arXiv:2110.08482v2 [math.AG] 12 May 2022

Ky, AND QUANTUM CURVES
CHARLES F. DORAN, MATT KERR, AND SOUMYA SINHA BABU

ABSTRACT. A 2015 conjecture of Codesido-Grassi-Marifio in topo-
logical string theory relates the enumerative invariants of toric CY
3-folds to the spectra of operators attached to their mirror curves.
We deduce two consequences of this conjecture for the integral reg-
ulators of Ks-classes on these curves, and then prove both of them;
the results thus give evidence for the CGM conjecture. (While the
conjecture and the deduction process both entail forms of local
mirror symmetry, the consequences/theorems do not: they only
involve the curves themselves.) Our first theorem relates zeroes
of the higher normal function to the spectra of the operators for
curves of genus one, and suggests a new link between analysis and
arithmetic geometry. The second theorem provides dilogarithm
formulas for limits of regulator periods at the maximal conifold
point in moduli of the curves.

1. INTRODUCTION

The simplest Calabi-Yau threefolds are the noncompact toric CYs
X determined by a convex lattice polygon A (or more precisely by the
fan on a triangulation of {1} x A in R?). Each such CY has a family of
marror curves C C C* x C*, of genus g equal to the number of interior
integer points of A, given by the Laurent polynomials F'(xy, zo) with
Newton polygon A. Recently a fundamental and novel relationship
between (i) the enumerative geometry of X and (ii) the spectral theory
of certain operators Fon L?(R) attached to C, has been proposed by M.
Marifio and his school, in the context of non-perturbative topological
string theory [GHM, [Mal, [CGM]. The goal of this paper is to lay out
some mathematical consequences of this meta-conjecture, and provide
evidence for it by proving them in two important cases.

A Laurent polynomial F' = 37 canzz @na™ is promoted to an op-

erator [ (or “quantum curve”) by a process called Weyl quantization,
which depends on a real constant h. Writing r for the coordinate on
R, let x denote multiplication by r, and y := ih0,, so that [x,y] = ik.
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Taking F=3 ame™* Y [CGM]| define a generalized spectral deter-
minant Zc(a; h) whose zero-locus describes those curve moduli a for
which ker(F) # {0}. They conjecture that under a “quantum mir-
ror map” a — t"(a), Z¢ is proportional to a quantum theta function
Ox (t; h) derived from the all-genus enumerative invariants of X; see
Conjecture 2.2 In particular, the zeroes of ©x should recover the
spectrum of any fixed quantum curve 2

In the formulation of [BKV], local mirror symmetry relates the “max-
imally supersymmetric” case (h = 2) of (i) to (iii) the Hodge-theoretic
invariants (or “regulators”) of algebraic Ks-classes on C. This allows
us to reformulate this case of the conjecture of Codesido-Grassi-Marino
[CGM] in as a putative relationship between quantum curves and
regulators (i.e. between (ii) and (iii)). We do this under the assump-
tion that F' ranges only over the integrally tempered Laurent polyno-
mials, so that the symbol {—z1, —z3} € K3(C(C)) extends to motivic
cohomology classes on the compactifications C; C PA. This smaller
moduli space M has dimension g, and the resulting regulator classes
5 R(a) € H'(C,,C/Z) may be projected modulo H'(C,) to yield a
section v of the Jacobian bundle J — M of the family C — M,
called the higher normal function. We deduce from the conjecture of
[CGM] that the locus in M where v meets a specific torsion shift of
the theta divisor in J should match the zero-locus of Z¢ after tweaking
the signs of the moduli; this is made precise in Conjecture

We may further refine this prediction in the genus-1 case, where A is
now reflexive and the Laurent polynomial F'(z) = ¢(z)+a now has only
one parameter a. In , we use integral mirror symmetry to compute
the torsion shifts, and show that (after a miraculous cancellation) they
simply translate the theta divisor to the origin! The prediction is now
that the spectrum of the quantum curve is given byE|

(1.1) o(@)={aeM|via)=0 € J(C.)}.

Keeping in mind that g = 1 (A reflexive), ¢ is tempered, and h = 2,
our first main unconditional result is then the following

Theorem A (Theore and [3.10). Assume A C Rx[—1,1]. Then
]

the “27 direction of (| holds, and the “C” direction holds for “al-
most all” eigenvalues.

INote the implicit sign flip on a: we are saying that ker(¢ — a) # {0} when
the regulator associated to {—z1, —x2} on ¢(z) + a = 0 dies in the Jacobian. The
notation for the normal function changes from v to v as it no longer has multiple
components.



K> AND QUANTUM CURVES 3

We prove the “2” statement in by explicitly constructing square-
integrable eigenfunctions of ¢ with eigenvalue a, using vanishing of
v(a) to show well-definedness. The result (in on the “C” in-
clusion is obtained by using the coherent state representation of ¢
to bound the accumulation of eigenvalues in a manner that matches
growth (~ const. x log®(a)) of v as a — co. One perspective on The-
orem A is that we may view v(a) as a normalized solution to an inho-
mogeneous Picard-Fuchs equation, and in effect states that the
eigenvalues of ¢ are simply the points where v(a) € Z (see Remark
3.5(i)). The latter condition is a statement about a period of a mixed
motive, and combining this with a variant of Grothendieck’s period
conjecture allows one to show conditionally that the eigenvalues of @
are transcendental numbers (Prop. [3.13)).

The conjecture of [CGM] yields a different prediction in the 't Hooft
limit A — oo, which is not empty for ¢ = 1 but much more interesting
for ¢ > 1. Results of Kashaev, Marino and Zakany [KM, [MZ] on the
limits of spectral traces of three-term operators can be viewed as pro-
viding a general formula for the limiting value of a particular regulator
period R,(a) = [ R{—=1, —72}|c, at the maximal conifold point &, in
terms of special values of the Bloch-Wigner (“real single-valued diloga-
rithm”) function. Here “maximal conifold” means a particular point in
moduli at which C acquires g nodes while remaining irreducible; that
is, the normalization C; is a P'. By applying a method from [DK]
§6] for computing regulator periods on singular curves of geometric
genus zero, we are able to verify this in two infinite families of cases,
corresponding to

Fe(z) =a + 20+ 27927 + 30 La;xy Pxy ) and
Foy 11(z) = 21 + 22 +x12g+1 - + 39 a5z 1,
The g = 1 case was already verified in [DK| §6.3], while the g = 2
identities were partially verified in [7TK| §6]. .
To give a more explicit statement of this result, write F¢ := F'¢ —a,

in either case, and []p for the operator taking the constant term (in
x1,T2) in a Laurent polynomial. Then we have:

Theorem B (Theorem and (4.37)). The regulator periods at the

mazximal conifold point satisfy

(=)D =5 2mig

log(2g+1) — Sy TS ((F2,)M)y = 25 R99(@) = 220 Dy(1 4 e35)
and

~a 2mi
log(29+1)— S0 7y (Foy—11) o = 2 B2~ (@) = 9D Py (142077,
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In fact, the two families are isomorphic under the moduli-map send-
ing a; — ag4_j1, and the cycles are just two amongst g (named 74, ..., ;)
for which we can compute the regulator period at a, obtaining g differ-
ent identities. Part of the proof involves using a method from [Ke2] to
determine (from the series expansions of their periods) how many times
the “limits” of the {;} at @ pass through each of the g nodes, cf. Prop.
this method may be of independent interest in the study of mon-
odromy. Incidentally, the identities we prove should have implications
for the asymptotic behavior of genus-zero Gromov-Witten numbers of
the corresponding CY X, but we do not pursue this direction here.

In an appendix we compute some regulator periods used in the paper
and relate the torsion constants so crucial in §3.1]to integral periods of a
limiting mixed Hodge structure. Finally, as a quick word on notation:
we use 0, = % and 0, = x0, throughout; and we avoid the use of
Einstein summation.

Acknowledgments. The authors thank M. Marino for bringing the
conjecture to our attention. This work was partially supported by Si-
mons Collaboration Grant 634268 and NSF Grant DMS-2101482 (MK),
and an NSERC Discovery Grant (CD).

2. A CONJECTURE IN TOPOLOGICAL STRING THEORY AND ITS
CONSEQUENCES

2.1. Quantum curves. Let A C R? be a polygon with vertices in Z?
whose interior contains the origin 0. Write

(2.1) F(z1,22) = Ymeanze amz™

for a general Laurent polynomial with Newton polygon A. The affine
curve C := {z € (C*)? | F(z) = 0} is then smooth of genus g :=
int(A) N Z?|. Tt admits a smooth compactification C in P, which de-
notes a minimal toric desingularization of the toric surface constructed
from the normal fan of A. For instance, if A is reflexive with polar
polygon A°, then g = 1 and PA is constructed from the fan with rays
passing through each of the nonzero points of A° N Z2.

Taking a maximal integral triangulation tr(A), consider the fan ¥
on {1} x tr(A) C R3. The resulting toric variety
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is called a local CY 3-fold since Kx = (’)X.E| This will be our “A-
model”, on which we do enumerative geometry and run the Kahler
moduli. Such noncompact CY 3-folds often arise from the crepant
resolution of a finite quotient of C®. For instance, if 1 € Zoj,, acts on
C3 by diag{Cor+1, C5i1: Chiir ), the resolution X is obtained by taking
A to be the convex hull of (1,0), (0,1), and (—k,—k) (with g = k).
Another set of examples (with g = 1) arises when A is reflexive: in this
case, X is just the total space of Kp,,. There is some overlap with the
quotient construction: for instance, Kpz [resp. Kp,, deéﬂ] arises from
a quotient of C* by Zs [resp. Zg, Zg).

Local mirror symmetry connects the genus-zero enumerative invari-
ants of X to periods of the “B-model”

(2.3) Y = {(z,u,v) € (C*)* x C* | F(xy,75) + uv = 0},
an open CY 3-fold with Ky trivialized by the form

(24) = (1Re5y (

27i)?

dl’l/Il A dZIIQ/IQ Adu A dv
F(z)+uv

) € Q*(Y).

We shall will say more about this in due course. It has been proposed
by Marino and collaborators [GHM, [Mal, [CGM]| that one can capture
the higher-genus enumerative invariants of X as well by quantizing the
curve C — that is, turning the Laurent polynomial F' into an operator
and considering its spectral theory. The idea is to write z; = €,
19 = ¢, and promote x,y to noncommuting operators X,y on L?*(R)
with [X,y] = ih (h € R). More explictly, writing r for the coordinate on
R, we take X = i, (multiplication by r) and y = —ihd,; and then we set
&1 = €5, 29 = ¢¥. Notice that if f € L*(R) is the restriction of an entire
function, then #, is a shift operator, viz. (e7¥ f)(r) = f(r — ih).
The promotion of F to F' is highly nonunique: for instance, e*e¥ and
1Y [resp. ee¥] differ by a multiplicative factor of e”/? [resp. €] by
the Campbell-Baker-Hausdorff formula. The standard way to fix this
(before [CGM]) was to employ a perturbative approach called WKB
approximation, which works modulo successive powers of A. In this
context a connection between quantization and K»(C(C)) was pointed
out in [GS|, which we briefly review in the next paragraph, if only

2To see this, note that —ci (Kx) = ¢1(X) is the sum of the irreducible divisors
corresponding to the elements of A N Z2, which is the divisor of the first toric
coordinate wy on X hence rationally equivalent to zero.

3We shall use the notation dPg to refer to the generalized del Pezzo of degree 6
defined by the self-dual polygon with vertices (1,0), (0,1), and (—3,—2). (This is
called the “FEg del Pezzo” in [GKMR].
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to highlight that it is completely different from the link (in the non-
perturbative setting) we conjecture in and establish in .

So suppose that we want a function ¢ on C (rather than R) and a
choice of F' given by Fy := F(21, %) := F(itg,, e "=1) mod O(h), for
which £ = 0. (In this case, we will say C is quantizable.) Begin with
formal asymptotic expansions F = >0 RE, and ¢ = et 2205
Choosing a base point py € Cp with z1(py) = 1, we take Sy(p) =

;log(xg)% (integral on C), which locally satisfies d,, Sy = log(z2)

hence (F9)(p) = [F(a1(p), 22(p)) + O(R)]$(p) = O(R)¢(p). Of course,

e only gives a well-defined function on C if the integral is path-
independent mod 27hZ. When this happens, one then solves for the
higher-order corrections S;, by postulating their form in terms of “topo-
logical recursion”, and finally solves for the F,. We remark that for
h = 2w, the well-definedness condition on Sy is precisely the statement
that the regulator class R{zy, 22} € H'(C,C/Z(2)) of the coordinate
symbol {z1, 25} € K5(C(C)) is trivial. More generally, if the regula-
tor class is torsion (which is the quantizability criterion proposed by
[GS]), then the well-definedness condition is satisfied for A = 2T for

M
some M € Z. This is a very different condition on the regulator class

than the one appearing in RHS below, even in the g = 1 case
(see the discussion leading up to Lemma [3.11).

For the rest of this paper we consider only the non-perturbative
(exact) approach pioneered in [GHM]. Namely, we fix the single choice

A

(2.5) F =3 canz QA ™5 M2Y

and try to describe its spectrum as an operator on L*(R). A little
more precisely, if int(A) NZ? = {m(j)}jzl,__g, then writing a; := a,,u),

) 0 _ _ .
Py = ™", Fj( ) — P; 1F|a1=-~~=ag:O and F; = P; 1F|aj:0, we are in-

terested in determining the eigenvalues {eE*(Lj)(“1""’@"“’“9)}%1\; of Fj for
j=1,..., g.ﬁ We should note here that as long as the {a,,} are all

real, the ﬁj,ﬁ’j(o) are obviously Hermitian; even better, their inverses
P, ,050) are expected to be bounded self-adjoint and of trace class, with
a discrete positive spectrum. These properties, which justify indexing

the eigenvalues by N and make the Fredholm determinants

() -~
(2.6) det(1+ agp;) = [nzo(1 + @y (@tsmto))

4For the time being, one should think of the non-interior parameters am as
being fixed. For the assertion that the spectrum is positive and discrete, further
restrictions (such as those we impose for temperedness later) should be made.
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well-defined, are proved in [KM] and [LST] for all the specific operators
we will discuss below.

