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THE MIRROR CLEMENS-SCHMID SEQUENCE

CHARLES F. DORAN AND ALAN THOMPSON

ABsTrACT. We introduce a four-term long exact sequence that relates the co-
homology of a smooth variety admitting a projective morphism onto a projec-
tive base to the cohomology of the open set obtained by removing the preimage
of a general linear section. We show that this sequence respects the perverse
Leray filtration and induces exact sequences of mixed Hodge structures on its
graded pieces. We conjecture that this exact sequence should be thought of
as mirror to the Clemens-Schmid sequence, which describes the cohomology
of degenerations. We exhibit this mirror relationship explicitly for all Type
II and many Type III degenerations of K3 surfaces. In three dimensions, we
show that for Tyurin degenerations of Calabi-Yau threefolds our conjecture
is a consequence of existing mirror conjectures, and we explicitly verify our
conjecture for an example Type III degeneration of the quintic threefold.

1. INTRODUCTION

1.1. Motivation. The motivation behind this work comes from mirror symmetry.
In the authors, along with A. Harder, postulated a mirror symmetric
correspondence between a certain type of degeneration of a Calabi-Yau variety,
called a Tyurin degeneration, and codimension one fibrations on the mirror Calabi-
Yau variety. This correspondence is expected to identify the action of the logarithm
of monodromy around the degenerate fibre on the degeneration side with the cup
product with a fibre on the fibration side.

An important tool for studying the structure of degenerations is the Clemens-
Schmid sequence: a four-term long exact sequence of mixed Hodge structures that
relates the geometry of the central fibre of the degeneration to the geometry of a
nearby smooth fibre and encodes the action of the logarithm of monodromy around
the degenerate fibre. This gives rise to the following natural question: Is there a
mirror to the Clemens-Schmid sequence that encodes the structure of a fibration
and the action of the cup-product map?

Part of the structure of this mirror sequence is clear: the cohomology of a nearby
fibre, equipped with the action of the logarithm of monodromy, should be mirror to
the cohomology of the total space of the fibration, equipped with the action of cup
product with a fibre. Moreover, classical mirror symmetry tells us how to mirror the
Hodge filtration: this is the usual exchange of Hodge numbers from which mirror
symmetry takes its name. However, the mirror to the monodromy weight filtration
is less clear.

The first to study this question was probably Gross [GroO1] who conjectured
that, in dimensions 2 and 3, the monodromy weight filtration around a boundary
divisor in the complex moduli space coincides with the Leray filtration associated to
a special Lagrangian torus fibration, and that this is mirror to the Leray filtration
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associated to the mirror dual fibration. However, he also notes [Gro01l, Remark 4.7]
that there are difficulties in formulating this in higher dimensions, as it is unclear
whether the fibrations involved have the Hard Lefschetz property. Gross and Siebert
overcame these issues in [GS10], using an approach that bypasses the classical Leray
filtration and instead works directly with the cup product, to describe a mirror (in
the sense of the Gross-Siebert program) to the monodromy weight filtration in any
dimension. We note, however, that the fibrations we are interested in are usually
not the special Lagrangian torus fibrations studied by Gross and Siebert, although
they coincide for elliptic fibrations on K3 surfaces.

We take a different approach. In [KPH20|, Katzarkov, Przyjalkowski, and Harder
postulate that, in the context of Fano-LG mirror symmetry, the mirror to a mon-
odromy weight filtration should instead be a perverse Leray filtration. The coho-
mology of any fibred variety can be equipped with a perverse Leray filtration in a
natural way, so this seems like a good candidate for a mirror to the monodromy
weight filtration. This approach also solves the Hard Lefschetz problem encoun-
tered by Gross: unlike for the classical Leray filtration, the Hard Lefschetz Theorem
holds for the perverse Leray filtration associated to any projective morphism from
a nonsingular variety [dCMO05, Theorem 2.1.4].

As further evidence for our approach, in the introduction of [dCMO05] de Cataldo
and Migliorini noted that the perverse Leray filtration and the action of cup product
display a “striking similarity with the structures discovered on the cohomology of
the limit fiber... in the case of degenerating families along a normal crossing divisor,
where the logarithms of the monodromies, instead of the cup products with Chern
classes of line bundles, are the endomorphisms giving the filtrations”. We claim
that this similarity is, in fact, a manifestation of mirror symmetry.

1.2. Description of the results. We introduce a four-term long exact sequence
that relates the cohomology of a smooth variety Y admitting a projective morphism
onto a projective base B to the cohomology of the open set U :=Y — Z obtained
by removing the preimage Z of a general linear section. Motivated by the discus-
sion above, we call this sequence the mirror Clemens-Schmid sequence; it is given
explicitly by

[Z1u- ”
—

o HNU) s HRE(Y) H2(Y) L H*2(U) —— H2(U) > -+,

where j: U < Y denotes the inclusion. After appropriate shifts, this sequence is
exact with respect to three filtrations: the Hodge filtration F'®, the weight filtration
W, and the perverse Leray filtration P,, so that the sequence is an exact sequence
of mixed Hodge structures on the graded pieces of P,.

This result does not depend on the ideas of mirror symmetry for its proof and
holds in much greater generality than the motivating situation presented above
might suggest. Indeed, rather than relying upon the mirror symmetry conjectures
of [DHT17], our results instead suggest a substantial generalization of them, from
the setting of Tyurin degenerations and codimension one fibrations to the setting
of Type N degenerations and codimension (N — 1) fibrations, for any N.

As evidence for such a general conjecture, we prove:

e The conjecture holds for Type II degenerations and codimension 1 fibrations
on K3 surfaces.

e The conjecture holds for Type III degenerations of K3 surfaces polarized
by the lattice H ® Es ® Es ® (—2k) and codimension 2 fibrations (i.e. finite
morphisms) on a generic K3 surface of degree 2k.
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e For Tyurin degenerations and K3-fibrations of Calabi-Yau threefolds, the
conjecture is a consequence of the conjectures from [DHT17].

e There is an explicit Type III degeneration of the quintic threefold and an
elliptic fibration on its mirror for which the conjecture holds.

1.3. Structure of the paper. Section [2 consists largely of background material
on the perverse Leray filtration on cohomology. After setting up notation, we prove
that this filtration is respected by two localization exact sequences (Proposition 2.4]).
We then briefly review some results of de Cataldo and Migliorini [dCM10] (Theorem
2.7), which give a geometric interpretation of the perverse Leray filtration, before
using these to prove a series of useful vanishing lemmas for the graded pieces. We
conclude the section with a result from [dCMO05| (Proposition 216), which shows
that the perverse Leray filtration on the cohomology of Y coincides with the one
induced by cup-product with the preimage of a general linear section.

Section Bl contains the main result of the paper, Theorem [B.I] which presents the
mirror Clemens-Schmid sequence and proves that it respects the three filtrations
(Hodge, weight, and perverse Leray).

Section M presents the relationship with mirror symmetry. We begin with a
review of the Clemens-Schmid sequence and the results of [KLS21|, which show
that it respects the same three filtrations. Based on these results, we formulate
Conjecture B3] which predicts a correspondence between the filtrations on the
two sides: roughly speaking, mirror symmetry reflects the Hodge diamond along
a diagonal and exchanges the weight filtration with the perverse Leray filtration.
This should be thought of as a kind of “mirror P = W” conjecture, in the sense of
[KPH20].

In the remainder of the paper we present various evidence for this conjecture. In
Section [l we discuss the K3 surface case. In Subsection B.I] we explicitly compute
the filtrations for codimension 1 and 2 fibrations on K3 surfaces, and in Subsection
we do the same thing for Type II and III degenerations of K3 surfaces. Based
on these computations, in Section [5.3] we discuss the mirror relationship between
these two settings. In particular, we prove Conjecture [£.3]for Type II degenerations
and codimension 1 fibrations on K3 surfaces; and for Type III degenerations of K3
surfaces polarized by the lattice H ® Es @ Es @ (—2k) and codimension 2 fibrations
on a generic K3 surface of degree 2k.

In Section [l we discuss the case of Calabi-Yau threefolds. In Subsection
we explicitly compute the filtrations for Tyurin degenerations and K3 fibrations
on Calabi-Yau threefolds, and show that in this setting Conjecture [£3]is a conse-
quence of the conjectures from [DHT17]. We also briefly discuss situations in which
this conjecture is known to hold, including cases coming from the Batyrev-Borisov
mirror construction [Bor93| Bat94, BB96] and from fibrations by high rank lattice
polarized K3 surfaces. Finally, in Subsection we construct an example consist-
ing of a Type III degeneration of the quintic threefold and an elliptic fibration on
its mirror, and explicitly verify that Conjecture 3] holds for them.

1.4. Acknowledgments. The authors had many helpful conversations during the
development of this paper; we would particularly like to thank Andrew Harder,
Sukjoo Lee, James Lewis, Matt Kerr, and Helge Ruddat for taking the time to
speak with us.

