)
Ha:
(D +k2) | s =g g’
(O<k1—([D,d) ZLki H(k ') "

Theorem 6.8 (|[FTY19|, Theorem 1.5). The extended relative I-function IXP) lies in Given-
tals Lagrangian cone for relative invariants which is defined in [FWY19b| Section 7.5].

For the purpose of this paper, we take the part of the J-function that takes values in
H*(X). Therefore, we consider the function of the form

TN 2) =

J (X,D)
eto,z/zz (1 " Z z Q [¢a] [ttw] o [ttw]> [¢a]0) 7
(i) ‘@ P \z - Omi 1

where [¢,]o and [¢*]o are dual bases of H*(X). The corresponding I-function, denoted by
Iy, is the part of I_ that takes values in $)y = H*(X). Note that the /-function that we
consider in Definition is actually a non-equivariant limit of the twisted /-function from
the ambient toric variety Y similar to the absolute case in Section Therefore, I, takes
values in H*(Y") and i* I takes values in H*(X) where i: X < Y is the inclusion.

Definition 6.9. Let X be a complete intersection in a toric variety Y defined by a section
of E=Ly® Ly & @& Lg, where each L, is a nef line bundle. Let p; = ¢;(L;). Assuming D is
nef, the I-function is the H*(Y')-valued function defined as

0
<30) I(ngD)(Q7 x, Z) = 62;1 piloggi/z Hk:—oo(Dj + I{JZ)
dENE(Y)Z k;>0 Zlk=<D d j=1 H;th)(D + kZ)
11l ! z
(p+k2) | T](D+k2)—=———
=0 k=1 Zk Hk?'

Remark 6.10. The nefness assumption on D can be dropped when D is coming from a toric
divisor on Y. In this case, the relative Gromov-Witten theory of (X, D) can be considered
as a limit of the Gromov-Witten theory of the complete intersection on the root stack Yp .
Since Yp, is a toric orbifold, the /-function for a complete intersection in toric orbifolds is
known in [CCIT14].

Now, we consider some examples that we study in this paper.

Example 6.11. Let X be a complete intersection of bidegrees (4,1) in P3 x P! and D is its
smooth anticanonical divisor. The I-function Iy is

IéX’D)(qla qo, T, Z) =

qH/ZqP/Z Z 4d1+d0 (4H P kz) I1 xfl qd1 qdo.
1 k:l(H+kZ)4Hk=1(P+kz) 2Tk [Tk 70

d1,dop>0 k;>0,Y ik;=do
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The extended I-function is
[(X7D)(QI7 4o, T, Z) = ]+ + ]—7

where
I, __qu/zqP/z Z ( 4d1+d0 (4H + P+ kz) )
d1,dp>0,k; >0 szl(H +k2)ATI% (P + k2)
Y iki<do,
1 I1 x
P+ (dy—Y ik;)z zXk H(k |)[ - dmZikﬂflqgo,
and

[1,47% (4H + P + k2)
I H/zqP/z Z ( )

=q
! d1,dp>0,k;>0 szl(H+k’Z) k:1(P+kz)

Y iks>do

Hw di do
sz—(k,,)[ -dors v, 40"

The mirror map is given by the quotient of the coefficients of 2° and z~!. The z%-coefficient

is Y4,50 Ezd,l))4 ¢™. The coefficient of 271 is

4d a1
g
di>1 k=di+1

(4d; +dy)! (4dy +do)! 4, 4
+d1>OZdo>0 (dl!)4(d0)!d Fadi'ay’ Z 2 (dl!)4(do)!q1 0 1 agei | i

i=1 \ d10,0<dp<i

Example 6.12. Let X be a complete intersection of bidegrees (4,0) and (1,1) in P4 x P!,
Let D be its smooth anticanonical divisor. The I-function I is

]éX7D)(QIa qdo, T, Z) =

qH/zqP/z 3 > ( 4d1 V(4H + k=) Hd“do(H +P+ k:z)) I1 xf 4o
1 : 1 9
0 G0 k30 5iki=do \ T (H + k2P I (P +kz) ) 2R DTk
Example 6.13. Let (0, be the quartic threefold in P* and K3 be the smooth anticanonical
divisor. The I-function I is