Definition 2.1 ([CGM]). The generalized spectral determinant is

(2.7) Ec(a; ) := det(1 + X0y a; P; p<°>p)

This function contains all the information we are after. For any
fixed {ay}re;, we may recover (2.6) as Z¢(a;h)/(Ec(a; h)|q,—0), since
their zeroes (in a;) are the same and both sides are 1 at a; = 0 [CGM,
(2.74)]. So the spectra of B, Fg are simply slices of the zero-locus
of (2.7), a union of hypersurfaces in R? indexed by N. Note that in the
genus one case, is just det(1 4 a1py).

2.2. Local mirror symmetry and the CGM conjecture. Let r :=
|OA NZ?|, so that |[ANZ? = g+ r; and denote by . C Z9"" the rank-
(g+r—3) lattice of relations vectors {{, }meanzz with 32, £,,(1,m) = 0.
Each m € ANZ corresponds to a toric divisor D,,, C X, amongst which
we have the g compact D; := D). If C C X is any compact toric
curve (corresponding to any edge of tr(A)), its intersection numbers
with the divisors of the toric coordinates wy, wy,ws are zero, leading
to a relations vector ¢, = (C' - D,,)x. Such relations integrally span
L, although the (Mori) cone generated by effective curves may not be
smooth or even simplicial. We will ignore such “finite data” issues here,
as we will eventually pass to a slice of the complex-structure moduli
space where this is not an issue.

So write {C;}iz1,. g+r—3 for independent generators of this cone (i.e.
Hy(X,Z)eg), with corresponding relations (9 and define complex struc-
ture parameters

po)
(2.8) 2 = zi(a) = [lneanze am

for C and Y. It is convenient at this stage to fix three vertices of
A and set the corresponding a,,’s equal to 1. We shall mainly work
in a neighborhood of the large complez structure limit (LCSL) point
2z = 0, though at times will also be concerned with the maximal conifold
point Z — the unique point (if it exists) on the “boundary” of that
neighborhoodﬂ where C develops g nodes (while remaining irreducible)
hence has geometric genus zero.

5i.e., the region of convergence for certain power series representing the periods

of C; see ‘
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What are the periods parametrized by (2.8)7 We summarize some
results from [BKV] ﬁ One may construct 3-cycles 7, Ay, ..., Ayjpr—3 00
Y such that near the LCSL

(2.9) /77:27Ti, —t; ::/ n ~ log(z).
T i

The mirror map z — et, which we usually express as t(z) (or t(a) :=
t(z(a))) then induces a biholomorphism between neighborhoods of the
LCSL and the large volume point (in Kéhler moduli spacﬂ of X). Next
write

(2.10) Folt) := § Xi Cirigistirtistis + Sact(x.2).e Noge 4t
for the genus-zero free energy of X, in which the ¢; € QQ are certain
triple intersection numbersﬁ and the Ny, € Q are genus-zero local

Gromov-Witten numbers. The basic Hodge-theoretic assertion of local
mirror symmetry is that there are 3-cycles By,..., B, on Y for Whichﬂ

(211) fB n = o Zngr 3 Cijatif(]( ) Zg+r 3 Az]tz + 27Ti’.T]

under the mirror map, where —C;; = (fﬁim =)C; - Dj, Ay = the

coefficient of C; in D?, and T € Q.

The 3-cycles are constructed by describing Y — (C*)? as a conic
bundle, with fibers isomorphic to C* over (C*)*\C, and to C Uy C (pair
of complex lines crossing once) over C. This yields (cf. [DK| §5.1]) an
exact sequence of MHS

(212) 00— Q(3) = Hy(Y) S ker{H,(C) — H,((C*)*)}(1) = 0

in which im(A) = (7) and the right-hand term has basis (27 times)
a1y, Qgyro3, B1,. .., Bg. On the level of Q-vector spaces, B has a

section M sending this basis to the A; = M(«;) and B; = M(f;). It

6While stated there for g = 1, the proof — by “limiting” results of [Ix] for compact
CY 3-folds to the local setting — works for any A that makes the BKV polytope

:= {the convex hull of (—1,1,0,0), (2,—1,0,0), and (=1, —1) x A in R*} reflex-
ive. (For instance, take A to be the convex hull of (1,0), (0,1), and (—g, —g) [resp.
(—n,—1)] for g | 6 [resp. n | 12]). We also expect these results to hold more gen-
erally. A minor difference in formulation here is that instead of applying the BKV
limit to derivatives of the prepotential ® of a compact CY, we can directly take
derivatives of Fj.

If {7;} € H*(X) is a basis dual to {C;}, then the Kéhler parameter is 3, 5 5 Ji

8hy interpreting X as a (decompactifying) limit of a compact CY and computmg
intersections —J;, Ji, Ji; there; see for details in the genus one case.

9The 2nd and 3rd terms are required in order for integrality of the periods, and
arise from applying the procedure described in [BKV]; the second term arises from
the fact that ch(Op,) = [D;] — %[D?] mod Q[p], where [p] is the class of a point.
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is constructed by sending ¢ € ker{H;(C,Q) — H;((C*)? Q)} first to
its bounding Q-chain I'y, in (C*)? (with 'y, = ), over which M(yp) is a
3-cycle with S fibers (shrinking to points over ). Writing R{f, g} :=
log(f )%q — 2milog(g)dr, for the standard regulator current for Milnor
Ks-symbols (Ty := f~'(R<o) the cut in branch of log), we have on
C*)? the relation d[R{—=z, —y}] = 2 A% — (27i)26z_,)2- This leads
ét O)HCG ° (74 yil = G A — Cri)%or.)

(2.13) 27ri/ n:/ d;Adyy:/R{—x, —y} = Ry,
M(p) Ty ®

which is to say that R,, = —27it; and Rg, = >, Cy;0;, Fo — i, At
mod Q(2).

In the physics literature, the nontrivial a, on the boundary are
called mass parameters; if we write these as a}, ..., al_s, then our com-
plex structure parameters take the form z; = [T, a;cij x 123 azqk.
Taking the a; > 0 large but keeping the a; bounded, so that t; ~
>7_1 Cijlog(ay), the subleading terms (constant in a) can be shownm to
be Q-linear combinations of logarithms of the negative roots {qx }x=1,. »
of the edge polynomials of F. (The latter are defined as follows: if e
is an edge of A, with vertex v, and m® € Z? is a primitive lattice
vector along e, then put Po(w) = ¥, cerze @mnw™ /™) The key
observation is that each g is the Tame symbol of {—z, —y} € K5(C)
at a point pp € C N (Pa \ (C*)?), so that a loop & C C around pj, has
JL, R{-~y} = 2ilog(gs).

The physicists have a grand potential function Jx(t;h) which says
“everything they know how to say” about enumerative geometry of X,
and includes (refinements of) higher-genus GW-invariants. We refer the
reader to [CGM] for details, as we shall only discuss two special cases
in which those invariants (mostly) drop out. First, in the mazimally
supersymmetric case h = 27, we hav

Ty (t:27) =gk {143 00 01y — 35250, + 2} Fo(1)

(2.14) R .
+ Fi(t) + F15(t) + A(g, 2m),

ODone from a physics perspective in [GKMR], and from a regulator perspective
in Appendix Here “negative roots” means the roots of Pe(—w). In particular, if
edge polynomials are powers of (1 4+ w), the ¢ are all 1.

HRemark that q is an abuse of notation since the g are B-model coordinates;
one would ideally replace them by monomials in the e'* which equal ¢ under the
mirror map. (Similar remarks apply to m in ) But we don’t need to be more
precise here as these terms quickly become irrelevant.
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where .7:"0,.7}1,.7:"%\15 are free energies in which the instanton part is
twisted by a “B-field” B € Z9+T*3ﬂ

. f"o(é) = éZi Citi tinliy + Zd N0746—4~(z—7r@);

o Fi(t) = X bit; + Fi(t — miB); and

° ﬁi\fs(t) _ Zz bysti + FlNS, inSt(t . Wiﬁ).

In the 't Hooft limit, where h — oo (and a; — oo) while m; :=

e~ los(ar) | ¢ logéaj), and 7; := #% remain finite, one finds that
(2.15) B 2Jx(t;h) = {3aFo(0) + 122 S0 N7 + Ag(m)} + O(h2).
=:Jg (¢;m)

We may disregard the unknown functions Ag(m), A(g, 27) of the mass
parameters.

To state the main physics conjecture, we need two more ingredients.
First is the quantum theta function

(2.16) Ox(t;h) == Y ezo exp {JIx (t + 27i[Cln; h) — Jx(t; )},

where [C] is the matrix C;; (and so [C]n is a (g + 7 — 3)-vector with
entries >7_; Cyyn;). Terms in Jx which are 2mi-periodic in the {t;},
including all but Y;(b; + bY°)¢; in the second line of (2.14)), drop out.
The second is a “quantum deformation” t"(z) = t(z) + O(h) of the
mirror map. (We shall also write t"(a) := t"(z(a)) where convenient.)
Again, we describe this where we need it: at h = 27 it is given by

(2.17) ti(2) =77 (2) = t;((—=1)%2) + 7iB;;
like ¢;(2), this is asymptotic to —log(z;), but the signs are (in general)
different in the power-series part. In the ‘t Hooft limit, the previous

asymptotic relation t; ~ >, Cy;log(a;) + >k Dix log(qx) becomes exact
in the sense that

(2.18) 73 =21 325 CyiCj — X, Di log(my,).

Conjecture 2.2 (|[GHM]|,|[CGM]). Under the quantum mirror map, the
generalized spectral determinant of C is given (up to a nonvanishing
factor) by the quantum theta function of its mirror:

(2.19) Zc(a; h) = X @M (¥(a); h).

This postulates a fundamental and very general relation between
spectral theory (of the B-model) and enumerative geometry (of the A-
model). Since local mirror symmetry relates the latter to Hodge theory
of the B-model, it should imply relationships between Hodge/ K-theory

2In the g = 1 case, B; is just Cj1; see §2.3| below and [SWH] for g > 1. We will
give Hodge-theoretic interpretations of b, b NS when g=1in



K> AND QUANTUM CURVES 11

and spectral theory of our curves with no reference to mirror symmetry.
We now derive these in our two special cases, under the assumption
that F' is integrally tempered: all ¢ = 1 = my; equivalently, all edge
polynomials of F' are powers of w + 1. Accordingly, by a (resp. z(a))
we henceforth shall mean just (ai,...,aq,), with the remaining {a,,}
determined uniquely by this constraint.

2.3. Consequences in the “maximal SUSY” case. Of course, the
use of local mirror symmetry suggested in the last paragraph requires
elaboration, since the classical and quantum mirror maps are not the
same. One should rather expect a relation between Hodge theory of
C. and spectral theory of a “partner” C, given by z = t~1(t"(2)) or
some variant thereof. (In fact this is still insufficiently precise, since
the spectral theory and the regulator class really depend on a.) We
now work this out at h = 2.

First we address the nature and significance _of B. Because the mono-
mials 2 in £ were quantized as e™*tm2¥ — e%mlm%’l’“:ﬁ?ﬂ at h = 27w
we have F' =Y, (—1)™"2q,,2™. The B-field is determined mod 2 by
the effect on the signs of the z; were we to replace a,, by (—1)™"™2a,,:
namely, B; 5 >om mlmgﬁ(m"). Under the assumption that

(2.20) OA N (27 x 27) = ),

this is compatible with taking B to be in the Z-span of the columns of
[C], which we write B; = >7_; A]-Cijﬂ Notice that then t((—1)2a) =
(—1)Bt(a), so that by (2.17) we have t*"((—1)2a) = t(a) + 7iB and the
conjectured equality (2.19) becomes

(2.21) Ze((—1)2q; 27) = e/xUD+T™EINQ  (t(a) + 7iB; 27).

That is, after absorbing the “47iB” twist into © y and Jx, our Hodge/
spectral “partners” are related by at most a change of sign in the com-
plex structure parameters. The main question is what the quantization
condition looks like: which values of @ make ©x (t(a) + wiBB; 27), hence
the spectral determinant, zero?

This is where the local mirror symmetry enters. Under our assump-
tion (2.20)), its previous incarnation in (2.11)) can (by a tedious inter-
section theory argument) be expressed ad

(2.22)  Rg,(a) = X, Cij0, Fo (t(a) + wiB) + (2mi)?B;  (BS € Q).

13mod 2, A is just the characteristic function of A N (27 x 27).