1.5. Data access statement. No new data were generated or analyzed during
this study.

1.6. Notation and assumptions. The following notation will be used throughout
this paper.
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e Y is a smooth complex projective variety of complex dimension n.

B is a complex projective variety of complex dimension m. We fix an

embedding B C PV. Note that we do not require B to be smooth.

e 7m:Y — B is a projective, surjective morphism. Note that, whilst we often
consider the case where 7 is a fibration, in general we do not require 7 to
be flat.

e C C B is a general linear subspace, given by intersecting B with a general
hyperplane in PV,

e Z := 77 1(C) C Y. As the preimage of a general linear subspace, Z is
smooth by Bertini’s Theorem (although not necessarily connected!).

e U :=Y — Z is the preimage of the affine variety B — C under .

e The restrictions of 7 to Z and U are denoted by 7% and U, respectively.

2. THE PERVERSE LERAY FILTRATION

2.1. The perverse Leray filtration and localization. Given a complex vari-
ety X, let Dx denote the full subcategory of the derived category of sheaves of
abelian groups on X whose objects are bounded complexes with constructible co-
homology sheaves. For any map of varieties f, we have the usual four functors
(f*, Rfe, R, ).

Let @X € Dx denote the complex which has Q in degree 0 and is zero in all
other degrees; we occasionally drop the subscript if the underlying variety is clear
from the context. If K € Dy is a complex of sheaves, we let H*(X, K) denote the
hypercohomology of K on X, noting that H*(X,Q ) 18 just the usual cohomology
group H*(X,Q).

We may equip Dx with the middle perversity t-structure (PD3”,?D3’). The
truncations with respect to this ¢-structure are denoted P7>j: Dx — pD)z(k and
Pr<k: Dx — pD)S(k, and its heart Px := pD)S(O N pD)Z(O is the abelian category
of perverse sheaves on X. With this notation we have the perverse cohomology
functors PH*: Dx — Px defined by PHF := Pr-y 0 P75¢ o [k], where [k] denotes
the usual shift functor. For more details of these constructions, we refer the reader
to [PS08| Chapter 13].

Using these ideas, we may define (see [PS08|, Section 14.1.3]) the perverse Leray
spectral sequence associated to our morphism 7: Y — B to be the spectral sequence
with Fs-term

EP?:=HP(B, qu(Rﬂ*@Y)) = HPT(Y,Q).

By [PS08| Corollary 14.13], this is in fact a spectral sequence of mixed Hodge struc-
tures, which is compatible with the standard mixed Hodge structure on HPT4¢(Y, Q).
Unlike the standard Leray spectral sequence, the perverse Leray spectral se-
quence has the wonderful property that it degenerates at the Es-term for any
projective morphism [PS08, Corollary 14.41] (see also [KLS21l Section 3] for the
same statement under much weaker assumptions). This gives a decomposition

HY(Y,Q) = P Eb.
ptg=k
Using this, we give the following standard definition.

Definition 2.1. The perverse Leray filtration Py on H*(Y,Q) is the increasing
filtration with graded pieces

Grlp Hk(YaQ) = Eg_l’l = Hk_l(vaHl(Rﬂ*@Y))‘

Remark 2.2. All of the statements above also hold for the morphisms 7% and 7Y,
allowing us to define perverse Leray filtrations on H*(Z,Q) and H*(U,Q) in the
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obvious way. Moreover, an analogous construction for the compactly supported
cohomology H*(U,Q) can be obtained by replacing R, in the definitions above
with the compactly supported direct image RmU .

Remark 2.3. Since middle perversity is preserved by duality when working over a
field, it follows that the perverse Leray filtrations for H*(U,Q) and HX(U,Q) are
exchanged by Poincaré-Verdier duality, whilst those for H*(Y, Q) and H*(Z, Q) are
preserved.

Now we state the main result of this section.
Proposition 2.4. The localization long exact sequences
o — HMY,Q) — H*(U,Q) — H*Y(Z,Q)[-1](-1) — H*'(Y,Q) — - --
and

o HE(U,Q) — HY(Y,Q) — HYN(Z,Q)[-1] — H(U,Q) — -+,

induce exact sequences of mixzed Hodge structures on the graded pieces of the perverse
Leray filtration. Here [—1] denotes a shift in the perverse Leray filtration and (—1)
denotes the usual Tate twist on the mired Hodge structure.

Proof. We first note that it suffices to prove that the sequences are exact on the
graded pieces of P,: the statement about mixed Hodge structures follows imme-
diately from the fact that the mixed Hodge structures on the graded pieces are
induced from the standard ones on cohomology [PS08| Corollary 14.13], combined
with the well-known fact that the localization sequences are exact sequences of
mixed Hodge structures.

To prove exactness on graded pieces of P, for the first sequence, we begin by
noting that p’Hl(Rw*@Y) is a perverse sheaf on B. Thus, as B is projective and C'
is a general linear section, by [dCM10, Lemma 5.3.1] we have a natural localization
exact sequence

0 — "H'(Rm.Q,) — Rj.j* *H'(Rm.Q,) — Riyi' "H'(Rm.Q,)[1] — 0,

where i: C < B (resp. j: B — C < B) is the natural open (resp. closed) embed-
ding.

The functors j*, Rj., Riy, i' satisfy the following exactness properties with re-
spect to the middle perversity t-structure:
j* = j' is t-exact as j is an open immersion;
as j is an affine embedding, Rj. is t-exact [dCMO05], Section 3.7];
Riy = Ri, is t-exact as ¢ is a closed immersion;
i'[1] = i*[—1] is t-exact as i is a normally nonsingular inclusion of complex
varieties of complex codimension 1 [dCMO05], Lemma 3.5.4].

In particular, these functors commute with the perverse cohomology functor, so we
have an exact sequence

0 — PH'(RmQ,) — Rj."H'(j*Rm.Q,) — Ri\*H'(i' Rm.Q, [1]) — 0.

By a simple base-change argument, using the properties of the four functors listed
above, we may rewrite this sequence as

0 — PH'(Rm.Q, ) — Rj."H RV Q) — Ri. "M (Rx?Q,[-1]) — 0.

Finally, taking hypercohomology of this sequence on B gives the required sequence.

The proof for exactness of the second sequence follows by applying an analogous
argument to the second localization sequence from [dCMI0, Lemma 5.3.1], or by
applying Poincaré-Verdier duality. O
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2.2. A geometric description of the perverse Leray filtration. The aim of
this section is to describe how the results of [ICM10] may be used to give a geometric
description of the perverse Leray filtration.

We begin by setting up some more notation. There is a smooth projective variety
F(N,m) parametrizing m-flags F = {A_; C --- C A_,,} on PV, where A_, C PV
is a codimension p linear subspace. A linear m-flag F on PV is general if it belongs
to a suitable Zariski open subset of F/(IN,m) and, similarly, a pair of flags is general
if the same is true of the pair with respect to F'(IN, m) x F(N,m); for precise details
of these open sets, we refer the reader to [dCMI0| Section 5.2].

Fix a general pair of linear m-flags on P%V. Intersecting with B, we obtain a pair
of m-flags B, and C, on B; i.e. a pair of increasing sequences of subvarieties of B:

BZB()DB_lD"':)B_m:)B_m_1:@
B=Cy>C_1D>---2C_,,2C_p_1=0.

)

Setting Y, = 7~ !B, and Z, = n~'C,, we obtain a pair of increasing sequences of
subvarieties of Y:

Y=YD>Y_1D>---D2Y_,, DY .1 =0,
Y=20D>22Z.1D - DZ_pyDZ_py_1=0.

We assume, without loss of generality, that C = C_; and Z = Z_1; consequently
we have U =Y — Z_1.

Let f: X — Y be a locally closed embedding. Then we have the restriction
functor (—)|x = Rfif* on Dy, which is exact. If f is closed, then we also have the
right derived functor of sections with support in X, denoted RT'x(—) = Rf.f'.

Following [dCM10), Section 3.6], we now define the flag and §-filtrations on co-
homology. We begin with the flag filtrations on the cohomology of U.

Definition 2.5. The flag filtration G*® on the cohomology of U is the decreasing
filtration defined on regular cohomology by

GPH"(U,Q) := ker {H*(U,Q) — H*(U,Qluny,_,)}
and on compactly supported cohomology by
GPHY(U,Q) := im {H}(U, RT'yny_,Q) — HE(U,Q)} .
Next we define the J-filtration on the cohomology of Y.

Definition 2.6. The §-filtration §° is the decreasing filtration defined on the co-
homology of Y by

SPHA(Y,Q) :=imq @ H*Y,RI'y_,(Qly_z,_,)) — H*(Y,Q)

i+j=p

The following theorem gives a geometric interpretation of the perverse Leray
filtration.