IO(Q4’K3)(Q1 z,2) = efllesa/z > (Higl(le + k:z)) [T g,
d20 k; 20,5 ik;=d [10, (H + k2)4 ) 2ZF 1k 1

Example 6.14. Let X be the blow-up of P? along the complete intersection of degrees 4
and 5 hypersurfaces. The extended [-function for relative invariants is defined as follows

](X7D)(QI7QOJx7t7’Z) = ]+ + I,7

where

. =gtz Pl > ( [147%(4H + P + k2) )
+ = b 17 (H + k=) 12, (P + k=)

d1,do>0,k;>0
Y iki<do—dy,

1 l_[x [ ] . dl do
P—H +(do—dy = Yik;)z z2Z* [1(ks!) do+di+¥ ik 1 4
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and

d1,dp>0,k;>0
Y ik;>do—d1

( [T (4H + P + kz2) )
[T (H + k2)A I8, (P + k2)

_Ha: d d
22k TT(ky 1)[ J-dorarrginy 4o”

In particular, IéX’D) is the part of I_ that takes values in H*(X) (that is, when dy—d; = ¥ ik;).
We have

I (qq0.0,2) =) g Y

d1,dp>0,k;>0
Y iki=do—d1

( 4d1+d0 (4H + P + k2) ) I xicl g
Hk:l(H+kz)4Hk:1(P+kz) P

6.4. Relation with periods. Since Gromov-Witten invariants are related to periods via
mirror maps, the relation among periods given by the gluing formula implies a relation
among different Gromov-Witten invariants via their respective mirror maps.

Relative periods can be extracted from the I-functions for relative Gromov-Witten theory.
We will illustrate this with an explicit example. Recall that, Qs is a complete intersection
of bidegrees (4,1) and (1,1) in P4 x Pt. The Calabi-Yau threefold Qs admits the following
Tyurin degeneration )

Q@5 ~ X1 Uks X,
where X is a hypersurface of bidegree (4,1) in P3 x P! and X, is a complete intersection
of bidegrees (4,0),(1,1) in P* x P!. Note that the I-function for relative invariants includes
some extra variables x; corresponding to the contact order of relative markings.

There are many ways to extract periods from the relative I-function. To simplify the
discussion, we can extract the coefficient of :Bdoqflqgo for each di,dy > 0 from [O(X“K?’) and
]éXQ’K?’). Setting x; = 1, then the resulting I-functions are

‘[(EXLKS)(QIJ qo, Z) =

H/z Plz Z ( 4d1+d0(4H+P+kZ) ) qiilqgo
G o szl(H'f' kz)4 k:1(P+ kz)

o ~min(1,do)’
1,d0=

and

X9, K
[é 2 3)((]17(1073):

RIS ( o (4H + k2) T (H + P + k:z)) a5’
to 1%, (H + k2)5 1% (P + k2)

which, after setting z = 1, are exactly the bases of solutions for the Picard-Fuchs equations in
Section One can then extract the corresponding invariants from the J-functions with
the corresponding mirror maps. The gluing formula for periods yields a formula relating the
corresponding invariants by pluging in the corresponding J-functions along with mirror maps
to Equation ([12]).

min ld )
dy,do>0 z ( 0)

Remark 6.15. The resulting gluing formula for Gromov-Witten invariants relates absolute
Gromov-Witten invariants of the Calabi-Yau manifolds X and X, to the relative Gromov-
Witten invariants of the pairs (X;, Xo) and (Xs, Xo). This is clearly a sort of “B-model
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motivated” degeneration formula for genus zero Gromov-Witten invariants of Tyurin degen-
erations. Nevertheless, we do not know at present how to relate our gluing formula for periods
to the degeneration formula for Gromov-Witten invariants as described in [Li01,Li02,]LRO1].

More so than the complexity of the mirror maps and Birkhoff factorizations, there are
several other obstructions to directly checking compatibility. For example, the relative mirror
theorem only involves relative Gromov-Witten invariants whose insertions at the relative
markings are cohomology classes pulled back from the ambient space. On the other hand,
the degeneration formula involves relative Gromov-Witten invariants whose insertions at
relative markings having cohomology classes that are not pulled back from the ambient
space. Moreover, there may be relative invariants with negative contact orders involved in
the relative mirror theorem, while the degeneration formula only has relative invariants with
markings of positive contact orders.
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