M Although the regulator periods R, [resp. periods €, ;, in below] are
infinitely multivalued, they are periods of a class R [resp. classes {w;}] which are
single-valued in a [resp. z]; so we shall loosely write them as functions thereof.
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Next, since our temperedness assumption has eliminated the Tame
symbols the {Ra,}717 7 are no longer independent (unless r = 3).
More precisely, there are g cycles v; € Hy(C,Z) with regulator periods
R, ~ —2milog(a;) (cf. Appendix A), whence

and the A; can be chosen so that {v;, 3;}7_, is a symplectic baSiSB

The regulator class R = R{—x1,—25} € H'(C,C/Z(2)) then has a
local 1iff" to H'(C,C) given by

(2.24) R =30, (R, + Rs,0;),
whose Gauss-Manin derivatives

AR
(2.25) = Vosor,, R=v+Y0, BRM B;

are classes of holomorphic 1-forms by Griffiths transversality. Evidently
these are normalized so that the symmetric g X g matrix

lejQ (g) - = 27r1 le 12 Clljlclzhat 8151'2 ‘/—:-0 (t( ) + WIB)
oy,
(226) = 27“ ZZI 011]1 at RB]Z 27,1 Cujl 8Ra T
ORg,
- 8ijj = f'yjl Cd]2

is the standard period matrix of C. B

We have already observed that the isomorphism class of C depends
only on z, which parametrizes the standard coarse moduli space for
toric hypersurfaces; and we are restricting to a “tempered slice” of
this space. However, R only becomes single-valued in a, forcing us
to work on the finite cover M = {a € (C*)? | C.( is smooth} of
this slice. Let C = M be the universal (compactified) curve, and set
H = R'm,CR0O0pm, H = R'7,Z,and ¢ = H/{H+F'H}. Then ¢
is the sheaf of sections of the Jacobian bundle J % M, and 2 /H is
the sheaf of sections of the C/Z cohomology bundle H¢ sz, — M, which

factors through the obvious C9-torsor Hg /Z 2 J. By temperedness,
the symbol {—x1, =22} € K»(C(C)) lifts to a motivic cohomology class
Z € H3,(C,Z(2)), and we make the key

15This is again by local mirror symmetry: the R, [resp. R,,] are the A-model
periods of flat sections arising from curves dual to the Dj [resp. J;]; while the R,
are those arising from ch(Op, (—E;)) U ['(X) for suitable curves E;.

16For our purposes, this can be regarded as living on an open neighborhood (in
z-space C9) of (0,¢€)¢ for some € > 0.
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Definition 2.3. By the higher normal function associated to Z, we

shall mean the well-defined section (2 R of H¢ Jz» OF its projection

V= w(ﬁR) to a section of J. T he latter is computed by evalu-

ating R as a functional on holomorphic 1-forms (modulo periods), i.e.
by the column vector

Vj::ﬁﬂ'\’, w;)) (7=1,...,9)
(2.27) = 72 Sia (B vi + R, By 7 + Zo Qe B5)
- R(Zezl v 8o — Rﬁj>
modulo the Z-span of columns of (I, | €2).

To use mirror symmetry to compute v, put jo := Ry, — (27i)*T;, and

observe that by thru (together with Q;; = Q)
&i(a) 1 = 25 Y0, G (X, 6, — 1), Folt(a) + miB)
= 12 (Si0 — DRs, = 1355 51 Rau00 Ry, — Rs)
= 5 (55 500 CieRy, 0, Rg, — Rg,)
= 102 (Xe By Qe — Ry) = v; — B,
Returning to the quantization condition, the exponent in is

(2.28)

(2.29) Jx(t + 27i[Cn; 27) — Jx(¢; 27)
= 7i'n[Q)n + 27in - £ — 2356 Cigoni,,
where 7
® Qj, = 55 Tiria Ciny Ciago O, 01, Folt) and
o =155 Cii(Sy, 0, — 10k, Folt) + X Cij(bi + bY5)

by a straightforward computation, cf. [CGM, (3.28)]. Substituting in
t = t(a) + 7iB, the first two terms of (2.29) become

(2.30) mi'n[Q(a)ln + 27in - (v(a) + B+ 5[Q(a)]A)

(for B € Q9) by - - By an intersection theory argument and
the identity n® =n, the cubic third term becomes —% 3, n]D3 mod

Z(1), which may be absorbed into B. Therefore, ertmg A= %A and
6 for the usual Jacobi theta function,

(2.31) Ox(t(a) + miB; 2m) = 6(v(a) + B+ [Q(a)]A, [2(a)]).

We have thus deduced from Conjecture a striking relationship
between the quantization condition and the higher normal function.
Let Dy C J be the theta divisor and Dy[g] its translate by (minus)
the torsion section B 4 [Q]A.
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Conjecture 2.4. For A satisfying and F' integrally tempered,
the zero-locus of the twisted spectral determinant Z¢((—1)2a; 27) is ex-
actly the locus where the normal function meets this torsion shift of the
theta divisor: as subsets of M, we have

(2.32) ZL (Zc((—1)%a;27)) = p (v(M) N Dylf]) .

In genus g = 1, there are 15 reflexive polygons (up to unimodular
transformation) which can be presented inside Rx[—1, 1]. After making
the torsion shifts completely explicit in we prove the “O” direction

of (2.32)) for these cases in §3.2]

2.4. Consequences in the ‘t Hooft limit. Our spectral determinant
=c has fermionic spectral traces which generalize, from the (¢ = 1) case
of a single operator, the traces of p? acting on A™ L(R), cf. [CGM,
§3.3]. Defined by

(2.33) Ec(a; h) =: EN1,...,N920 Ze(N, h)Qﬂv

these can clearly also be expressed in terms of loop integrals about 0:
daq da

(2.34) Ze(N,h) = @iy §1§ 55;0 a; h) N1+1 aévgil'

Applying Conjecture replaces Zc(a; h) by Y ,ez0 €% (t"(a)+2mi[Clnih)

where the 27i[C]n simply accounts for the change in t"(a) as the a;
go n; times around 0 — or equivalently, as p; := log(a;) increases by

27in; (for each j). Accordingly, (2.34) becomes

(2.35) (27;) ffooo e f_“:ooo oIx W@y =327 N”Ljd/il Ao Adpy,
Recall from §2.2]that the ‘t Hooft limit takes & — oo while essentially
fixing (; = & 7 and T, = 27;;', which we will also impose on \; := %

As temperedness makes the g = 1 hence m; = 1, we write Jg((
J¥(¢,1), and note that (2.18)) reduces to 7; = 2 > ; Cy;¢;.

)=

[

Remark 2.5. In fact, even if we don’t assume temperedness, but fix
the edge polynomials hence the {q;}, the effect is the same since my (=

e~ 08(®)) = 1 in the limit.

Now by (2.15)), for i > 0 (2.35)) becomes

(2.36) iy [M o i QTR MGTOM g A n g,

(27i)9 J —ioco ico

and we write § (A) for the stationary point of (the leading part of)
the exponential, where 0 = 9, (J5* (¢) — 3°; A;¢;), or equivalently \; =
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o, J3*(¢), for each j. By the saddle-point method, we can write (2.36)
as exp(F{J5(C(A) — 25 MG () + O(h=2)}), which is to say that

(2.37) Lim (95,17 log Ze(hA, 1)) -0 = —G;(0).

Moreover, according to [CGM, §2.3], 7;(A) = 27 ), Ci;¢;()) is nothing
but the Classmal mirror map in the “conifold frame”, with A a parameter
which vanishes at the maximal conifold point QH In other words, if a
is any preimage of 2 in M, then we have R, (a) = —27i#;(0) and

(2.38) R, (a) = —47%(;(0) mod Q(2).

On the other hand, if we set N; = 0 for j > 1, then the asymptotic
expansion of Z¢(Ny,0...,0;h) = tr,\Nle(R)((pgo))@Nl) can be computed
via operator theory and asymptotic properties of the quantum dilog-
arithm. This is worked out in [KM, MZ] for the three-term operators
(pgo)) = X+ ¢e¥ 4 e ™ corresponding to the Laurent polynomials

m @ m )
(2.39) Fy o (x) == o1 + 2y + 27wy " 4 20 a;z) Ty
(Here we recall that the {m9} index the interior integral points of A;
for instance, if m = n = g, then m"¥) = (1 — j,1 — j).) Note that
by Remark 7(A) will actually compute the mirror map/regulator
periods in the conifold frame for the families defined by the integrally
tempered polynomialﬁ

4 (J)
— — m
Fon(z) =21 + 2o+ 272" + X9 ajxy g2
(2.40) 1 1- z—’"“ - 1 —¢m 1ogntl
g g
+ Z 1— < ) 1 g1 91 + Z 2— ( ) 1 g2 x2 g2 ,

where g, := ged(m + 1,n) and g, = gcd(m, n -+ 1). Anyway, the result
of [op. cit.] (see also [Mal, §4.3]) is that

(2.41)  lim (Ox, h % log Ze(hA1,0,. .., 0; )| =0

= " Do ~3mm W),
where D, is the Bloch-Wigner function, 3,,, = em+wn+1 and to,,,, =
5m g 3777/ n —
Pp—— Since LHS- must agree with LHS- with j = 1), in

view of - we arrive at

1TWe are not aware of a proof of this statement, but there is strong computational
evidence; it is also consistent with the observation, in view of -, that the
vanishing of d¢, Jg* (¢) at ¢(0) is equivalent to that of a Q(2)-translate of R, (a) at
a € t71(#(0) — wiB). This is exactly what should happen at a g -nodal fiber.

B0Of course, there is no distinction between and ( ifgr =1=go.
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Conjecture 2.6. For the families C,,,, arising from (2.40), the regu-
lator period R.,, asymptotic to —2milog(ay) at the origin has value

(2.42) LR (a) = ™2 Dy (3 0, ) =t Dyny mod Q(1)

. _3m,n

at the maximal conifold point.

Example 2.7. A toric coordinate change brings F5, into the form
Fs 1, but with a; and ay swapped. So Conjecture actually yields
predictions for both nontrivial regulator periods at & = (5, —5), namely

SHRL () = Das = 2Ds(e* 1) and 5LR,(4) = Dy = 3Dy(e% )

mod Q(1), where w := 12—‘/5 This assertion was checked in [7TK] by a
computation we will generalize (and make more rigorous) in §4]

3. FROM HIGHER NORMAL FUNCTIONS TO EIGENFUNCTIONS

In this section we state and prove a precise version of Conjecture
in the genus 1 case.

3.1. Integral mirror symmetry and quantization conditions.
The condition g = 1 is equivalent to reflexivity of A, whereupon X
becomes simply the total space of Kp,,. There is a unique compact
toric divisor D = Dy = Pao C X, corresponding to the ray through
(1,0,0), which amounts to the zero-section of p: X — D. Denoting
by E° C D a general anticanonical (elliptic) curve, we remark that
D* = —FE° in H*(X).

Let ¢ be the unique integrally tempered Laurent polynomial with
Newton polygon A, constant term 0, and coefficients 1 at the vertices,
and (writing a = a;) take F' = a+ . After compactifying fibers in Px
and birationally modifying the total space, this produces a relatively
minimal elliptic fibration & — P! with rational total space, fibers FE,,
and discriminant locus 3 U {oo}. Writing r := |[0A N Z?| and r° :=
|0A° N Z?|, Ex has type Lo, and 3 is cut out by a polynomial Ps of
degree 12 —r° =1

A section of the relative dualizing sheaf for our family is given by

(3.1) w(a) = g Resp, (Slotinle)
with periodﬁ
(3.2) wy(a) = fvw<a> =1+ Ypso(—1)*[¢*|oa™

BFor a generic choice of ¢, the remaining singular fibers of £ are I;’s. Since &
is rational (as a blowup of PA), the degree of the relative dualizing sheaf must be
1; and as each I, contributes % to this degree, there must be 12 — r° I;’s. Each of
these contributes 1 to deg(Ps), and this degree is invariant as we specialize .

2011, takes the constant term; 7 is 1 from
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in a neighborhood of the large complex structure point co. More
precisely, this series converges on D* := {a | |a] > 4|} C U :=
P!\ (2 U {oo}), where the conifold point a can be described by —a :=
min(p(Ry x Ry)) since the coefficients of ¢ are all positive [Gal.

By assumption, all the tame symbols of { —z1, —x2} are trivial, and so
the R,, (i = 1,...,7—2) must be integer multiples of R, ~ —2milog(a).
More precisely, we have ;—;Rai =t; = Cyt = —(C; - D)t = d;t, where
d; € [0,4] N Z is the lattice-length of the edge of A corresponding to
C;. From Appendix A, we have on the cut disk D™ :=D*\ (D*NR_)

(33)  t=t(a) = 55 R,(a) = log(a) + Tho T lp

which gives w = 5=V, R hence (in the notation of §2.3) w; = w/w,
globally on U. We also see that e~ ~ a~! makes sense as a coordinate
on D =D*U{oo}. The local mirror symmetry results in [BKV] can be

made very explicit:lﬂ

k]gaik,

Lemma 3.1. On D~ we have the following identifications:

(a) Rg(a) = ( )? + 7irct(a )+(27Ti)2(§ +13) = Do ke M,

(b) Qa) (= 20) = E25(a) 2 — L3 BN, and

(c) v(a) = g=t(a)® + (5 + %) 2 Sks0 k(L + kt(a)) e,
where Ny, is the local GW-invariant for D counting rational curves
whose classes C € Hy(D) satisfy (C- E°)p =

Proof. X is described in [BKV), §6] as the large-fiber-volume limit of
an elliptically-fibered compact CY 3-fold W — Pa. with section D.
Let Cy,...,C, be the components of Pa. \ (C*)? (and their images
in X), D} := p™(C;), and Cy := p~!(pt). Then {Cy, Cy,...,Cr 2}
span HY(W,Q), {D, D}, ..., D! _,} span H*(W,Q), and we can write
-D? = E° = Y, C; = Y2 e;C; for unique e; € Q, whereupon
D? =Y""2de; =r°. Let Jy, ..., J,_o denote a basis of H*(W, Q) dual
to Co, ..., Cr9, and define J1, ..., J,—o by J; := J; — £ Jo. Then the
Ci in " are given by Cirigizs = _\71'1&71'2%3@

The integral periods of the A-model VHS given by [BKV) (6.13-
15)] lead (in the LMHS as ty — 0) to the following periods for our
A-model VMHS. First, the limit of the Gamma class for W yields
D(X) =1 - 1D+ (240 = 1+ X172e,Cs + (3 + 2°)Cp €