Theorem 2.7. [dCMI0, Theorems 4.1.3 and 4.2.1] The perverse Leray filtrations
P, on the cohomology of U and Y coincide with the shifted flag and §-filtrations as
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follows:
PH*(U,Q) = GF'H*(U,Q) = ker {H*(U, Q) — H*(U, Qluryi_,_1)} 5
PHEU,Q) = GF'HE(U,Q) = im {H} (U, RTury,_, Q) — HE(U,Q)},
PH"Y,Q) = 0*'H*(Y,Q)

=im @ Hk(Y; RFY% (Q|Y*Zj—l)) - Hk(y’ Q) )
itj=k—1

Remark 2.8. Note that the formulas in Theorem 2.7 differ from those in [dCMI0]
by a sign; this is because we follow the convention that the perverse Leray filtration
is increasing, but [dCM10] define it to be decreasing.

Remark 2.9. One may compute §-filtrations on the cohomology of the subvarieties
Z_; by a similar method. In this case the filtration is induced by the pair of
increasing sequences of subvarieties

Zi=YoNnZ))D>(YanZ)) D D YViem-1NZ) =0,
Z=Z_3> DZ DL y1=10
given by intersection of Y, and Z, with Z. Given this, Theorem 2.7lmay be modified
in the obvious way to compute the perverse Leray filtrations for the subvarieties
Z_;.
Note that there is a shift in indices in the Z-filtration. In the case ¢ = 1 this

provides a geometric explanation for the shift in the perverse Leray filtration on
H*(Z,Q) in the sequences of Proposition 24l

2.3. Isomorphisms and vanishing. In this section we prove some useful lemmas
about the graded pieces of the perverse Leray filtration.

Lemma 2.10. Recall that m := dimg(B). We have the following vanishing for the
graded pieces of the perverse Leray filtration on U :

o Grf H*(U,Q) = 0 whenever | < k orl>k+m,

e Grf H*(U,Q) = 0 whenever | <k —m orl > k.

Proof. We begin by proving the statements for U. Note that if [ < k, we have
k—1—12>0and so Yy;—1 = Y. Thus H*(U,Qluny, , ,) = H*(U,Q) and,
by Theorem 7, we obtain P,H*(U,Q) = 0. It follows that Gr; H™(U,Q) =
PH*U,Q)/P—1H*(U,Q) =0 for all | < k.
Similarly, if I > k+m wehave k — 1 —1 < —m —1and so Yy_; = Y1 = 0.
Thus by Theorem 2.7] we have
PH*U,Q) = P_1H*(U,Q) = ker {H*(U,Q) — 0} = H*(U,Q).

It follows that Gr; H™(U,Q) = PH*(U,Q)/P,_1H*(U,Q) = 0.
The proofs for compactly supported cohomology follow by an analogous argu-
ment, or by applying Poincaré-Verdier duality to the result above. O

Using this, we prove a useful lemma relating the perverse Leray filtration on Y
to the perverse Leray filtrations on the subvarieties Z_,..

Lemma 2.11. Leti.: Z_,. —= Y denote the inclusion.

(1) If l < k, the morphism (i) of mized Hodge structures is an isomorphism
forall0 <r<k-—1I

Gri , H**"(Z_,,Q) = Gri H*(Y,Q)(r)



8 C. F. DORAN AND A. THOMPSON

and is surjective if r =k — 1
Grz—k HQZ?k(Zl*kv @) - Grlp Hk(Yv @)(k - l)v
where (—) denotes the usual Tate twist.
(2) Ifl > k, the morphism i’ of mized Hodge structures is an isomorphism for
al0<r<l—k
Gif HY(Y,Q) = Gl H*(Z-,,Q)
and is injective if r =1 —k
Cr{ H*(Y,Q) < Gri H*(Z),_;,Q).
Proof. To prove statement (1), assume first that | < k¥ — 1. By Lemma [ZT0 we
have Gr{ H*(U,Q) = Gr{ H*~'(U,Q) = 0. Applying the first exact sequence of
Proposition 2.4, we obtain an isomorphism
(in: Gy HE2(2,Q) =5 G’ HE(Y, Q)(1).
Replacing Y by Z_; and Z by Z_;,_1, we may repeat this argument inductively
k — 1 — 1 times; the resulting composition gives the required isomorphisms
Grl, H*?"(Z_,,Q) = Gr{ H*(Y,Q)(r)
foral 0 <r<l—k.
Now if I = k — 1, by Lemma 210 again we have Grj,_; H*(U,Q) = 0, and the
first exact sequence of Proposition 2.4] gives a surjective map
(i)r: Gri_y H*(Z,Q) — Gri_y H*(Y,Q)(1).

Replacing Y by Z;_i+1 and Z by Z;_; and composing with the isomorphism above
gives the required surjective map.

Statement (2) is proved similarly, using the vanishing of Gr{ H*(U, Q) for [ > k
from Lemma 210 and the second exact sequence from Proposition 2.4 O

Now we prove a vanishing result for the graded pieces of the perverse Leray
filtration on Y.

Lemma 2.12. Recall that m := dim¢(B). Then we have Gr{ H*(Y,Q) = 0 when-
ever | < max{%, k—m} orl>k+m.

Proof. This is a straightforward consequence of Lemma 21711

The surjective map from Lemma2TII(1) implies that if I < k, then Gr; H*(Y, Q)
vanishes whenever Grgl_k H?=%(Z,_},Q) does. This occurs if | < %, as Z;_j has
no cohomology in negative degrees, and if [ < k — m, as in this case Z;_p = 0.

The injective map of Lemma ETT(2) implies that if I > &, then Gr; H*(Y,Q)
vanishes whenever Gry H*(Z;,_;,Q) does. This occurs if I > k 4 m, as in this case
Z—1 = 0. O

Finally, the following lemma is helpful when computing perverse Leray filtrations.

Lemma 2.13. Recall that n := dimc(Y). There are isomorphisms of mized Hodge
structures

G HM(Y,Q) ——— Grl,_ HH=2(Y,Q)(n — 1)

Gry,_ H*"F(Y,Q)(n — k) +—"— G/ H*7*(Y,Q)(l — k)

where (=) denotes the usual Tate twist. Similar statements hold for U, if the top
row 1s replaced by compactly supported cohomology.
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Proof. The vertical isomorphisms are just Poincaré-Verdier duality. The horizontal
isomorphisms follow from an application of the Hard Lefschetz Theorem [dCMO05]
Theorem 2.1.4] to the definition of the perverse Leray filtration. (]

2.4. The cup-product filtration and the perverse Leray filtration. We con-
clude this section by describing the relationship between the perverse Leray filtra-
tion and a second filtration, called the cup-product filtration. As we shall see, the
cup product filtration will give us an easy way to compute the perverse Leray
filtration.

With notation as above, let [Z] € H2(Y,Q) (resp. [Z_,] € H*"(Y,Q)) denote
the class of Z (resp. Z_,). Recall that n := dimc(Y') and m := dim¢(B).

Definition 2.14. The cup product [Z]U — defines a nilpotent endomorphism with
index (m + 1) on the total cohomology H*(Y,Q). By [PS08, Lemma-Definition
11.9], it therefore defines an increasing weight filtration on H*(Y,Q), centred at n.
We call this filtration the cup-product filtration and denote it by K,.

Recall that the cup-product with the class of Z may be expressed as the com-
position [Z]U — = i*i;, where i: Z < Y is the inclusion. Using Proposition 2.4] we
see that this induces a map on the graded pieces of the perverse Leray filtration as
follows.

[Z]u—

Grf H*(Y,Q) G H*2(Y,Q)(1)
Grﬁl Hk(Za Q)

Tterating this map r-times and noting that the r-fold cup-product of [Z] with
itself is [Z_,], we obtain a morphism of mixed Hodge structures

[Z_,JU—:Grf H*(Y,Q) — Gri H*"(Y,Q)(r).
Setting kK = [ — r, we obtain as a special case
[Z_,JU—:Grf H="(Y,Q) — Gr} H'T"(Y,Q)(r).

The following proposition is part of the Hard Lefschetz Theorem for Perverse
Cohomology Groups, due to de Cataldo and Migliorini.

Proposition 2.15. [dCM05, Theorem 2.1.4] The cup-product map
[Z_,]U—: Gr{ H'™"(Y,Q) — Gr{ H"(Y,Q)(r)
is an isomorphism of mized Hodge structures for all 0 < r < m := dim¢(B) and

alll>r.

Using this result, we can give a particularly simple interpretation of the perverse
Leray filtration on Y.

Proposition 2.16. Recall that n := dim¢(Y'). There are isomorphisms between the
graded pieces of the cup-product filtration and the shifted perverse Leray filtration,

Gri* H*(Y,Q) = CGr{,_,, H*(Y, Q).

Proof. This is essentially [dCMO05, Proposition 5.2.4], but some effort is required
to extract the statement as written above. As the proof is short we include it for
clarity.

By [PS08, Lemma-Definition 11.9], the cup-product filtration is uniquely defined
by the two properties

(1) [Z] U — maps K; into K;_5 for all ¢ > 2, and



10 C. F. DORAN AND A. THOMPSON

(2) the map
[Z*T] U—: Grfz(Jrr (Y @) — Grn r *(Yv @)

is an isomorphism for all 0 < r < m = dim¢(B).

To prove that K, coincides with the shifted perverse Leray filtration, it suffices
to show that the shifted perverse Leray filtration satisfies these two properties.
Indeed, from the discussion above, we have

[Z] U—: Grlljrkfn Hk (Y’ Q) — Grllj,-(k-i-Q)—n—Q Hk+2 (Y’ Q)’
proving (1), and (2) is precisely Proposition 215 |

3. THE MIRROR CLEMENS-SCHMID SEQUENCE

We next show how we can combine the sequences from Proposition [Z4] into a
four-term sequence. Indeed, consider the diagram

[Z]u—

H! Y (U) — HM1(Y) » HMH(Y)(1) — HFYH(U)(1) y HEYH(U)
HEY(Z)[-1] H*¥(Z)[-1]
H*(Y)(1) — H5(U)(1) P HEU) ——— HA () 00 o)1)

obtained by interlacing the exact sequences from Propos1t10n 2.4l The morphisms
are all morphisms of mixed Hodge structures on the graded pieces of the perverse
Leray filtration; the dotted arrows denote the morphisms induced by composition
with the maps through H*(Z,Q)[—1]. Note that the induced map H*~1(Y,Q) —
H*1(Y,Q) is given by cup-product with the class of Z (see Subsection 24). As
usual, [—1] denotes a shift in the perverse Leray filtration and (1) denotes the Tate
twist.

We now come to the main theorem of this paper. The nomenclature will be
discussed further in Section @l

Theorem 3.1. The top and bottom rows of this diagram are exact sequences of
mized Hodge structures on the graded pieces of the perverse Leray filtration. We
call the resulting four-term exact sequence the mirror Clemens-Schmid sequence.

Proof. As all of the morphisms respect the perverse Leray filtration, it suffices to
show that the sequence is exact on the graded pieces of this filtration. We begin
by proving that the subsequence

[Zlu-

(1)  Grf H"Y(U) — Gy H1(v) ==

C

Gr{ H* YY) — Grf H*N(U)

is exact at the two middle terms.
If | < k, by Lemma 210 we have Gr; H*(U) = Gr{ H*'(U) = 0, giving the
diagram

[Z]u—

Gr{ HFY(U) —— Grf H*'(Y)

™~

Gri_y H*1(2)

Grf H*1(Y) —— 0.

Mg

In this case it suffices to prove that the cup-product map is surjective. If | < k—m,
for m = dime(B), Lemma 12 gives Gr; H**1(Y) = 0 and this is immediate. If
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k—m <l < k, surjectivity follows from the fact that, by Proposition 215 the
composition

[Zl,k]u— [Z]U

Gr{ H?=F1(Y) Grf HF1(Y) ——— Gr] H*(Y)

is an isomorphism.
If | > k, applying Lemma 210 gives Gr; H*~1(U) = Grf H*(U) = 0, so we
obtain the diagram

[Z]u-

0 —— Grf HF1(Y) Grf H*'(Y) —— Gr] HFL(U).

/

Gri_y H*(Z)

/

In this case it suffices to prove that the cup-product map is injective. If [ > k 4+ m,
Lemma 212 gives Gr; H*='(Y) = 0 and this is immediate. If k < | < k + m,
injectivity follows from the fact that, by Proposition 215l the composition

[Z]lu— (Z)—1]

Gr{ H*1(Y) Grf HF1(Y) = Grf HA-R1(Y)

is an isomorphism.
Finally, if [ = k, by Lemma 210 we obtain Gr; H*~1(U) = Grf H*'(U) =0

and our diagram becomes

(Z]u—

0 —— Grf H*1(Y) Grf HF1(Y) —— 0.

\ /

Gry | H=1(

In this case it suffices to prove that the cup-product map is an isomorphism, but
this is precisely the r = 1 case of Proposition 215

With this complete, the proof of the theorem follows by a straightforward dia-
gram chase. (I

Remark 3.2. In the appendix to [KLS21], Saito shows that exactness of the classical
Clemens-Schmid sequence is equivalent to both the Decomposition Theorem and
the Local Invariant Cycle Property, and that these properties may be formulated
on the level of the derived categories [KLS21, Section A.4]|. It should be possible
to extract our result above by similar methods, albeit in a different category to the
one considered by Saito: in this case the Decomposition Theorem is the result of
the same name for perverse sheaves proved by Beilinson, Bernstein, and Deligne
[BBD&2] (see also [dCMO05], Theorem 2.1.1]), and the Local Invariant Cycle Property
is essentially exactness of the sequence ().

Remark 3.3. It is possible to interlace another well-known long exact sequence
of mixed Hodge structures with the two localization sequences and the mirror
Clemens-Schmid sequence, as follows. Indeed, let ¢: E — Y denote the total
space of the C*-bundle associated to the line bundle Oy (Z), equipped with the
usual mixed Hodge structure on an open variety; note that the Euler class of E is
[Z]. Then we have the Gysin sequence

[Zlu-

= HYY,Q)(1) 25 HYE,Q)(1) 2 H1(v,Q) 25 B (v, @)(1) = -+
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which interlaces with our other sequences as follows,

HEL(U) — HEL(Y) 25 5 (v) (1) —— HE(U)(1) — BEL(U)
Hk Hk 1 Hk—H )(1) Hk(z)

A .

HYY)(1) — H*(U)(1) —— HYU) ——— H*(Y) iy HM2(Y)(1).

A simple diagram chase, using Theorem [3.1], verifies that everything in this diagram
commutes. Note that we have suppressed the perverse shifts: it is not particularly
clear how to define a perverse filtration on the cohomology of E in a way that is
compatible with the rest of the picture.

4. MIRROR SYMMETRY

4.1. The Clemens-Schmid Sequence. To explain the mirror symmetric inter-
pretation of the mirror Clemens-Schmid sequence, we first take a closer look at
the usual Clemens-Schmid sequence. We begin by recalling the standard setup; for
more detail the reader may consult [PS08, Chapter 11] or [Mor&4].

Definition 4.1. A degeneration is a proper, flat, surjective morphism X — A
from a K&hler manifold to the complex unit disc, which has connected fibres of
dimension n and is smooth over the punctured disc A*. Let X denote a general
fibre and let Xy denote the fibre over 0 € A. A degeneration X — A is called
semistable if Xg C X is a simple normal crossings divisor.

For a semistable degeneration X — A, the Clemens-Schmid sequence is the
four-term exact sequence of mixed Hodge structures

o HNX) S HEL(X) S HEL(X)(-1) — HEP2(X) — HM2(X) - -

where

° Hffm(X ) is the usual cohomology of X equipped with the limiting mixed
Hodge structure;

o HN(X) = H*(Xy) is equipped with Deligne’s mixed Hodge structure on a
normal crossing variety;

. H;JOFQ(X) is Poincaré dual to Ha,—x(X), which is given a mixed Hodge
structure by identification with Hom(H?*"~*(X), Q);

v: HE (X) — HF (X) is the logarithm of monodromys;

e i: Xy — X is the inclusion.

To discuss mirror symmetry, we would like to place a perverse Leray filtra-
tion on the terms of this sequence, corresponding to the map X — A. For the
cohomology of X this is straightforward: as X is fibred over a point, the per-
verse Leray filtration is trivial and concentrated in middle degree; i.e. we have
Gry H*(X,Q) = H*(X,Q) and all of the other graded pieces vanish.

For X, however, whilst one may define the perverse Leray filtration to be the
filtration induced by the perverse Leray spectral sequence in the same way as before,
most of the results that we have used to study it do not hold in this setting, as
the base A of the fibration is not an algebraic variety. Mercifully, the interaction
between the perverse Leray filtration and the Clemens-Schmid sequence has been
studied before, by Kerr and Laza [KLS21], so we simply need to adapt their results
to our setting.
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With our indexing convention, the results of [KLS21l Section 10] give a simple
description of the perverse Leray filtration on the cohomology of X
P HY(X,Q) =0
P HN(X,Q) = ker{i*: H¥(X,Q) — H*(X,Q)}
P HY(X,Q) = H*(X,Q).
The filtrand P, H*(X, Q) is called the phantom cohomology by Kerr and Laza. The
nonzero graded pieces are
Cry H*(X,Q) = ker{i*: H*(X,Q) — H*(X,Q)}
Gy HY(X,Q) = coim{i*: H*(X,Q) — H*(X,Q)}.
By the discussion in [KLS21, Section 4|, each of these graded pieces admits a
natural mixed Hodge structure induced by Deligne’s mixed Hodge structure on
H*(X,Q) = H*(X,,Q).
Finally, to compute the perverse Leray filtration on H §(0 (X, Q) we apply Poincaré

duality (see [KLS21, Section 4]), noting that i* is dual to the map H—2?(X) —
HY% (X) from the Clemens-Schmid sequence. We obtain the filtration

Py HY (X,Q) =0
P HY, (X,Q) = im{H[*(X,Q) — HY (X,Q)}

lim
PHY (X,Q) = HY (X, Q).
The nonzero graded pieces are

Gry_, HY (X,Q) = im{H}', *(X,Q) — H% (X,Q)}

lim
Gry, HY (X,Q) = coker{ H['*(X,Q) — H% (X,Q)}.
It follows from the equivalent statement for H*(X, Q) that the mixed Hodge struc-
ture on H ;20 (X, Q) induces mixed Hodge structures on the graded pieces of P,.
The following result follows easily from the considerations of [KLS21]; we include
a short proof for completeness.