2ere as above 8= 1, Q= 1, v = vy.
22The results of [loc. cit.] are stated in terms of derivatives of the prepotential
(o, 1) of W in the limit as tg — co. One can obtain the free energy Fo(t) for X

by substltutmg ty = —Z: ffot into ®°! and taking to — oo in ®™s*; we then
have (27” -0p® = (2m 5(—=00+ >, d;0;)® = ﬁ >, di0; Fo, hence the version of

the A-model periods given here.
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H*(X,Q). Next, for integral periods we need to compose ch(-) U
[(X): K¢™™(X) — H*(X,Q) with the following assignment of pe-
riods to cohomology classes: pt +— 1; C; — Qint = 2:“1 R,,; and
D ﬁ S =2 d; 0y, Fo(t). Applying this to (’)D, we have ch(Op) =

D — 3D? + ¢ D3, whence ch(Op) U [(X)=D+1 LyieCi+ (3 +5),
and ﬁnally (after multiplying the resulting mtegral period by (27r1)2)

(3.4) R =Y di0n Fo(t) + miy; eit; + (2mi)? (5 + %2)

We also recall from - that the period ratio is given by Q =
o L S, d;0;, Rg, and the normal function by v = 12 (R,Q2— Rp).
The last step is to substitute t; = d;t, which gives

(3.5) Folt) = _%(Zi Jiti)? + ¢ Noge (¢E)nt = %t?’ + 0 MM

since 32, Jid; = 3 dilJ; — ¥ 44 Jy = (Jo— D) — Jo = —D [BKV], (6.5)].
Using d,;0;, = 0y in (3.4)ff now gives (a)-(c). O

Remark 3.2. We point out two immediate consequences of Lemma |3.1]
First, along with (3.3]), (c) makes it clear that v(a) as well as

(3.6) V(o) = al6) = (R~ R
(27” 207 Rs = 0p Rg =
Or, 5 R blls — Pp 8 = %, where the Yukawa coupling YV (a) = w,0,wg —

Y Wy

are real-valued on D* NR,. Second, notice that

w[géawv blows up at a. Differentiating (a) twice expresses this as a
power series in e~!, from which one deduces that

(37) lim sup_ e {/19%] = exp(R(E(@))).
as in [DKJ, §5.4] (though this result in now unconditional).
We may now identify all of the torsion constants in §§2.2/2.3{

Lemma 3.3. In Q/Z the following equalities hold'
(i) b Zdbzﬁ—fcmdeS >, dibNS = 4—

()T—f—l—ﬁ and B° =1 — =

(iii) A = § =B, where B is as m -ﬁ

Proof. (i) These are the coefficients of ¢ in F; and Fi° (after sub-
stituting ¢, = d;t), which can be derived from [GKMR] (4.18) and
(4.21)]] Namely, we have b; = 5;e:(X) - J; [GKMR] (4.18)] and

23Again, for simplicity writing T = T;, B® =B}, B =By, and A = A;.

24and not as in , where B does not yet incorporate the correction from the
cubic term.

ZWe should point out here that our “r” is not the “r” in [GKMR], where it
means ged{d;}. (Moreover, their “t” is rgxyr times our ¢.)
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(X)) = (111° + 1)Co + 125, ;05 = (107° + 12)Cy — 12D? [BKV,
§?2] hence b = 5;o(X) - Y, dilJs = —502(X) - D = 10r2112 + 2= =
L —3. According to [GKMR), (4.21)], we have F1° ~ — - log(Px(a)) ~

deg PE L log(a) ~ — 2t ~ (L — 1)t (So of course, (i) holds in Q, but
we ll only need it mod Z.)

(ii) The value of T is immediate from Lemma [3.1fa). To compute
B° = v(a) — &(a), we need to revisit £ from (2.28). The B-field is given
by B; = d; (cf. above or [GKMR] §3.2]), and A = A; = 1, which
means that replacing ¢t by t + 7iB is equivalent to replacing ¢ by t + mi.
Together with >, 0;, =t >, d;0;, = t0; = &, and , this gives

£(a) = 125 (0 — 1)9,Fo(t(a) + i)
= %t(a)2 + % + 47%2 Srso k(1 + kt(a))‘ﬂke_kt(“)

and, together with Lemma [3.1](c), the claimed value of B°.
(iii) We already have A = lA = l. For B, we compute

(3.8)

A

{(t(a) +7i) = 45 ((t+7fl)3t—1)3t]:0( (a) +7i) + (b + b™%)
(3.9) = ¢(a) + 47;‘2 2 Fo(t(a) + i) + (b + bN9)
= v(a) + 3Q(a) + (b + b™° —B°)

and note that the cubic term in (2:29) becomes — 2 D3n? = —Zwin? =

—=2min mod Z(1). Together with (i)-(ii), this results in the apparently
miraculous cancellation

o

(3.10) B=b+b" —B° — L = —
modulo Z. O

noleo
Il

N[

Finally, we turn to the quantization conditions, i.e. to the spectrum
(as an operator on L*(R)) oﬂ

P = Xmeoanz2 (—1)™ " am 27" 25"

= Y neonnze(—1)™M M2 g, BT RS = —p(—21, —22)

or p:= ¢~ Writing o(-) for spectrum and A(a) := Z(w,(a),ws(a))
for the period lattice, we have the

(3.11)

Proposition 3.4. In the genus-1 case, Conjecture[2.]] is equivalent to
(3.12) o(@)={acU|V(a) € Aa)}.

26Remark that @ = Fy and p = p; in the notation of §2.11 We have mimy =
m1 + mq + 1 because (2.20) always holds for reflexive polygons.
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Proof. Noting that M = U, in the LHS of we are taking the
zero-locus of Z(—a;27m) = det(1 — ap), which is precisely the spectrum
of ¢. The RHS of m is the locus in U where v(a) meets the theta
divisor (which is H; % mod Z(1,(a))) shifted by AQ(a) +B = %@,
which is to say where v(a) is zero mod Z(1,(a)). Outside of D™, this

condition is only well-defined in the sense of analytic continuation; to
fix this, we multiply by w, to get the form displayed in RHS(3.12)). O

Remark 3.5. (i) The condition V' (a) € A(a), which is well-defined on
U, reduces to v(a) € Z(1,Q(a)) for a € D~. Moreover, the argument in
[LST! §3.1] using the coherent state representation shows more gener-
ally (for any ¢ considered here) that () belongs to R, and is count-
able with eigenvalues \; limiting to oo (so that p is bounded). In fact,
we expect that o(@) C (|a], 00), as is clear for ¢ = x1 + 27" + 2o + 25"
or x1 427 +xy+ a5 + 2125t 4+ 27 2y and experimentally observed in
other cases. This would mean that the quantization condition “V € A”
reduces not just to v € Z(1, ), but to

(3.13) v(a) € Z,

as v is real by Remark [3.2] We’ll have more to say about this in §3.2

(ii) The most crucial “torsion” invariant in Lemma E, leading to
the cancellation in and the simple form of @ , is surely the
constant term T of the regulator period Rg. As an independent check,
one can directly compute this constant term without using mirror sym-
metry and the Gamma class; see Appendix A for examples. Another
check on our quantization condition is that it should coincide with
that in [GKMRL §3.3.2] when all @,,, = 1 ( = Dy(m) = 0 and
B(m,2r) = b+ b = 2 —1). Since volg(E) in [GKMR], (3.24)] is
just R, we may also identify “C"” there as % Taking F = log(a) and
Ee = t(a), [GKMR], (3.105)] collapses to {(a) — &: € Z + 3, hence to
v(a) € Z.

(iii) There is an interesting sign discrepancy in (3.12): quantizability
of » — a is being linked to a regulator class on the curve E, C Pa
compactifying solutions to ¢(x) + a = 0. Blame it on the B-field! Or
better yet, proceed to the next section for a more basic reason why it
has to be this way.

3.2. Construction of eigenfunctions for difference operators.
In this section we assume that A is a reflexive polygon satisfying

(3.14) ACRx[-1,1],
and ¢ is as in §3.1] so that
(3.15) p(z) = 27" (21 + 1)™ap + go(21) + 27" (21 + 1) % a3
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Remark 3.6. Regarding unimodular change of coordinates (z1,xs >
235, x$x§ with ad — bc = 1) as an equivalence relation on reflexive
polygons, there are 16 equivalence classes. All but onem of these has

representatives satisfying (3.14)).

For each a € U, E, C Pan denotes as before the Zariski closure

of B := {z € (C*)? | p(z) + a = 0}. Forgetting x5 produces a
2:1map 7: B, — P! with corresponding involution ¢: E, — E, and
discriminant
(3.16) (o(z1) + a)? — da 7T (zy + 1)HTde = P(ay).
The latter is a Laurent polynomial (in z;) with “Newton polytope” an
interval [—c_, cy] containing [—1,1] (and contained in [—2,2]), whose
length is the number of ramification points of 7—1(C*) =: EX = C*
denote the set of these by ‘B C E, and let py € B be one of them.
The holomorphic function

(3.17) 0(p) = 1(p)™ (21(p) + )™ (22(p) — w2(e(p))),
on EX satisfies 62 = (7%)*%, thereby providing a well-defined lift of

VP to B
Writing £ for the fiber product of 7* and (—exp): C — C* yields
a diagram

(3.18) E, ) D — 1l R
{ ]
P! °C* C > =z

— exp

with vertical maps of degree 2, and points in EaX [resp. C] denoted
by Z [resp. z = II(2)]. We also write P(Z) =: (21(2),x2(2)), where
21(2) = 21(2) = —¢*, and %, € EX for the point with P(%) = p, and
X(z) € (—m,7]. For later reference put E* := P~1(E?), which is either
all of EX or the complement of TI-*(Z(1)) 3

Now suppose V' (a) € A(a). If a € D™, then v, 5,w,,ws, 2, R, R,
and v are well-defined; if not, we take them to be analytic continuations
(along the same path) to a of those objects from D~. (We will not write
w(a) etc., just w, since a is fixed and understood.) Then we have

(3.19) v=1=(R,Q— Rg) = ny +n2Q

2Trepresented by A = convex hull of {(—1,—1), (2, 1), (=1,2)}, with Px = P?

28There are 4 equivalence classes of ploygons for which E~; = Eax, corresponding
to X = P2, P! x P!, Fy, and Fy. Otherwise, for Z € E \ EX, in view of we
have —1 = x1(2) = x1(2) = —¢* = z € Z(1).
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for some ny,ny € Z. Notice that the regulator class R is only well-
defined in H'(E,,C/Z(2)), so its value on + is still represented by
R, := R, — 47*ny. This replaces (3.19)) by

(3.20) Rs — R, = —4r’n € Z(2),

and we claim this allows us to define a holomorphic function on Ej; by

(3.21) X(%) = exp (gﬂ {f.wgo Sk sz P }>

where w is as in (3.1)), and &% is any path from Z, to Z.
The issue here is well-definedness, since nothing in the braces blows
up on E¥. To check this, we remind the reader that for a loop £ on

E* based at pg, the value of R on its homology class is computed bylﬂ
(322) Ry = [, log(—w1)dlog(—z2) —log(—22(po)) [ dlog(—z1),

where log(—x1) is analytically continued along £ [Kell. If & lifts to
a loop .Z on EY, then clearly [, dlog(z1) = 0, and (3.22) pulls back

to fj zdg((;)). Now given two paths &2, &’ from Z; to Z on E;, take

2 to be the loop obtained by composing & with the “reverse” of &',
and write £ = kyy + ko in Hy(E,,Z). (By integral temperedness of
{—z1, —x2}, this determines Ry mod Z(2).) The difference between
the braced expression in m for these two paths is then

[z z‘fg((;)) - s Pw= [, log(—x1)dlog(x,) fj
Z%) k‘lR»y + kQRﬁ — E(lﬁwv + kg&]g)
= kl(R,y —R,) + ka(Rs — D%WQ)
= 471'2(161?7/2 kznl) = O

(3.23)

using ([3.20). After multiplying by 5-, this discrepancy is killed by the
exp and the claim is verified.

In fact, x(Z) extends to a meromorphic function on EX which is
holomorphic at II71(0). Of course, w has no poles on E,, and so P*w
has none on E ; the potential culprit is d“’? , when d,, d; are not both
zero. Writing z = 2win + w + O(w?), Ty = w (for d = —d,, or dy), we
find fz%? ~ 2midn log(w) hence exp(5- fzd“ ~ w™ "™ as desired.

290f course, dlog(—x) = dlog(z) = 4z Note that (3.22)), which is due to Beilin-
son [Be] and Deligne [unpublished], is different from the regulator formula using
the current R{—z1, —x2} (in which the function “log” is not analytically continued
but has a branch cut), but is easily shown to give the same integral regulator.
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Finally, writing : EaX — EaX for the involution over C, we put

<o X(B) —x(i(2))
(3.24) O EI

The denominator has zeroes at P~(B), which does not intersect any
of the poles of the numerator.m Moreover, these are simple zeroes, and
the numerator also has zeroes at these points (which are just the fixed
points of 7). So ¥ is holomorphic on E* \ II'(Z(1)\{0}). Notice also
that applying 7 to Z changes the sign in the numerator and denomi-
nator of (since P o =10oP). We conclude that there exists a
meromorphic function ¥ on C, with (at worst) poles on 27i(Z \ {0}),
such that ¥ = I[I*W; we write this loosely as

X(2) — x(@(%))
(3.25) U(z):= — ,
o(P(2))
and denote its restriction to the real line by ¥(r). We are now ready
to prove the

Theorem 3.7. For A satisfying (3.14), the “27 direction of (3.12))
holds. That is, if V(a) € A(a), then a € o(p).