Proposition 4.2. The Clemens-Schmid sequence
= HYX)[1] - HE, (X) -5 HE(X)(-1) — HEP2(X)[1] — B 2(20)[1] -

induces exact sequences of mized Hodge structures on the graded pieces of the per-
verse Leray filtration P,. Here [1] denotes a shift in the perverse Leray filtration
and (—1) denotes the usual Tate twist on the mized Hodge structure.

Proof. Tt suffices to show exactness on the graded pieces of P,. Taking graded
pieces, the sequence splits into subsequences

Crf_ it 0 — coker{ H}~?(X) — H% (X)} = ker(i*) — 0,

Gri: 0= coim(i*) — Hf (X) = Hf L (X) — im{Hf (X)) — HY (X)) — 0.
Exactness then follows immediately from exactness of the Clemens-Schmid se-
quence. O

4.2. A mirror conjecture. Suppose now that X is a semistable degeneration of
Calabi-Yau manifolds. Such a degeneration is said to have Type N if the logarithm
of monodromy map

v HE L (X,Q) — HEL(X,Q)(-1)

from the Clemens-Schmid sequence is nilpotent of index N. Note that 1 < N <
dime (X).
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Following the general philosophy of [DHT17|, one might expect such a Type N
degeneration to be mirror to a fibration on the mirror Calabi-Yau manifold Y, with
fibres of codimension (N — 1). The map v is mirror to the cup product

[Z)u—: H*(Y,Q) — H*(Y,Q)(1);

where v moves us horizontally across the Hodge diamond, [Z] U — moves us down-
wards.

Under such a correspondence, we claim that the Clemens-Schmid sequence and
the mirror Clemens-Schmid sequence should be thought of as mirror to one another.
Based on this we formulate the following conjecture, which describes the mirror
relationship between the various filtrations.

Conjecture 4.3. Suppose X is an n-dimensional Calabi- Yau manifold which un-
dergoes a Type N degeneration X — A. Then the mirror Calabi-Yau manifold
Y admits a morphism w:'Y — B, with general fibre of codimension (N — 1), and
we have the following equality between the dimensions of the graded pieces of the
Hodge, weight, and perverse Leray filtrations:

dim(Gr%, Grgv Gr{ H*(Y)) = dim(Grly? Grm_l_Qp Gr§+q_2p Hﬁgk_Qp(X)).

Moreover, for an appropriate choice of embedding of B into projective space and
with U CY the complement of the preimage of a general linear subspace, we have

dim(Gr#, Grgv Cr{ H¥(U)) = dim(Gr? Grmlfgp Grf;querl H"TF=2P(x)).

Remark 4.4. Note that this conjecture generalizes the usual mirror symmetry of
Hodge numbers between X and Y, given by

dim(Grh, H*(Y)) = dim(Gry ? H"™F2P(X)).
Remark 4.5. The unexpected +1 in the P, index of
Gr;lﬂip Grml72p Gr5+q72p+1 Hn+k72p(X)

compensates for the fact that X has complex dimension n + 1, which shifts the
perverse Leray filtration P, up by one relative to the cohomology of X, Y, and U,
all of which have dimension n. This phenomenon also appears in the localization
sequences (Proposition 2:4)) and the Clemens-Schmid sequence (Proposition F2),
which all contain shifts in the perverse Leray filtration to compensate for differing
dimensions.

Remark 4.6. This conjecture may be thought of as a kind of “mirror P = W
conjecture”, in the sense of [KPH20|. Indeed, the statement relating the filtrations
on the cohomologies of X and Y is consistent with a version of [KPH20, Conjecture
1] for compact Calabi-Yau varieties, instead of the log setting used by [KPH20].
We expect that these two conjectures will turn out to be two sides of the same coin,
possibly related through the machinery postulated in [DHTI7].

5. K3 SURFACES

In the remainder of this paper we will present explicit evidence for this conjec-
ture in two and three dimensions. We begin with the two-dimensional case of K3
surfaces.

5.1. Fibrations on K3 surfaces. We first compute the various filtrations from
Section [2in the case where Y is a smooth K3 surface.
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5.1.1. B is a curve. Begin by assuming that the base B is a curve. Then necessarily
B = P! and the fibres of 7 are generically genus one curves. Rather than taking
the trivial embedding of B into P!, we instead take the r-fold Veronese embedding,
so that C' is a union of r points and Z is a union of r disjoint genus one fibres in Y.

With this setup it is easy to compute the following mixed Hodge structures
(W,, F'*) on the graded pieces of the perverse Leray filtration P,, using Propositions
2.4 and The entries in the tables show the dimensions of the graded pieces
Grh Grgv GrlP H*. All other graded pieces of P, are zero.

For the cohomology of Y we have the following filtrations.

Cry HO(Y)||Grd H2(Y)|Gry H(Y)|Grd H2(Y)||Gry HA(Y)
FW 2
FW‘ 0 FW‘ 2 011 FW‘ 2 FW‘ 4
01 1)1 1|18 1)1 2 |1
2|1

For the compactly supported cohomology of U we have the following filtrations.
The filtrations on the cohomology of U can be obtained from these by Poincaré-
Verdier duality.

Gl HY(U) | |Cref H2(U) | G H2(U) | |Gl HE3(U) | |Gl HA(U)

C C

MY o

0|r—1

5.1.2. B is a surface. Next assume that B is a (possibly singular) surface. As the
preimage of a general hyperplane section, the curve Z C Y is smooth by Bertini’s
Theorem and connected by [FH79, Proposition 1]. Let g denote the genus of Z.
With this setup, the graded pieces of the various filtrations are as follows, where
we present the data in the same form as above.

For the cohomology of Y we have the following filtrations.

Gry HO(Y)||Grd H?(Y)||CGrd HA(Y)
\i4 ol N 2 w
P 0 0] 1 I
01 120 2
2|1

For the compactly supported cohomology of U we have the following filtrations.
The filtrations on the cohomology of U can be obtained from these by Poincaré-
Verdier duality.

Cry H2(U) | |Gy HA(U)

C C

5.2. Degenerations of K3 surfaces. We next exhibit the various filtrations from
Section ] in the case where X — A is a semistable degeneration of K3 surfaces. A
good summary of the geometry of semistable degenerations of K3 surfaces may be
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found in [Huy16l Section 6.5] and a more detailed discussion of the Clemens-Schmid
sequence in this setting can be found in [Mor84l Section 4(d)].

5.2.1. Type II degeneration. We begin by considering a Type II degeneration of K3
surfaces. The central fibre X of such a degeneration is a chain of surfaces ruled
over elliptic curves, glued along sections of the rulings, with a rational surface at
each end of the chain. The monodromy map v is nilpotent of index 2. We assume
that Xy has (r + 1) components. These properties allow us to compute the terms
of the Clemens-Schmid sequence in this setting.

As in Subsection [l we describe below the mixed Hodge structures (W,, F'*) on
the graded pieces of the filtration P,. The entries in the tables show the dimensions
of the graded pieces Grh, Grgv Grlp H*. All other graded pieces of P, are zero.

For the cohomology of X, with its limiting mixed Hodge structure, the filtrations
are as follows.

Gry H,(X)|| Gry HE (X) ||Gry HY (X)
2 3
FW 0 0 0 FW 4
011 8 1 211
0 1

For the cohomology of X', with Deligne’s mixed Hodge structure, the filtrations
are as follows. The filtrations on H¥ (X) may be obtained from these by Poincaré
duality.

Gr{ HO(X)||Grd H?(X)| Gl H?(X)

Vi1 2

FW‘ 0 FW‘ 9 F

5.2.2. Type III degeneration. Next we consider Type III degenerations. The central
fibre Xy of such a degeneration is a union of rational surfaces glued along anti-
canonical cycles, so that the dual graph of the central fibre is a sphere. We assume
that Xy has (g + 1) components.

For the cohomology of X, with its limiting mixed Hodge structure, the filtrations
are as follows.

Gry HY,(X) Gry HZ,(X) Gry H (X)
R EEREEE
A0 0]1 0 0 0 0 P4
0 110 0 20 0 0 21
210 0 0 0 1

For the cohomology of X', with Deligne’s mixed Hodge structure, the filtrations
are as follows. The filtrations on H¥_(X) may be obtained from these by Poincaré
duality.
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Gry HO(X)||Gry H2(X)| Gri H*(X) ||Gr} HY(X)|Gri HY(X)
w w 2 w
F 0 F 2 0 F ‘ 4
01 1]y 2 |

5.3. Mirror symmetry for K3 surfaces. One may verify Conjecture[£3]for the
filtrations above, which are mirrors in the following way.