Proof. First note that #; = multiplication by e" (not —e"), 2, = e~ "0

and ¢ = —p(—21, —y) are unbounded operators on L*(R), whose do-
mains are roughly the proper linear subspaces on which each operator
preserves square integrability. (See [LST] for details.) In particular, it
is possible in this sense to be in the domain of ¢ while failing to be
in that of 2F" and 23!, which is just what happens for ¢(r). Indeed,
assuming V(a) € A(a), we claim that ¢ € L*(R) \ {0} and

(3.26) Py = ay,

which will obviously prove the theorem.
As W is holomorphic on {z € C | —27i < &(z) < 27i}, with mero-
morphic extension to a neighborhood of its closure, we have

=20y (1) = 20 (1) = U (r 4 2mri)
= W(r2(r)) = (F2V)(r) = (F2)(r).
Furthermore, 71 has a unique lift 7 : E~'aX — EaX with the property that

P o7 = P; and so the difference operator .74 lifts to (.ZLx)(3) =
X(7+(2)). By the independence of path in (3.21)), we can take our path

(3.27)

30The only way ¢ has a fixed point at #; = —1 is if d, = dy = 0.
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from Z to 71 (Z) to be the composition of 74(27Z ) with a fixed path

z

PE from % to 74(%). That is, writing P(ZF) =: L, we have
(3.28)

~ [~ i dx R *
X(7(2)) = exp (27r {ffi(]z yroE © x22(( = 073 T (PETG P w})
= exp (;ﬂ {f@z (z £ 27i) 5?22((;)) — % P 'P*w}>

< exp (57 { [ lo(—a0) 52 = T2 [z}
Adding and subtracting — log(—x2(Z)) fgoj: 1 (= F2rilog(—x2(%)))

1

in the last braced expression, (3.28]) becomes

833

83
=

i R
(3.29)  y(2)eTllos(—ra(d)—los(—z2(0))} o3 P~ ad) Flog(—as(20)

By the same calculation as in (3.23)), we have Rgi — m—wgi € 7(2),
and so after cancelling log(—z2(pg))’s, we arrive at

(3.30) (LX) (2) = —2(2) - x(3).

Since —&1 = —fter = poer = [z (r), P acts on ¢ as — oz, (r), —L-),
which lifts to —¢(pa, (), —.7_) for functions on EX. Applying this to
V() gives —(w1(2), 22(2)) - X() = ax(2), and applying it to x(i(%))
yields —p(z1(2), 22(2(2))) - x(2(2)) = ax(i(2)). (Here we are just using
the equation of the curve, p(x(2),x2(2)) + a = 0; and we can ignore
5(P(%)) in the denominator of ¥ since .%; doesn’t affect it.) So the
overall effect on U, hence v, is multiplication by a. This proves .

We still need to check is that 1 is indeed square-integrable. Clearly
[ P*w has a finite limit as r — %00, so we consider the behavior of

(3.31) S = [log(—w:(r))dlog(—xs(F)).

Let ¢ € E,\ E), and set 0; := ord,(z;); then (—1)°*°*lim,, ,, % =1
by integral temperedness. Hence there is a local holomorphic coordi-
nate w on F, vanishing at ¢, with —z; = w® and —zs = +w(1 +

), and = 2422 log® w+ O(wlog w) is just £27* (with oy # 0)
plus terms limiting to zero. Since this is multiplied by i before taking
exp, we conclude that y(Z) is bounded on IT7!(R). On the other hand,

in the denominator §(P(7)) = \/2Z(—e") of 1, D(—€") = 352 . ael”
(a_c_,a., # 0) is dominated by the e“” term as r — +oo and the
e~ term as r — —oo. That is, [1(r)| < Ce "2l for some constant
C, hence 1 belongs to L*(R).

Finally, we must show that v is not identically zero. If it were,

then by basic complex analysis ¥ would be zero; so it suffices to check
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that (say) W(zo + 27in) # 0 for some n € Z. We may choose a local
holomorphic coordinate u on EX about %, such that (locally) 7 sends
u— —u and z = zg + u?. Clearly z3(2) = z2(po)(1 + cru + O(u?))
and P*w = (co + O(u))du for constants ¢y, cy € C*. The expression in
braces in (3.21)) (integrating on a path from Z; to Z(u)) takes the form
(120 — %CQ>U+O(U2>7 and we can ensure the coefficient of u is nonzero

by replacing zg by zo+2min if necessary (since this affects nothing else).
So the numerator of (3.24) becomes ¥ +0v*) _e=coutOW?)  9¢iy, and
since the denominator also has a simple zero at v = 0 we are done. [J

Remark 3.8. Returning to the “sign flip” between curve and opera-
tor highlighted in Remark [3.5(iii), we remind the reader that it is
{—z1, —x2}, not {z1, x5}, which is integrally tempered for the simplest
choices of Laurent polynomial goﬂ So it is the regulator integral for
this symbol which produces a well-defined W(Z). But the signs in the
symbol force the shift operator &5 to act on x(Z) through multiplication
by —x5(Z) rather than x9(2), which in turn forced us to use (— exp)
(not exp) in (3.18) so that #; acts through multiplication by —xz(z2),
resulting in the action of ¢ = —@(—=%1, —23) through multiplication
by —¢(21(2),22(%)). The upshot is that the signs in the symbof are
ultimately responsible for the presence of the B-field.

Remark 3.9. A result of Kashaev and Sergeev [KS, Theorem 7], while
expressed in very different terms, can be shown to be equivalent the
special case ¢ = 2, +27 '+ 3+ 25" of Theorem . (The conditions in

[loc. cit.] on a pair (A, &) € C x Ry, they require for their construction

of eigenfunctions of ¢ amount to taking v(e) € Z and \ = —8%9338 )

However, they do not relate their result to the relevant conjecture of
[GHM] or prove a partial converse as in Theorem below.

Without stating any results formally, we want to briefly address the
higher genus hyperelliptic case, where F; = ¢ still takes the form in
(3-14)-(3.15) but A is no longer reflexive. (Note that ¢, will have
as, ..., a, as coefficients.) One easily checks that the construction of
1 and the proof of Theorem still go through after modifying x(2),
provided we impose a stronger quantization condition than that in

RHS(2.32). Namely, referring to (2.27)), suppose that
(3.32) the normal function vector v(a) belongs to (I, | 2)Z7.

3le.g. o1 4+ o + 7 '25 ', and including the examples studied in [CKMR] with
trivial mass invariants @Q,, = 1.

32along with those in (3.11) arising from Weyl quantization and the CBH
formula.
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Then replacing the expression in braces in (3.21)) by
dxa(2) g * .

for appropriate determinations of 2R, , the obvious generalization of
(3.23]) goes through, ensuring that the generalized x(Z) is well-defined.
Under an additional assumption like , and changing the signs in
¢ of those a;’s attached to even powers of Z;, one finds as before that
P = arg.

The criterion (3.32)), which we expect corresponds to the exact NS
quantization conditions of [SWH], will only hold at countably many
points in moduli. On the other hand, Conjecture predicts the exis-
tence of eigenfunctions for a in a codimension-1 subset of moduli. So
it stands to reason that there should be something special about the
eigenfunctions v, which we can only construct for ¢ in the smaller lo-
cus. In the genus-2 example worked out explicitly in [Zal §4.3], whose
“fully on-shell” quantization conditions (cf. [loc. cit., (4.45)]) should
agree with , Zakany highlights the enhanced decay of his explicit
eigenfunctions. Indeed, in our construction, for g > 1 the discrimi-
nant 2 will involve higher powers of both z; and 27" than for g = 1,
which leads to decay better than e~I"/? at infinity for ¥)(r); this perhaps
begins to explain the discrepancy.

3.3. Remarks on the spectrum of . Notably absent from the last
section is any discussion of the “converse question”, as to whether every
eigenfunction of ¢ arises from the construction described there. We will
prove a fairly strong result in this direction, to the effect that “almost
every” eigenvalue X satisfies V(A) € A(N). As already mentioned in
Remark [3.57] the spectrum o() is a countable subset of [c,00) for
some ¢ > (, whose elements can be arranged in an increasing sequence
{A\;};>1 with A\; — 0. We may replace ¢ by its self-adjoint Friedrichs
extension to L?(R) without affecting these statements, cf. [LST].

Suppose P is a proposition (that can be true or false) about elements
of o(¢). Write N(A) := |{j € N| X\; < A}| and

Np(A) :==[{j e N| A; < X and P()\;) holds}|.
We will say that P holds asymptotically it
Ne())

(834) Py

=1.

33The point is that the proof of ILST, Prop. 3.4] trivially generalizes to all ¢
we consider here, because A always contains a reflexive triangle (or square). The
proof of Theorem [3.10] involves, in contrast, a rather nontrivial generalization of
[op. cit., §3.2].
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Theorem 3.10. In the setting of Theorem the “C” direction of
(13-12) holds asymptotically.

Proof. The statement P()\;) about eigenvalues here is, of course, that
v(Aj) € Z From Lemma (c), we know that v(a) = £ log”a +
O(log a), whence

(3.35)  N(A) > Np(\) > [v(\) —v(la])] > & 1og2 A+ O(log \).
Now given f,g € L*(R), write (f, g) := [, f(r)g(r)dr, and

1

030) o= 2 ”‘”’“}f(r) ir

for the coherent state transform of f. Adapting the calculations of
[LST!, §3.1] to our setting gives

(3-37) SDfa ffRZ 3/1 Yo ‘f(ylayQ)‘ dyy dys

where

(3.38) D(y1,Y2) = Ximecoanzz me — 5 (mitm3) gmiyitmays
—_—

=:am

This implies, for instance, the semi-boundedness of ¢, as & > ¢ :=
mingep2 P(y) >0 = ¢ >c-1d = () C [c,00).

Let (-)+ be the function on R defined by (s); = s for s > 0 and
(s)+ =0 for s <0, and note that

(3.39) JAN(s)ds = X510 = A))s
Reasoning with Jensen’s inequality as in [op. cit., §2.2], we have
(3.40) YistA =Xt < g2 [fre (A — @(y1, 42))+ dip dys.

Choose M > 0 so that Ma,, > a, (Ym € A NZ?*). Writing Y; := e¥%
and 'y == {Y € R | L > ¢(Y3,Y2)}, note that the boundary oI', is
the cycle S on F_j. Together with Lemmam and ( - this gives

RHSB.40) < 5257 [aa (MA — (Y1, Y2)) 1 §1 52
(3~41) < ﬁ ferA C%ldy% = 47r2R6( MA)
SAlog? A 4 O(log \).
Putting the last three equations together, we get
(3.42) (log A) > N(A),
which combined with gives the result. (l

87r2

34We can always throw out a finite set of eigenvalues less than |d|, if they exist

(cf. Remark .
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The constraints imposed on the zero locus of powv by its interpreta-
tion as eigenvalues of ¢ (Theorem , and vice versa (Theorem ,
seem worth exploring further. For instance, per Remark [3.5] we expect
(and know in some cases) that ¢ > |a|; together with the following
Lemma, this essentially rules out points a € U at which V(a) € A(a)
(the exact quantization condition) and R(a) is torsion (the perturba-
tive quantization condition proposed in [GS]).

Lemma 3.11. For a € (|a],00), R(a) € Hi(E,, C/Z(2)) is a nontor-
sion class.

Proof. From the known integrality of local instanton numbers of toric
CY 3-folds [Kdl, it follows that LHS(B.7) > 1, hence that R(¢(a)) > 0.
From (3.3)) (and positivity of coefficients of ¢, and negativity of a), it
is immediate that t(]a|) > R(¢(a)), hence t(a) € Ry for a € (]al, 00).
But if R(a) is torsion, then R.(a) € Q(2) = t(a) € Q(1) CiR. O

More striking is a conditional transcendence result on the eigenval-
ues that arises from their asymptotic Hodge-theoretic interpretation in
Theorem [3.10] A mixed version of the Grothendieck period conjecture
(which we will simply call the GPC) says that the transcendence de-
gree of a period point arising from a motive defined over Q is equal to
the dimension of the minimal mixed Mumford-Tate domain contain-
ing it. The (mixed) motive in question is the Ky-cycle {—z1, :EQ} on
E,, with MHS the extension of Z(0) by H'(E,,Z(2)) given by 2m = R.
The possibillities for the M-T group are an extension of SLs or a 1-
torus (depending on whether E, is CM) by G2 or {1} (depending on
whether R is torsion); the corresponding domain is §), a CM point in
it, or the product of either one with (C2 The coordinates of the period

point are Q(a) (in ) and (22} Fsloly (5 CQ)

(2mi)27 (27i)2

Conjecture 3.12 (GPC). Ifa € Q and 72( ) is nontorsion, then the
transcendence degree of Q(Q(a), 4% Bp(a )/Q( (a)) is

(2mi)? ) (27i)?

Proposition 3.13. Assuming the GPC, asymptotically o(p) consists
of transcendental numbers.

Proof. Let A\ € o(p) be an eigenvalue for which v(\) € Z. (We
may assume A € (]a],00).) That is, we have an algebraic relation

(R, ()N — Rs(\) = n on 25} and {25 over Q(Q())). By
the GPC, either A\ ¢ Q or R()) is torsion. But the latter possibility is

ruled out by Lemma [3.11} and so we are done by Theorem [3.10] U

3%We have to divide by (27i)2, of course, because a torsion class must have
coordinates in Q, not transcendental ones in Q(2).
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We conclude with somthing of a curiosity: in case ¢ = z1 + 27" +
Ty + x5t 4 2125 "+ 27 ', our normal function is closely related to the
Feynman integral Z associated to the sunset graph with equal masses
[BKV]. This is written in [op. cit.] as a function of s = 1~ = the
inverse norm of the external momentum, but written as a function of

a we have Z(a) = @V(a) (see [op. cit., (7.17)]). The condition
that V' (a) € A(a) means that V, or equivalently Z, belongs to its own
lattice of ambiguities under monodromy. As we have seen, the values of
a at which this happens correspond to eigenvalues of ¢. One wonders if
there is any deeper physical relation here between Feynman amplitudes

and quantum curves.

4. REGULATOR PERIODS AT THE MAXIMAL CONIFOLD POINT

In this section we prove Conjecture in the cases (m,n) = (g,9)
and (2g—1, 1), for every g > 1. A proof for (m,n) = (2¢g, 1) will appear
in a forthcoming work by the third author.

Because we have to enumerate multiple nodes on the maximal coni-
fold curve, it is better in this section to replace (x1, z3) as toric coordi-
nates by (x,y), which we do throughout. We also denote the zero-locus
of a polynomial by Z(-).

4.1. The main result and some preliminaries. Consider the fam-
ilies of genus-g curves cut out of (C*)? by the (integrally tempered)
polynomials Fy ,(x,y) and Fyy_1,(z,y) from (2.40). In contrast to §2]
Cy.g and Cyy—_11 Will denote their compactifications in Pa. There are no
mass parameters in either case, so r = 3 and the equations take the
simpler form ([2.39). Moreover, C,, is torically equivalent to Cay—11 via
the map u = 7'y~ v = 29y9~!. The effect of this map is straight-
forward: for n = 1,...,¢g it simply shifts n — g —n + 1 on the level
of indices; that is, if F, ;(x,y) is written with parameters a,, then the
image (under the above map) is precisely Fh,_1 4(u,v) with parameters
@g—nt+1. The upshot of this connection is that statements concerning
regulator periods of Cyy_; 1 can be pulled back to those correspond-
ing to C, 4, provided we choose the correct cycles. For our purposes
here, the important case is that the cycle v4_,, 41 of Cyg—11 giving rise
to R,,_,,, ~ —2wilog(ay_n41) pulls back to the cycle v, of Cy, corre-
sponding to R, ~ —2wilog(a,).
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Theorem 4.1. Conjecture holds for the families C,4 and Cag_11;
that 1is,

(4.1) ari [0 (@) Q(EI)DM and
(4.2) %niR"/g<Q> = Dsg-1,4-

Q(1)

Remark 4.2. The predictions of [CGM] aligning with Conjecture are
written in terms of the complex structure/ GKZ parameters z; := z;(a).

(In the (g, g) cases these are given by z; = Z—%, 29 = “;‘513, cey 21 =

aflgwg, zg = “Z;l .) Translated into statements about the corresponding
- 7

regulator periods (cf. (2:23)), these essentially amount td™]

(43) ﬁ ?:l[oil]UROéi (2) Q?l) ,Dm,m

which of course is equivalent to . While z; and R,, are more
natural from the standpoint of GKZ systems, the {a;} and the cor-
responding regulator periods R,; simplify the statement of the result,
and are more natural to compute directly (cf. Appendix . As we will
see, the {7;} are also the cycles which limit to loops passing through
individual nodes at the maximal conifold point a.

Remark 4.3. As R{—z,—y} = R{z,y} mod Q(2) we may work with
the latter. Note also that is stated in terms of the regulator
period asymptotic to —2rilog(a,); it is convenient in this section to
drop the negative sign and work with one asymptotic to 27ilog(a,,).
Thus from now on
R, ~ 2milog(ay).

Furthermore, since we intend to investigate different components of
the discriminant locus throughout this section, it will be important to
track the moduli; so henceforth we will rename F, ; and Fy,_11 to F;%g
and Fy, ;.

Let us outline a proof of Theorem . Denote by CAg,g the fiber of
the family over the mazimal conifold point a. It has g nodes {p,},

and the cycles {%;}9_, passing through each node generate H,(Cyp);
we set Ry, = fﬂ? R{z,y}. Writing k = ;[Id],(a) for the change-of-basis
matrix, we have

Proposition 4.4. Let r; :=ged(2j — 1,29+ 1). Then

(4.4) k = diag(k1,. .., Kg).

36Here [C~'] is the inverse of the first g X g minor of the intersection matrix [C].
The R, “correspond” to z; in the sense of being asymptotic to 27ilog(z;).
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It then follows from temperedness that
(4.5) 2R, (@)

2mi

R,.

Q) >
In we detect monodromies via power series representing classical
periods, verifying Proposition [£.4] in the process. In we use a key
technique developed in [DK| §6] that allows us to connect conifold lim-
its of regulator periods to special values of the Bloch-Wigner function;
this method coupled with Proposition [4.4] settles Theorem [4.1 As a
consequence g-many series identities are borne out in — not just
the two required for the Theorem.

We conclude this subsection with two preliminary results. The first
will help us to control certain power series asymptotics, and the second
gives us information on nodal fibers of Cg .

Lemma 4.5. Ifa,b,c € Ry are such that a = 2b + ¢, then
(46) L+a) Loafafe\"\

' 2(14+b0)(14¢) 2wbVe\c\b '
Proof. Stirling’s approximation yields

I'(1+a) b e et e 1 \/E a*
2(1+0)C(14¢) 2wV cb?ce 27th V¢ hbea—2b

1 j@er® 1 qafafe\™"\
T ombVoeee b2 27V el e\ b

for b,c — oo (and a = 2b + ¢). O

Lemma 4.6. Suppose that the fiber over a = (@, ..., a,) has g-many
singularities, say p; == (Z;,9;),n = 1,...,g9. Then for each j, p; is a
node, and T; = ;.

Proof. Since 10, F¢ (z,y) —y0,F¢, (v, y) = v —y, any singularity must

have symmetric co-ordinates; that is, Z; = ;. By toric equivalence we
may replace I (v,y) by

(4.7) Fy ) (u,0) = u+ v+ Y0 = 4 u29t 1!

(reversing the order of the {a,}); by abuse of notation we continue to
label the singularities of Fy, ;, by p;, but with coordinates (a;,0;)
satisfying 71]72“1 = 13]2-. Since the edge polynomials of (4.7) are all
w + 1, the curve intersects each component of the toric boundary with

multiplicity 1, and so all p; € C* x C*. Moreover, (4.7) is irreducible
since it is quadratic in v, with discriminant Z(u) of odd degree. As a
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consequence, the vanishing cycle sequence associated to the smoothing
Fy, 11+ s takes the form
(4.8) 0— HY(C5,_1,) — Hyy — H.

van

— 0.

Since tk(F'H}},) = g and the g singularities each contribute nontriv-
ially to rk(F'HY, ), each contribution must be exactly 1. So the p; are

either nodes or cusps, and to show they are nodes it will suffice to show

that the Hessians Ha is non-degenerate at p;.
2g—1,1

To do this, define
(4.9) P(u) =29+ 1+ X9, (29 + 1 — 2j)au,
and observe that
(4.10) ]5(71]) = 2%7;1172%—1,1(15]') + 28UF2%—1,1(15]') = 0.

Thus Z(P) = {{y,...,@,}. Tt follows that P has no repeated roots;
that is, P'(@;) # 0 (Vj). To compute the Hessians, write
Ouu s 1.1 (D;) = 201 0(0 — D)agii; ' + 2g(2g — 1)a; > oy,

(4.11) = By 1)@%—@—1 + 29(217;1)%7
J

(4.12) 0w Fsy 11 (p)) = (29 — 1)it; 99,2 = 21, and

(4.13) Dy Fy 11 (p;) = 203 '5;% = 2.

J Uj
At this point a few simplifications can be made. Differentiating the
defining equation of P and plugging in u = 4;, we obtain,
(4.14)  Pl(@y) =2X 0, 00 — Daea; " — Y71 (2g — D)laa; !

On the other hand 8u(F2ég_171(u, v)/u) vanishes at p;, which yields

0 NG pr a1 o ~=2g—1~-1 _
ﬂ? ZZ:I gaguj QQUJ Uj — 0

(4.15) = Tl (29 — Djaei; " = — BRI
Combining everything, we arrive at
(4.16) OuiFly 11 (B) = g + PG
Therefore,
Hys  (5) = (0uF11(5) = OuuFSy11 (55)0u P11 (5))
— (25;111—?1)2 - (2911—?1)2 _ 15’5;1;‘) _ _Pléi?j) £0

as was to be shown. O
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4.2. Monodromy calculations via power series. Consider a 1-
parameter family of curves C — P! with coordinate ¢, endowed with
a section w of the relative dualizing sheaf; on smooth fibers C;, w; is
a holomorphic 1-form. Assume that C. has a single node p. (i.e. is a
“conifold fiber”), and let dy be the “conifold” vanishing cycle pinched
at p.. Writing ¢y for a cycle invariant about ¢ = 0, its monodromy
about ¢ = c is a multiple of dy, say kdy for some k € Z>,. We would
like to compute this conifold multiple k.
Writing €y(t) = 3,50 bmt™ 1= fso wy, we have

(4.17) / w = (T, — I)eg = 2miCyH + O(t — ¢)
kdo
for some Cy € C. Observe that
(4.18) / wc:k/wc:k-Qﬂi-P]{Jeswc:>00:k-f}oeswc.
k60 c c

do

On the other hand, [Ke2, Lemma 6.4] (with B(t) = ey(t), A = 27iCy,
and w = 1) yields

Co

cmem’

(4.19) by ~

provided Cy # O.[ﬂ Therefore we have proven
Lemma 4.7. The conifold multiple is computed by

liLn by - ™ - m
4.20 k="="=
(4.20) Res,, we

Example 4.8. Consider the Legendre family, y*> = z(z — 1)(xz — t).

Setting ¢ = 1 gives rise to a node at (1,0). Taking w, = %‘”’3, we have

(4.21) Res(1,0) we = Resle(xfl% =1

2
Moreover b,, = 27 (_;/2) , hence (4.20)) implies

(4.22) k= lim 2rm(7?)" = 2.

m—r0o0

Example 4.9. Now consider the family C; defined by f;(z,y) = vy —
t'3(z3+y3+1). In this case ¢ = 55 and by, = Gml but C. = Z(IT2_, (1+

ml3

Cix + (2'y)) is a Néron 3-gon with three nodes p;. But since go(c) will
pass through each p; the same number kg of times, and w,. must have

370therwise, B,, has a smaller exponential growth-rate and RHS([.20) is zero,
which confirms the Lemma when Cy = 0 as well.
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the same residue at each, (4.20) holds (taking say p. = p; = (1,1))
provided we interpret k as 3kg. For the residue of

deNdy  dx dx
fc ayfc T — y2
at p;, we can restrict to the component X, := Z(1 + Gz + (3y):

(4.23) 2miw. = Rese,

1 dx 1 Gady
Res, w, — —R ) = SResye (52
e = i WY (:17 — 2 Xc) oY <y2 + Gy + c§>
1 G 1
4.24 = — = .
(4.24) omil — G 2mV/3
Since b, = (Z’Q' we get
1 (3m)!
(4.25) k= nll_}I%OS?)m U 213 = 3,

which means that £y(c) winds once around the Néron 3-gon.

For the proof of Proposition [£.4] we need to compute the Picard-
Lefschetz matrix &, whose entries &;; tell how many times the special-
ization v;(a) passes through p;. In order to invoke Lemma for this
purpose, we should reinterpret these numbers as (roughly speaking)
conifold multiples for 1-parameter subfamilies of C, acquiring a single
node. The idea is that & is a normal-crossing point of the discriminant
locus, whose g local-analytic irreducible components each parametrize
fibers carrying a single node p;. These are labeled in such a way that
the j™ component can be followed out to where it meets the a;-axis at
a; = &;. Call this fiber Cg, and p; = (&;,#;) for the limit of the node
to it.

From Appendix [A] we have the 1-forms

—aj dz Nd
(4.26) w; = ﬁVgajR{x,y} = Tji]ReSCg*f’ < AL )

BTy Fyg(2,y)

and 1-cycles v; (j =1,...,g). The computation that follows will con-
sider periods II;; = fv' @, on the 1-parameter families over the a;-axes
J

(acquiring a single node at a; = a;), which will suffice to determine the
diagonal terms &;;. That the remaining, off-diagonal terms are actually
zero follows from the fact (cf. Appendix|A)) that each ; is well-defined
on a tubular neighborhood of the hyperplane in (compactified) moduli
defined by z; = 0, which is cut by the conifold components carrying p;
for every i # j.
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Now Cgéfg is defined by

(4.27) f8) = Foly(x,y) = x +y + ayz" Ty + 279y,

and to find the node p; we solve

(4.28) #5909 =259 4 144,277 =0,
T=y=2=;

° 29—2j+2 =0

(4‘29) moig—’—lamf;,]g) g9 - (] - 1)&jx]

_ 829+1
= gjj

r=y=21;

to obtain

. lg—7+1

4.30 s= 2wt -

( ) x] 2] _ 1 )
2(g—j+1)

2g+1( 29+1 \ 20+
2j—1\g—j+1

(4.31) a; =

In particular, we have the relation

o o209+ _ 29 +1
(4.32) a;T; T

In order to calculate the residue of w, at p;, recall that for any f(z,y) =
Ax? + Bzy + Cy* + higher order terms € Clz, y|, we have

de Ndy dw/\dy)_ 1

2 —
(4.33)  Resy ;o Resg (RGSZ(f)f T VB2 —_4AC’

Changing variables to X :=x —2;, Y :=y — 1, in fg(fg (x,y) leads to
the equation

poys pli) L CO0 (IO y2 | 4201 (50 0051y 0g41) XY
(4.34) + i?g_l(2g2+2g+12_(g_j+1)(29+1))Y2 -+ higher order terms.
Therefore

Res? de Ndy 1

P poye ) @30\ 29—(g=i+ D) 2o+ D) — (247 20+ 1—(g—5+1) (29+1)?
1
#3971/ (29-29—1)(4g°+4g+1-2(9—j+1)(29+1))

(4.35) = .