5.3.1. Type II degenerations and genus 1 fibrations. Suppose that X is a generic
L-polarized K3 surface, for some lattice L, that admits a Type II degeneration with
(r + 1) components. Such a degeneration corresponds to a 1-dimensional cusp in
the Baily-Borel compactification of the moduli space of L-polarized K3 surfaces. If
this 1-dimensional cusp contains a 0-dimensional cusp p, we may apply the mirror
construction of [Dol96] at p to construct a mirror K3 surface Y. By [DHTI1T,
Remark 4.2], this mirror Y admits a fibration 7: Y — P! with general fibre a genus
1 curve. Embed P! <+ P” by the degree r Veronese embedding and let Z be the
pullback of a generic hyperplane in P, so that Z is a union of r disjoint fibres of .
Using the computations from Subsections B.1.1] and B.2.01 it is easy to verify that
Conjecture [4.3] holds in this setting.

5.3.2. Type III degenerations and generically finite morphisms. Next suppose that
Y is a generic K3 surface of degree 2k. By definition, the polarizing line bundle £
on Y is ample with £2 = 2k. A generic section of £ defines a smooth curve Z of
genus ¢ = k + 1 and £ defines a finite morphism 7: Y — B C PV, where B is a
smooth surface [May72, Proposition 3].

The mirror to Y, in the sense of [Dol96], is a K3 surface polarized by the lattice
My, == H® Es ® Eg & (—2k), where H denotes the hyperbolic plane lattice and Fg
is the negative definite Eg lattice. By [HL22, Proposition 1.16], such K3 surfaces
admit a unique (up to flops) primitive Type III degeneration, from which all other
Type III degenerations may be obtained via base change. Moreover, the proof of
this result shows that the central fibre of this Type III degeneration has 2k triple
points.

Using the fact that every triple point lies at the intersection of 3 double curves,
along with the fact that the dual graph of the central fibre is a sphere which has
topological Euler characteristic equal to 2, one may check that a central fibre of
a Type III degeneration with 2k triple points must have 3k double curves and
k+ 2 =g+ 1 components. We are therefore in the setting of Subsection

Using the computations from Subsections and [£.2.2] it is then easy to verify
that Conjecture [£3] holds in this setting.

It is natural to ask what happens if the conditions on Y are relaxed to allow
Y to be a generic K3 surface with a lattice polarization of any rank. In this case
we can choose £ to be any line bundle with £2 > 0 that is generated by its global
sections, to obtain a generically finite morphism ¥ — PV with two-dimensional
image [May72, Proposition 2]|. Here the picture is much more complicated, but we
can say more in a special case.

Suppose that Y is polarized by the rank 19 lattice M; := H ® Es ® Eg @ (—2).
Choose a primitive integral vector v in the nef cone of Y, with v? = 2k > 0,
corresponding to a nef and big divisor of arithmetic genus £ + 1 on Y. The mirror
to Y is a K3 surface of degree 2 and, by the results of [AET19], the complex moduli
space of K3 surfaces of degree 2 admits a natural compactification with structure
described by Nef(Y'). In this compactification, the vector v correponds to a Type
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IIT degeneration with v2 = 2k triple points and k + 2 components. This is in
agreement with the prediction of Conjecture (4.3

5.3.3. Base change and Veronese embeddings. Finally, we make a note about base
change. Given a semistable degeneration of K3 surfaces X — A, one may base
change by the ramified covering z — z* and resolve singularities to obtain a new
semistable degeneration. This new degeneration may be described by the method
from [Fri83, Section 1]: briefly, the new degeneration has the same type as the
original and, in addition to the original set of components of X, each double curve
in X, gives rise to (41— 1) new components and each triple point gives $(u—1)(u—2)
new components.

(1) If the original degeneration was of Type II with r + 1 components in its
central fibre, the r double curves give rise to (¢ — 1)r new components (and
there are no triple points), so the new degeneration has ur + 1 components.

(2) If the original degeneration was of Type III with k 4+ 2 components in its
central fibre, the 3k double curves give rise to 3(u — 1)k new components
and the 2k triple points give rise to (u — 1)(1x — 2)k new components, so
the new degeneration has p2k + 2 components.

On the fibration side, we may re-embed B C PN — PM for M = (Vi) -1,
under the degree p Veronese embedding, so that the divisor Z is replaced by a
smooth divisor in the linear system |uZ|.

(1) If Z is a union of r fibres in a genus one fibration, then a generic member
of |uZ| is a union of ur fibres.

(2) If Z is a smooth ample curve of genus g = k + 1, then a generic member of
|uZ| is a smooth ample curve of genus g = 2k + 1, by the genus formula.

Using this, it can be easily checked that if Conjecture[£3]holds for a mirror pair
consisting of a Type II/III degeneration of K3 surfaces X' and a fibred K3 surface
m:Y = B C PV, then Conjecture continues to hold between the u-fold base
change of X and the degree i Veronese re-embedding B C PV «— PM,

6. CALABI-YAU THREEFOLDS

In this final section, we study Conjecture 3] in the three-dimensional setting
of Calabi-Yau threefolds. This setting is substantially more complicated than the
K3 surface case, so we will need to place restrictions on the types of fibrations and
degenerations that we consider.

6.1. K3 fibrations and Tyurin degenerations. In the case of Calabi-Yau three-
folds, [DHT17] suggests a mirror correspondence between Tyurin degenerations
(which are a special case of Type II degenerations) of a Calabi-Yau threefold and
K3 fibrations on the mirror Calabi-Yau threefold. In this setting we will show that
Conjecture [£3] is a direct consequence of the conjectures in [DHTI7| and we will
verify it explicitly in some special cases.

6.1.1. K3 fibrations. We begin by assuming that 7w: Y — B is fibration on a Calabi-
Yau threefold whose general fibre is a K3 surface. Then necessarily we have B = P!
and we take the trivial embedding of P! into itself, so that C is a single point and
Z is a general K3 fibre in Y.

The filtrations in these cases will depend upon three parameters u,v,w € Z,
defined as follows.

e u is the rank of the subgroup of H?(Z,Z) that is fixed by the action of
monodromy around the singular fibres of Y.
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e If Y, denotes the fibre of 7: Y — B over a point p € P! and p(Y,) denotes
the number of irreducible components of Y}, then

o= 3 (p(¥;) — 1),

pEP?
e w:= h*(Y) is the usual Hodge number.

Note that it follows from [DHNT16, Lemma 3.2] that A1 (Y) = u + v + 1.

With this setup we may compute the following mixed Hodge structures (W,, F'®)
on the graded pieces of the perverse Leray filtration P,. As usual, the entries in
the tables show the dimensions of the graded pieces Grh, Grgv GrlP H*. All other
graded pieces of P, are zero.

The cohomology of Y can be computed easily using Proposition and the
explicit computation of the cup-product filtration in this setting from [DHTI17]
Section 5.1]. We obtain the following filtrations.

HY(Y)

Gry HO(Y)

Gry H?(Y)

Cry H(Y)

Gry H(Y)

P
Gry

ENE

ENE

1|v

Gry HY(Y)
ENE

2|v

Grl HY(Y)
ENE

2 1

We obtain the following filtrations on the compactly supported cohomology of U
using the localization sequence (Proposition[24]). The filtrations on the cohomology
of U can be obtained from these by Poincaré-Verdier duality.

Gr{ H2(U)|Gry H2(U)|| Gry H2(U)

R

Fw‘ 9 Fw‘ 9 0 1 1

171 I 1 120—uw w

| E 2 1w

3 0 1

Gry H2(U)|Gry HY(U)||Grf HS(U)
FW‘ 4 FW‘ 4 FW 6
2 |u 2 v 371

6.1.2. Tyurin degenerations. We begin this subsection by recalling some relevant
definitions from [DHT17, Section 2.1]. A smooth variety V is called a quasi-Fano
variety if its anticanonical linear system contains a smooth Calabi-Yau member
and H*(V,Oy) = 0 for all i > 0. Given this, a Tyurin degeneration is a semistable
degeneration X — A whose general fibre X is a Calabi-Yau variety and whose
central fibre X is a union of two quasi-Fano varieties V7 Ug V5 meeting normally
along a smooth member of the anticanonical linear system S € | — Ky,| in each.
Note that Tyurin degenerations are of Type II.

We focus on the three-dimensional setting, where X is a Calabi-Yau threefold and
X is a union of two quasi-Fano threefolds Vi Ug V5 glued along an anticanonical K3



20 C. F. DORAN AND A. THOMPSON

surface S. As in the previous subsection, the filtrations in these cases will depend
upon three parameters 4, v, w € Z, defined as follows.

o If r;: H?(V;,Q) — H?(S,Q) denotes the restriction, for i = 1,2, then
@ := 20 — rank(im(ry) + im(rz)).
o U:=h* (V1) + h®1(Va).
o w:= ht1(X).
In this case it follows from [Leel(), Corollary 8.2 that h*!(X) =+ o + 1.