#3971/ =(29+1)(2g+1-29+2j—2)

B0/ o1 (25-1) ]
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Consequently the residue of w; may now be found:

dx N\ d
Res w; = a]R 2 SRR
! 2mi xfyff(])
= T 4200 Reg? M
2mi xgygf
—1 2 2(g—j+1) 1
(4.36) = — - (a;&;977") -
o AV(CTENICTIY
V29 +1

T om(g—j+ )2 - 1)

For the periods of w;, we start as in Appendix @ with those of the
regulator class. Writing ¢, := xjflyjle!%g(x, y) — aj, (A.3) (with the
sign flip from our choice of v;) yields

1 (—a;)™™
— R, (a) =1 1 m
27Ti 'YJ(CL) ( Og(aj) ngo m [g&j ]Q
(4.37) log(a;) — > (=) X
m>0 m
(@79 + a7y + 50 aga? Ry E g ad Ty ey
—— = k;é] -
=:A; =:B; —.Ck =:D;

J

where [L], stands for the constant term (in x,y) appearing in the Lau-

rent polynomial L. Now, given l;,ls,--- ,l, € Z, we define
9
27 —1 =
ki
1 g
(4.39) ;= ((g J+ 1+ Z — lk>, and put
27 —1 ]]:7&1
J

(4.40) Lji=A{(la,- -+ lg) € 2 | 1 € Zo} \{(0,---,0)}

Note that I} € Z>g = [; € Z>o. The upshot of this construction is
if Lj, L; € Z> are such that

L; 5L 9! l;
(4.41) A/ B}’ g(cf)lkpjf =1 and
k]
g
(4.42) Lj —f- L; + Z lk =m

k=1
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then L; = L. = [} (by symmetry) and m = [;. Thus the lattice £; C Z9
encodes all possible constant terms appearing in (4.37)), giving
(4.43)
1 I(L,)
14 Q(El) log(aj) - Z gj
£ T2(1+0) T T(1+ 1)
k=1

g
—a;) " ] alk.
k=1
k#j
For the classical periods I1;, = f%‘ Wy = 5500, Ry, it is clear from (4

that I, vanishes on the a;-axis for £ # j. Focusing then on
(4.44)

I(1+1
IL;.:(a /wj—l—I— ( —g'_]) Ha
J j 2 !
v c; T (1+[J)k1;[1F(1+lk) ol
we set a; = 0 for ¢ # j to obtain
L1+ 3450 2041,

(445) S:=1+ >
g—j+1
2j—1

(~a,) 271",

P2(1 + SSHRL)D(1 + )

lj EZ>0

Recall that ; := ged(2j — 1,2g + 1), and set

. 251 m.'_29+1_(2g—|—1)nj
7 T ] ) ] ] - 2_1 9
(4.46) l"{f i J
LY N
= and sji=a; ’

Clearly nj, m;j,r; € Z~o. Now we have a power series of the form

m;T, F 1
(447) — 1 + Z . ) ‘J_; ( + m]T]
I2( o) I(1+ njrj)

r;EN

Zbﬁ J :

Let §; :=a; . Applying Lemma ,

(4.48) L'(1+ myr;) L Ry
' [2(1+ 2 )D(1+ nyry)  2mr5(my — ”J)\/"_J' i

from which we may conclude that

: 2,/m;
(4.49) lim b, -r;-§; = ’ :
7500 2m(m; —nj)/n;
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Observing that

Res: oo — v2g+1 _ V1 (29 + D)ny
T am(g -+ J2i-1)  2mmlg—i+l) V21
2 mjnj

2m(my —ny)(25 — 1)

(4.50) =

we apply (4.20) to obtain
o'l"j

A A TR

(451) ij =

Kj.
J
Res;p,; @, n;

This concludes the proof of Theorem [£.4]
Remark 4.10. Notice that k; = k, = 1. We document & := (K1, ..., Ky)

for g = 1,...,10 in Table [l The lack of symmetry for g > 4 should
not be surprising given the shape of the Newton polygon.

g K
1 1

2 (1,1)

3 (1,1,1)

4 (1,3,1,1)

5 1,1,1,1,1)

6 (L,1,1,1,1,1)

71 (1,351,311

8| (LILLI11,11)

9 [ (,L1,1,1,1,1,1,1)
10| (1,3,1,7,3,1,1,3,1,1)

TABLE 1. Conifold multiples for small genera

4.3. Normalization of the conifold fibers. For the family C,,,, de-
termined by the {F}%, .}, the mazimal conifold point a € (C*) is defined
to be the unique point (if it exists) on the boundary of the region of
convergence of the g power series where an,n (given by F,%n =0)
acquires g nodes (labeled by p; = (&;,9;)). In this subsection we
determine a in the (g, g) cases (where r = 0).

Remark 4.11. In this case it is not necessary to impose a convergence
requirement to get uniqueness of a g-nodal rational curve in moduli.
This comes along for the ride as we shall see in Remark However,
one should add right away that it is only Z which is unique (with or
without this requirement), not a. In fact, M is a (29 + 1)-to-1 étale
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cover of M, the GKZ moduli space (cf. Remark . Precisely one
of the 2g 4+ 1 preimages of Z has real coordinates; it is this one we shall
call a. Given existence of a, established in Prop. below, a result
of Tyomkin [Ty, Prop. 7] guarantees uniqueness of Z.

The idea is to begin with the moduli space of all curves on P in the
linear system |Oa(1)] avoiding the singularities. (That is, we consider
essentially all Laurent polynomials on A = conv{(1,0),(0,1),(—g,—9)},
not just the tempered ones.) This has dimension ¢g + 2, and con-
tains a variety V parametrizing all irreducible nodal rational curves.
By [loc. cit.], V is irreducible and isomorphic to an open subset of
(C*)? x (P')? modulo PGLy(C) viewed as automorphisms of the mor-
malizing P!, hence of dimension 2. Quotienting out by toric automor-
phisms (i.e. (C*)?) maps each curve to its z-coordinate. The action
of (C*)? on V has no fixed points, so the image of V' in M, is zero-
dimensional and irreducible, i.e. a single point.

Now the most straightforward way to find @ would be via the dis-
criminant locus: one should look for transverse intersections amongst
its local analytic branches. This is a viable strategy in particular cases;
however, it requires careful analysis even in genus 2.

Example 4.12. The family C, 5 arising as the mirror of the resolution
of C3/Zs orbifold was extensively studied in [CGM]| §4.1]. Tts discrim-
inant locus is described by the equation

(4.52) 31252223 + 5002122 4 1622 — 2252125 — 825 + 272, + 1 = 0,

where
a a
(4.53) H=—, 2=
a3
Figure illustrates the intersection that gives rise to the maximal

conifold point 2 = (—%, %), which lifts to a = (5, —5).

It is clear that for the family C, 4, the discriminant locus is described
by a degree 2g 4+ 1 polynomial in g variables; so that approach quickly
becomes untenable. However, a close study of the g = 1 and g = 2
cases suggested a “constructive” approach to producing g-nodal fibers,
which generalized well and leads to the following:

Proposition 4.13. Let 7, denote the m" Chebyshev polynomial of
the first kind; this is a degree-m polynomial characterized by T,,(cos0) =
cosmb. Then we have

(4.54) Fe (x,2) = 22(Tagi1(55) + 1)
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A 32
3
025

A 2RV
i

03 025 02 015 0.1 —0.05 0 0.05

FIGURE 4.1. Discriminant locus of Cy5; axes are z;’s.

It follows that

42 1 ) —1
(4.55) 4; = (—1yg- 1 92 (97F) and
2j—1\g—7+1
S Gt VA O b |
(4.56) By =gy =y sec 259 i1 T

forj=1,... 9. In particular, a € Z9.

Proof. That #; € Z(RHS([4.54))) is immediate from the defining prop-
erty of 741, and the 2, are distinct and different from —%. Moreover,
writing U,, for the m'™ Chebyshev polynomial of the second kind, the
relation (Tag41(w) — 1)(Tag1(w) + 1) = (w? — 1)(Usy(w))? guarantees
that all roots other than —3 of (T3441(55) 4 1) have even multiplicity.
So they all have multiplicity 2 and are precisely the {Z;}.

The polynomial F'(z, y) =z 4y+ X5 a;z' Ty + 279y 79, with
a; as in (A.55), satisfies F'(z,z) = RHS(4.54) by standard results on
coefficients of 7y,. Clearly F(p;) = 0, and the {p;} are in fact singular-
ities of Z(F') since 8—F( x) = **(F(%,I)) and they are double roots
of F(x,x) Therefore, by Proposition , they are all nodes. Since

one can also check that (£.43) converges at p;, Z(F) is the maximal
conifold curve. U

Remark 4.14. Of course, Proposition [4.13| recovers the known maximal
conifold points for the families C; 1,Co2 (@1 = —3 for g = 1 and 4; =
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5,4y = —b for g = 2). Table [2 gathers Ty,.; and a for a few low genus
cases.

g Tag+1(2) a

1 43 — 3x -3

2 162° — 202° + 5z (5,-5)

3 6427 — 11245 + 562° — Ta (7.14,-7)

4| 25627 — 57627 + 4322° — 12047 + O (9,-30,27,-9)

5 | 102421 — 291622 + 281627 — 12320% 4 2202 — 11z | (-11, 55, -77, 44, -11)

TABLE 2. Maximal conifold points for low genera.

Being of geometric genus zero, the maximal conifold fiber CAg,g ad-
mits uniformizations by P!. In particular, we have the g distinct

parametrizations z — (X;(z), Y;j(z)), with

(4.57) X;(2) = (1 — 7> and

(1 ngﬁi»l) (1 B Cg;ilj+l>)g
z z
g+1
gj (1 T 20—+ J+1 )
C29+1

<1 - J+1> (1_2)
2g+1

having the property that z = 0,00 are mapped to p;. (We defer the
proof to the end of this subsection.) Hence the image of the path from
z=0toz = oo on P'is sent (by the j map) to 4;. As dictated
by [DK| §6.2], we assign a formal divisor A; on P!\ {0,000} to each
uniformization: for X (z) = ¢; [[;(1— %)% and Y(2) = o [I(1— 5)*,
this divisor is N := =, ;. d; ek[ 2]. According to [loc. cit.], the imaginary
part of [ R{X(2),Y(2)} is then given by Dy(N) := >4 djesz(%).

In our present situation,
Nj = @G ™ + 20[¢,3 - (20 + 29 — D[1]
=29+ DlGgt” ™)+ (9 + DG )
(459) =229+ DG - g+ DG
=229+ D1+,

where we are working modulo the scissors congruence relations
(4.60) €]+ [zl =0, []+[]=0, []+[1—¢ =0and
(4.61) 6+ (&) + [ie5] F ieg) +[1-6&] =0

(4.58) ¥j(2) =




42 C. F. DORAN, M. KERR, AND S. SINHA BABU

of the Bloch group By(C). Consequently we have the identity

(4.62) Dy(Nj) = 2(29 + 1) Dy(1+ (5,717,

of which two particular cases are of note: we claim that
(4.63) Dy(Ny) = —27D,, and

(4.64) Dy(N,) = =27 Day_1 1.

(See for notation.) In fact, we can say something even more gen-
eral. Given m € Z~, we have

m m 5%,1 - 3;71? m ml L —(m—1-k)
;n TjL}FQ — el
(465) Z C2 (m+2) — (m+2) Z Cm+2
2(m+2 k=0 k=0

T (e ;"i%) et
Therefore, taking conjugates,
2(m +2)Da(1 + Crya) = —2(m + 2)Do(1 + (73)
(4.66) = —21Dp 1

which implies (4.64]) upon setting m = 2g — 1. Similarly one can see
that

(4.67) = Googr1) Zho Gy
and thus
2(29 + 1) D2(1 + (Gg41) = —2(29 + 1)D ( Iy ng+1)
(4.68) = =229 + 1) D2 (—ag11) T80 Gy
= 27Dy,

as was to be shown.
We are now ready to prove Theorem [{.1] By the previously men-
tioned result of [DK] §6.2], we know that S(Rs,) = Ds(N;) or

(169) R4 Fs,) = £ Do(X)).
Next Proposition |4.4] tells us that R, (a) = ;Rs,, while (4.55) and
ensure that (mod Q(1)) 5 R, (@) hence 5= Ry, is real. Combin-
mg thls with ( - gives

1 1 (29 + 1)

) Ko .
(470) %Rryj (Q) - %"%R% Q%) TJD2(1 + C299—£1+1>7
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whence (4.1)) [resp. (4.2)] follows from (4.63) [resp. (4.64])] by setting
j =1 [resp. j = g] in (4.70)
To tie up the remaining loose end, we conclude with the

Proof of the parametrizations (4.57))-(4.58]). Consider the map
n;: IEDI — ]P)A

given by (.57)-({.58) and n;(z) := (X,(2),Y;(2)). Obviously n;(0) =
(Z,9;) = n;j(c0). We must show that 7, is of degree 1 onto its image,
and that this image is precisely Cg% g

The first part is easy. Here (only) we take P to be the singular toric
variety given by the normal fan of A (and not a refinement). Write
Dy, Dy, D3 for the boundary divisors, ordered so that the divisors of
the torus coordinates read

(x) =(9+1)Dy — gDy — D3 and (y) = (9+1)Dy — gDy — Ds.

. —i41
Now on P!, write &; := ggﬁ , and also py,pa,ps for 1,7, &; respec-

A A,

tively. Clearly we have (X;(2)) = (¢9+1)[p1] — glp2] — [ps] and (Y;(2)) =
(9+1)[p2] —glp1]—[ps]. This shows that 7 D; = [p;] fori = 1,2,3, so the
map has degree 1 and the image meets all three boundary components
transversely.

The next step is to check that it meets each boundary component
where the edge coordinate is —1, which is where CZ  hits them for any
a. That is, we must show that the limits

lim X;(2)9Y;(2)9", lim X;(2)97'Y;(2)?, and lim X2

z—p1 z—p2 z—p3 Yj(2)

are all —1. For the third, since z; = §; we get i(j((z)) = (Z_;;Q)2ng1 which
iz TS5
obviously gives —1 after substituting 2 = §;. For the first, we have

N N e
X;(2)9Y;(2)9 = fzgﬂ(—g])z"“; substituting z = 1 yields (#;(1 +

J z—§;
12 —j+1 veq A —19 7
€))%+, Writing & := ¢{,73", [£50) gives &, = W hence £;(1+
J J

&) = (—1)9*3'5;/2, which has (2g + 1)** power (—1)979(—=1)979t1 = —1.
The second limit is very similar to the first.

Now suppose 7;(P') # C?,, and consider the divisor (F,) = CAg‘,g -
gDy — gDy — D3. The results of the last 3 paragraphs give (n;F2, ) =

J= 9.9
1;Coq — 9lp1] — glp2] — [ps] > 2[0] + 2[00] — (9 — 1)[p1] — (g — D)[p2. I
g=1or 2, (n;Fgg) already has positive degree, which is absurd; and
the contradiction means that n;(P') = C5,. If g > 2, we have to work
a bit harder to reach this contradiction. It will suffice to verify that

n;(P') also passes through the nodes (%;, 9;) for i # j.
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To do this, write ¢ := ;f;;rl and p; = Qgg_f{l = ¢?) and note that
Zi= (=197 (& + &) = =T (1 + ) ~". We claim that
0 = i (pyie — 1) (i — i)™
(and &7 /6,5, too, but we won’t need that) are sent to (Z;, £;) by 7;. For
the z-coordinate, we have

A . 0, — 1)9+1
K0 =215, =
A A e T e
T T g (B (EE
B MfH MfHM?H(Mg _ 1)g+1 B _/ng .
Sl D@D -1 T T
and the y-coordinate calculation is similar. O

4.4. Explicit series identities. Spelling out (4.70) in light of (4.43)
kills any torsion modulo Q(1) as both sides are real[J and yields the
relationship
(29+1)-ged(2j — 1,29 + 1)
s
(L,

(4.71) 3 (;) H ay

c; T2(1+0) 11 F(1+lk)

k=1

Dy(1+ 711 = log(|a;|)—

ksﬁj

valid for j = 1,..., 9. The LHS can be shifted to a different avatar via
the formula

@72 Do+ Clih) = D (2cos(pmy)em 6D/

Let us consider some apphcatlons of (.71] - For the family Cy 5 Table
1] and Table [2] say that £ = (1,1) and a = (5, =5). Recalhng that

= 1+T\f = 2cos(7/b) and plugging in j = 1 in (4.71) gives

) .
= Dy(we?™/5) = log 5 — >

™

, T(5ly + 3ly)(—=5) 213> (—5)k

l,l2 €Z>E2(1 + 20 + 1)T(1 + 1)1 + 12)
(—1)™T(5m + 3r)55m=2r

:1 —_ .

0g 5 Z C2(1+2m+r)T(1 4+ m)D(1 +7r)

m,r€Z>o

3Bafter changing log(a;) to log(|a;|)
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On the other hand for j = 2,

Sla+1;
P (3latt)5= 5 5h

(I4+ 25 rA+L)P(1+ 1)

3 i
(4.73)  =Day(r0e™) =logh — >’ T2

T 11,12€Z506

Defining 7 := Iy, m := (ls — 11)/3,

) 7i/5
(4.74)  —Da(we /%) =log5 — sz

m,r€Zl>

L(5m + 2r)5~5m=
14+m)I1+r)IT(14+3m+r)

These identities, conjectured in [CGM, A.10], match the identities [TK],
(6.13)-(6.14)] ] Likewise, for Cs3 we have a = (—7,14,—7) and k =
(1,1,1), and thus

(4.75)
7 )T (Tm + 5r + 3p)7-Tm—4r=2r2p
—Do(1 =log7
D21 +G) =log mrpzeze 1+3m+2r+p)F(1+m)F(1+ BINET)
(4.76)
7 7'1'\(7m £+ 5r +p)7 dm—5r+2p9—Tm—5r—p
—Ds(1 =log7
D21 4(F) = log mge:z 1+2m+7~— P)D(L + 3m)D(L + 3r)D(1 + 3p)
(4.77)
7 —1)™T(Tm + 3r + p) 7~ m+2p23r
—Ds(1 =log7 .
D214 Gr) =log - TPZEZ> 1 + m —r — 2p)0(1 + 3m)L(1 + 3r)D(1 + 3p)
More generally, for the family C, 4, £1 becomes the lattice Z2,\{0,.. ., 0}
and we end up with a tidy expression,
(4.78)
(29 +1) .
D1+ Gp) = log(lan])-
Xg: L F((?g—f—l)lﬁ-i (2k—1)lk) —(2g+1)l1— Zg:(Qk—l)lk g

> (-1)E - oo T Lk
I,EZ>o r2 <1+gll+z (k—1)! ) H T(1+1%) k=2

1<k<g k=2
where " means that we omit the term corresponding to {0,...,0}.

Iy

Remark 4.15. We briefly address convergence of the power series part
of RHS[.78)), to R(a) := 55R,,(a) + log(a;) evaluated at a = a. Re-
placing a; with a;, then substituting the GKZ variables z; (cf. Remark
, it becomes a power series of the form

5 gzl+2 (k= 1)zk g Do+ (k=2)0 L
>0 G2 g

39The proof there was incomplete as it did not address k.
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which represents R(a(z)) for sufficiently small z.

Moreover, we claim that R(a(uz)) has no monodromy for z = z(t) :=
(t™,t,...,t) if m > 0 and |t| < 1. It is enough to check that there is
no monodromy on z; = 0 (obvious, as the power series is identically
zero there) or when |z;| < 1 and z; = 2; (i > 2). For the latter, note

that (4.54) becomes 2x{z; Y 27§g+1(izi/ (4‘(”2))—}—1}, whose discriminant

2z
is a power of z; — 1. (Roots of Ty, ,, = (29 + 1)Uy, are COS(2§_T_1) for
k= 1, R 729, and 772g+1(COS(2§Il))+Zi/2 — (—1>k_|_211/2 is 0 iff 21 = ].)

So B(t) := R(a(z(t))) is represented by a power series 3, Bmt™
on the unit disk, is bounded on {[t| < 1 + €} \ [1,1 + €) (as the K5
symbol is nonsingular at ¢ = 1), and has monodromy about ¢t = 1
(Ty — I)B ~ cst. x (t — 1) (since (77 — I)7y; is a vanishing cycle with
trivial regulator). We are now in the situation of [Ke2, Lemma 6.4]
with w = 2, so that B,, ~ cst. x m~2. The power series thus converges
at t = 1, and must evaluate to B(1) by Tauber’s theorem.

APPENDIX A. SOME REGULATOR CALCULATIONS

Here we demonstrate the existence of integral 1-cycles {;}{_; on C
with regulator periods behaving as R,, ~ —2milog(a;) for large a;, as
claimed in §2.3] In the genus 1 case, we also indicate how one can
check the constant term in Rg (cf. Lemma [3.1)) without using mirror
symmetry, and relate the constant term to the limit of a variation of
MHS. We refer the reader to [DK] or [KLi|] for background on regulator
currents.

We start by defining the 1-cycles in distinct regions of moduli. We
will need some notation. Set T := {x € (C*)2‘|x1| =1 = |zo|} (with the
standard orientation as a 2-cycle) and let I' C Pa be a 3-chain bounding
on T (but avoiding C\C). Write 2° := 2™° for the toric coordinate along
the boundary component D, C PA corresponding to an edge e C 0A,
and {ge,} for the roots of P(—x.) (amongst the {¢;}), repeated with
multiplicity; we have Pe(ze) = TT,(1 + =), with [[,¢er = 1. Also,

Ge,¢

log, (¢) will mean log(&) for ¢ enclosed (counterclockwise on D) by
I'NDe and 0 otherwise.

Now, fixing j € {1,..., g}, take ia; € $ and |a;| > max;; |a;|; and
note that then F(T) NR_ = (. In this region, define v; := I'NC, and
use the current coboundary
(A1)

s d[R{F (2),-71,-72}] =S¢ R{Pe(e),-Te} - 0p, — R{-21,-22} - ¢
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together with the Tame symbols of R{P(ze), —xe} (which are just the
{¢o;}) and the Cauchy integral formula to compute

(A.2)

R’Yj = f R{-x1,-12} = fr R{-z1,-x2} - 0¢
= 27r1 3 ) R{F(2),-21,-22} + X frmm R{Pe(xe),-we}
= 27r1 f’]I‘ log a] 1 + a IF( )))dm A d@ + Ze fl"ﬁ]D)e R{Pe(xe)a‘xe}
= 27 (— log(a;) + Sy ¢ 1 [(F] (&))k]ga;k — et loge(qeﬁg)) .

In the tempered case, the {qk} are of course all 1, and the last term
vanishes. We are then left with™

(A.3) 2Ry, (@) = —log(a;) + Liso S [FFloas ™,
in which (by virtue of the GKZ theory) the sum can always be writ-
ten as a power series in zi,... ,zgﬂ This gives a common region of
convergence for the series for all j (where the z-coordinates are small),
to which the v; admit well-defined continuation from the regions on
which they were originally defined: namely, they are the cycles with
these regulator periods. Moreover, they are clearly independent due to
the asymptotic behaviors of these periods in the {a;}.

In addition, — lead to formulas for periods of 1-forms. Not-
ing that d[R{F(z), —x1, —x2}] = % A dﬂ A dﬂ one introduces
—LResc (5“Z dzy A m)

2mi T )

(A4) We = 2mV§ R =

and computes
(A5)  —1ljy:= _/ @y = 500, Ry = 81j + imo(—1)F[Ffloa; ™,

where &y, is the Kronecker delta. This formula proves useful in §4.2)
where we change the sign of ;.

Turning to the g = 1 case and the computation of Rgs, it is more
convenient to work with u = —a > 0. In this coordinate, becomes
t =log(u) —mi+ O(u™'). Substituting this in Lemma [3.1[(a) and using
12 — r® = r yields

(A.6) R = Zlog’u—L7° + O(u 'logu).

4ONote that the version of this formula in [KLi, Prop. 6.2] is missing a =i
(“2-torsion”) term: the A\; parameter there is —a;, so the leading term should have
read —log(—A;) or —log(A;) + mi.

41Essent1ally, this is just because in order to contribute to the constant term in
(Fj(z))*, a product of monomials must correspond to a sum of relations on points
of ANZ?, and the relations are how we defined the {z;}.
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Consider the Laurent polynomial ¢ = x; + 27! + x5 + x5!, which
corresponds to local (Pao =)P! x P'. The discriminant (over the
z1-axis) of the equation my + (z1 + 27" — u) + 23" = 0 has roots
& ~ #27 §o ~ =5, & ~u—2, and & ~ u+ 2 (in increasing or-

der). Introduce 279+ (7)) :=u — 2, — 27" + \/(xl + 27" —u)? — 4 and

w(zy) == m. For x1 € (&,&3), w lies in (0,1), and we write
10g(% ) L_r\/%) = Y1 O™ = %w + %UJQ + ---. Now we compute
(A 7)

T X 13 Vi-w)\adx
:—ng{ Ty, =71} = 52 Og($§+)dzf = &SIOg(i\/ﬁ)%
= [ 0B~ T [
= 210g f;S do —I—Qfgglog (1—u (s +27") % + O(u " log u)
= 4log? u—22k>0 v f (x1 +27h) ’“dml+0( “ogu)

= 4log’u — - >+ O(utlogu),

k
at the end using the approx1mat10ns ff x1 + x_l)kdwll ~ % ~ % to
rewrite the sum as —43° 5 L = —f7r up to O(u~tlogu). The point is

that since r = 4, this agrees Wlth the result (| - from integral local
mirror symmetry. A similar computation in [KLi, §6] for ¢ = x1 4+ 29+
a7'e3? (mirror to local P?) gives Rg = 2log?u — = + O(u~"logu),
where the —=" arises as —2Lis(3) — 2Lis(1) — log? 2. Since r = 3, this
agrees once more with (as it must).

The crucial constant term in Rg has a nice interpretation via the
LMHS at a = oo of the VMHS V attached to R € H'(E,, C/Z(2)), the
regulator class of {—zy, —zo} € H¥(E,,Z(2)). (Note that the LMHS
depends on a choice of a local coordinate, which we take to be a=! or
equivalently @ := e™" = a (1 4+ O(a™')).) We can present V and its
dual as extensions

(A8) HY(E,Z(2)) — Vz — Z(0) and Z(0) — V) — H,(E,Z(-2)).

On the left, a unique class 8 € F°V¢ maps to 1 € Z(0); on the
right let 7 € V) be the image of 1, and 7, 8 € V) classes mapping to

(27r1)2 7> 27r1 manz 3. Writing £(Q) = %, we have

(A9) Ry =(90) = ghpRs = 5UQ) ~ 50(Q) +T+0(Q)

Where T =3+ "—2 (cf. Lemma (a)), as well as R, == (R,7) =
Gz [ty = €(Q) and (R, 7) = 1.

271'1
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To obtain a period matrix for V, we compare Hodge and Betti
bases as follows. Writing V for Vg, , the change-of-basis matrix from

{R, VR, LV2R} to {7V,7", 5V} is

1 1
(A.10) = (1?7 L ): ( “9) b >+O(Q).
Ry Oy s 1 P UQP-T QT rU@)-] 1
From (A.10) one easily deduces the monodromies 7' € Aut()) and
TV € Aut(VY) about @ = 0:

(A1) (T4 = (7“; 1 1) = T =[] py = (irgl )

Consequently the limiting period matrix is

im e Qs )

(A12) th7Q = 22%0

- O

1

5 1

The LMHS with respect to a™!, as mentioned above, gives the same
result; but if we change local coordinate to —Q or (equivalently) u =1,
we get

1
(A.13) Qi = gg% e U(=Q)log(T) ) B;O (1) 1

where B® = % — % =T— %. So we see that both of the constants ap-
pearing in Lemma (ii) have a standard asymptotic Hodge-theoretic
meaning, in terms of (torsion) extension classes in the LMHS of V in
the large complex structure limit.
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