Remark 6.1. Geometrically, rank(im(ry) 4 im(r2)) is the rank of the lattice polar-
ization on S induced by restricting divisors from V; and V5, and @ is the rank of
its mirror lattice in the sense of [Dol96].

With this setup, we describe below the mixed Hodge structures (W,, F'®) on the
graded pieces of the filtration P,. The entries in the tables show the dimensions of
the graded pieces Grf. Grgv GrlP H*. All other graded pieces of P, are zero.

The limiting mixed Hodge structure on the cohomology of X is computed in
[DHT17, Section 5.1]; the filtrations obtained are as follows.

Gro Hij(X) | |Gry Hi, (X)|| Gry” Hip, (X) | |Gy Hi, (X)| | Gre Hi, (X)
2 3 4
SO [ ERR P | EIR E
0 | 1]a 5|1 5 a 2 | 31
310 0 1

For the cohomology of X', with Deligne’s mixed Hodge structure, the filtrations
are easily computed using the standard spectral sequence for a normal crossing
degeneration. The filtrations on H ;‘”’(0 (X) may be obtained from these by Poincaré
duality.

Cry HO(X)||Grd H?(X)|Grd H?(X)

Cr HY(X) |Grf H*(X)||Grf HO(X)|GrE HO(X)
AR IR I I

2(20—a | 2w 31 311

6.1.3. Mirror symmetry. The conjectures of [DHT17] suggest that, if a Calabi-Yau
threefold X undergoes a Tyurin degeneration, then its mirror Calabi-Yau threefold
Y admits a fibration by K3 surfaces. From the computations above, in this setting
Conjecture [£3] predicts equality between the parameters u,v,w for Y and u, o, w
for X.

Indeed, the equalities w = w and u + v = % + ¥ are just the usual mirror
symmetry of Hodge numbers for X and Y. Moreover, equality of w and @ follows
from the conjecture [DHT17, Section 2.3] that the general K3 fibre Z of Y, with
lattice polarization induced by monodromy invariant classes, is mirror (in the sense
of [Dol96]) to the anticanonical K3 surface S in the Tyurin degeneration V; Ug Vs
of X, with lattice polarization induced by restriction of classes from V; and V5.
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We thus see that, in this setting, Conjecture [£3]is a consequence of the conjec-
tures in [DHT17]. Some progress towards establishing compatibility between these
conjectures and the Batyrev-Borisov approach to mirror symmetry [Bor93, [Bat94!
BB96| has been made in [DHT17, Section 3], but the equality of u and @ depends
subtly on the existence of reducible singular members of certain pencils of divisors
on a toric Calabi-Yau threefold, which has only been verified in certain cases.

It is also possible to verify Conjectured.3 explicitly in this setting in some special
cases. This is especially true in cases where one has a Calabi-Yau threefold X
degenerating to a pair of Fano threefolds of Picard rank one glued along a smooth
anticanonical K3 surface S. In this case one must have @ = 1, so S is a K3 surface
polarized by the rank one lattice (2n) for some n > 0, and one expects a fibration
of the mirror Calabi-Yau threefold by K3 surfaces polarized by the mirror lattice
M, := H® Es® Eg ® (—2n). Such fibrations have been completely classified in the
papers [DHNT20] (for n > 2) and [KT21] (for n = 1), which also give descriptions
of their singular fibres.

The basic approach to these computations closely follows the approach from
[DHT17, Section 5]. We give an illustrative example, which will be important in
the next section.

Example 6.2. Let X5 be the quintic threefold in P*. We consider the following two
degenerations of X5.

(1) X5 degenerates to the union of a hyperplane V; and a quartic surface V. To
construct such a degeneration, consider the family of threefolds defined by
{lgy = tfs} C P*x A, wherel, q4, and f5 are generic homogeneous equations
of degrees 1, 4, and 5 in the coordinates of P*, and ¢ is a parameter on the
complex disc A. The central fibre ¢ = 0 consists of a hyperplane and a
quartic threefold meeting along {q4s = [ = 0} C P*, which is a smooth K3
surface. Restriction of a hyperplane section induces a lattice polarization
on this K3 surface by the rank one lattice (4).

The fourfold {lgs = tf5} is singular along the curve C = {l = g4 =t =
f5 = 0}, which has genus 51. This curve of singularities may be resolved by
blowing up {t = = 0} in the ambient space P* x A and taking the strict
transform; the result is a Tyurin degeneration of X5. For this degeneration
the parameters 4, v, can be computed to be

=20 — rank((4)) =20 — 1 = 19,
0 =h*' (V1) + > (V) + g(C) =0+ 30 + 51 = 81,
w=h"(X;5) =1,

¢

where the formula for © follows from standard formulas for the cohomology
of a blow-up (see, for example, [Voi07, Theorem 7.31].

(2) X5 degenerates to the union of a quadric V» and a cubic surface V5. To
construct such a degeneration, consider the family of threefolds defined
by {q2q3 = tfs} C P* x A, where ¢q2, g3, and f5 are generic homogeneous
equations of degrees 2, 3, and 5 in the coordinates of P*, and t is a parameter
on the complex disc A. The central fibre ¢ = 0 consists of a quadric and a
cubic threefold meeting along {go = g3 = 0} C P%, which is a smooth K3
surface. Restriction of a hyperplane section induces a lattice polarization
on this K3 surface by the rank one lattice (6).

The fourfold {qa2g3 = tf5} is singular along the curve C' = {ga = g3 =t =
f5 = 0}, which has genus 76. This curve of singularities may be resolved by
blowing up {t = g2 = 0} in the ambient space P* x A and taking the strict
transform; the result is a Tyurin degeneration of X5. For this degeneration
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the parameters w4, ¥, can be computed to be

i = 20 — rank((6)) = 20 — 1 = 19,
v =h*Y (Vo) + W1 (V3) + g(C") =045+ 76 = 81,
w = h*'(X5) = 1.

Now we proceed to the quintic mirror threefold Y. It was shown in [DHNTI15]
Theorem 5.10] that this threefold admits K3 fibrations Y — P! polarized by the
rank 19 lattices My and Ms. For the Ms-polarized fibration, the parameter v has
been computed before in [DHNT16, Example 3.11]. For the Ms-polarized fibration,
it follows easily from the explicit descriptions of the singular fibres of such fibrations
from [DHNT20, Section 3.2].

(1) The My-polarized fibration has two reducible singular fibres with 31 and
52 components respectively. We thus obtain

u = rank(Msz) = 19,
v=> (p(Y,) —1)=30+51 =81

peP?
w = h2’1(X5) =1.

(2) The Mj3-polarized fibration has two reducible singular fibres with 6 and 77
components respectively. We thus obtain

u = rank(Ms) = 19,
v=> (p(Yp) —1)=5+76=81

peP!
w=h>'(X5) = 1.

We have thus verified Conjecture 4.3 explicitly in this setting.

Remark 6.3. In light of the conjectures of [DHTTT], it is no coincidence that the
numbers (30, 51, 5, 76) showing up in the decompositions of v and © above are
identical. Indeed, these are conjectured to represent invariants of certain quasi-
Fano/LG mirror pairs.

6.2. Elliptic fibrations and Type III degenerations. The picture for elliptic
fibrations and Type III degenerations of Calabi-Yau threefolds is substantially more
complicated and general results are beyond our existing methods. There are two
main difficulties. Firstly, a given Calabi-Yau may admit many distinct Type III
degenerations and its mirror may have many elliptic fibrations, and it is not easy
to see how these should be matched together. Secondly, it is not straightforward
to compute the filtrations on the elliptic fibration side: the perverse filtration, in
particular, requires detailed geometric knowledge of the singular fibre structure of
the elliptic fibration, which is not readily available in many cases.

In this section we will present an illustrative example in this setting, involving a
Type III degeneration of the quintic threefold and an elliptic fibration on its mirror.
A mirror relationship between this degeneration and fibration was first observed by
Doran, Kostiuk, and You [DKY21l, Section 7], and the geometry of the elliptic
fibration has been well-studied in [DM19] and [DKY21].

6.2.1. A Type III degeneration of the quintic threefold. We begin by constructing a
Type III degeneration of the quintic threefold X5 C P* and computing its filtrations.
This degeneration is a common degeneration of the two Type II degenerations from
Example [6.2} this will be important when we come to study its mirror.
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Consider the degeneration of X5 to a union of two hyperplanes V; and V{ and a
cubic surface V3. To construct such a degeneration, consider the family of threefolds
defined by {ll'q3 = tfs} CP* x A, where [, I, g3, and f5 are generic homogeneous
equations of degrees 1, 1, 3, and 5 in the coordinates of P4, and t is a parameter
on the complex disc A. The central fibre ¢ = 0 consists of two hyperplanes V; :=
{l = 0} and V{ := {I’ = 0} and a cubic threefold V3 := {g3 = 0}. The double
intersection V3 NV/ is a copy of P2, whilst V; N'V3 and V{ N V3 are both isomorphic
to cubic surfaces in P3. Finally, the triple intersection Vi NV{ N V3 is isomorphic to
a cubic curve in P2, which has genus 1.

The fourfold {lI'qgs = tf5} is singular along the curves C; = {il =1' =t = f5 = 0},
which has genus 6, and Co = {i=q3 =t =fs =0} and Cs ={l' = qgs =t = f5 =
0}, which both have genus 31. We resolve these curves of singularities by blowing
up {t = gz = 0} followed by {t = [ = 0} in the ambient space P* x A and taking
the strict transform; the result is a semistable degeneration X — A of Type III,
with general fibre a quintic threefold X5.

The central fibre of this degeneration consists of three components ‘71, ‘71' and
Vg,, which are the strict transforms of V3, V/, and V3 respectively. Vi is isomorphic
to P3 blown up in a curve of genus 6, Vl' is isomorphic to P3, and Vs is isomorphic
to a cubic threefold blown up in two curves of genus 31. The double locus Vin Vl’
is isomorphic to P2, the double locus ‘71’ N Vs is isomorphic to a cubic surface, and
Vin Vs is isomorphic to a cubic surface that has been blown up in 15 points on a
smooth anticanonical curve. The triple locus is a smooth curve of genus 1.

If we let V[ denote the disjoint union of the codimension i components of the
central fibre, then the difficult parts in the spectral sequence for a normal crossing
degeneration can be computed to be:

B2V = R2(Vi) + h*(V)) + h*(Vs) =2+ 1+ 3 =6,
B2V = B3(V1) + R3(V)) + h3(V3) = (0 + 2.6) + 0 + (10 + 2.31 + 2.31) = 146,
R2(VIEY) = R2(Vi n V) + R2(V{ N V3) + R2(ViN V) = 1+ 7+ (7 + 15) = 30.

Computation in this spectral sequence yields the weight filtration in Deligne’s mixed
Hodge structure and, combined with some diagram chasing in the Clemens-Schmid
sequence, we obtain the following mixed Hodge structures (W,, F'*) on the graded
pieces of the filtration P,. The entries in the tables show the dimensions of the
graded pieces Grl Grgv Grlp H*. All other graded pieces of P, are zero.

For the cohomology of X5, with its limiting mixed Hodge structure, the filtrations
are as follows.

Gry HY,(X)||Gry HE, (X) Gry Hif,(X)
M1 o2 3 4
o 2|2 0({1 0o 0 0 O
S S 1126 74 0 0
210 0 74 26 1
310 0 0 0 1

W 4

2|1 3|1

F W6

For the cohomology of X', with Deligne’s mixed Hodge structure, the filtrations
are as follows. The filtrations on H¥ (X) may be obtained from these by Poincaré
duality.
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CGr] HO(X)| |Gy H?(X)|Grs H2(X)|| Grf H3(X)
RO

P 0 FW‘ 2 FW‘ 2 0|1 0 O
01 1]2 1)1 1|1 26 73
210 0 73

Crl H4(X)|Grf HY(X)||CGrg HO(X)|CGrf HO(X)
NG N I IR N

2|2 2 |1 312 311

6.2.2. An elliptic fibration on the mirror quintic threefold. Conjecture .3] predicts
that the mirror quintic threefold Y admits an elliptic fibration whose Hodge, weight,
and perverse Leray filtrations mirror those for the Type III degeneration above. In
this subsection we describe such a fibration and show that it has the required
properties.

The Type III degeneration above occurred as a common degeneration of the
two Tyurin degenerations studied in Example It seems reasonable to expect,
therefore, that the mirror elliptic fibration enjoys some compatibility with the Ms-
and Mjs-polarized K3 surface fibrations studied in that example.

An elliptic fibration with the desired properties has been studied by Doran and
Malmendier [DM19, Section 7.3] and Doran, Kostiuk, and You [DKY21, Section 7].
However, these two descriptions are not immediately compatible: each describes
the fibration on an affine chart in the base of the fibration and the chosen affine
charts are quite different. We opt to use the description from [DKY21l Section 7],
as it makes both of the K3 fibrations readily apparent.

This elliptic fibration is described as follows. There is a family of elliptic curves
with section over P!, with base parameter \, with singular fibres of Kodaira types
I3at A=0,IV  at A\ =00, and I} at A = 3%; [IDKY21] call this the mirror cubic
family. In [DKY21] Section 7], Doran, Kostiuk, and You show that there is an open
set in the quintic mirror threefold Y on which the elliptic fibration is isomorphic
to the family of elliptic curves defined by the pull-back of the mirror cubic family
under the map A? — P! given by

N S

z(1—y)(y — )3
for some constant k.

In this description, lines {z = ¢} C A? (resp. {y = ¢} C A?), for ¢ constant,
define elliptic surfaces in Y with section and singular fibres of Kodaira type IV* at
y = 1 (resp. = 0), type I;2 at infinity, plus an additional 4 x Iy. Such surfaces
are ramified 4-fold covers of the mirror cubic family. Varying c gives two pencils of
Ms-polarized K3 surfaces, defining Ms-polarized K3 fibrations on Y (see [DKY21],
Remark 7.2]; compare also [DM19 Lemma 7.3]).

Moreover, lines {x —y = ¢} C A2, for ¢ constant, define elliptic surfaces in Y’
with section and singular fibres of Kodaira type 2 x IV* at the intersection with
the lines {x = 0} and {y = 1}, type Is at infinity, plus an additional 2 x I;. Such
surfaces are ramified double covers of the mirror cubic family. Varying c gives a
pencil of Mjs-polarized K3 surfaces, defining an Mjs-polarized K3 fibration on Y
(see [IDKY21, Remark 7.2]).

Now we set up our fibration, as in Section Define a base point free linear
system on Y by taking the closure of preimages of general lines from A2Z. This
gives a map 7: Y — B = P2, whose general fibre is an elliptic curve (note that
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the special fibres may be quite unpleasant, even involving components of dimension
2, but this is not forbidden in our construction). We embed P? into itself by the
trivial embedding, so that C' C P? is a general line, and we let Z = 7=}(C) C Y.
It follows from the description above that Z is an elliptic surface with section and
singular fibres of Kodaira types 2 x IV* where C intersects the lines {x = 0} and
{y = 1}, type I 5 at infinity, plus an additional 5 x I;. This surface has topological
Euler characteristic 36 and is a ramified 5-fold cover of the mirror cubic family.

With this information, using Proposition it is straightforward to compute
the mixed Hodge structures (W,, F'*) on the graded pieces of the perverse filtration
P, for the cohomology H*(Z). We obtain the following filtrations.

Gry HY(Z)||Gr] H?(2)|Gry H*(Z)|Gry H*(Z)||Gr) HY(Z)
FW
FW‘ 0 FW‘ 2 0] 2 FW‘ 2 FW‘ 4
01 1)1 1|28 1)1 2 1
2| 2

Proposition 2.16] applied to Y, together with a diagram chase in the localization
exact sequence (Proposition 24 is sufficient to compute most of the structure of
the filtrations on the cohomology of Y and U where, as usual, U :=Y — Z. To com-
plete the computation, it suffices to find the image of the pull-back i*: HY1(Y) —
HY1(Z) appearing in the localization sequence, where i: Z < Y denotes the inclu-
sion.

To compute this image, we use the fact that the structure of the Ms-fibration
on Y is completely understood, by the results of [DHNT16] (see also [DHNT20] for
a generalization of these results). In particular, [DHNT16, Example 3.11] gives the
following set of divisors which generate H1(Y).

(1) A general K3 fibre in the Mas-polarized fibration, corresponding to a line
{x = ¢} C A2, for general c.

(2) 30 divisors are irreducible components of a singular fibre in the Ms-polarized
fibration, corresponding to the line {x = 0} C AZ.

(3) 51 divisors are irreducible components of a semistable singular fibre in the
Mos-polarized fibration, corresponding to the line at infinity.

(4) 19 monodromy invariant divisors arising from the Ms-polarization on a
general fibre. Over Q, the space spanned by these divisors is generated
by irreducible components of the IV* and Iy5 singular fibres in the elliptic
fibration on an Ms-polarized K3 surface, plus the classes of a section and
a fibre; this corresponds to the finite index embedding of the lattice H &
Eg @ Aq1 into My (see, for example, [Sca87, Section 6.3]).

Now we examine how these divisors restrict to Z.

(1) The intersection of C with {z = ¢}, for general ¢, gives a smooth elliptic
fibre in Z. So the class in Hl’l(Y) of a general K3 fibre in the Ms-polarized
fibration restricts to the class of an elliptic fibre in H1(Z).

(2) The intersection of C' with {x = 0} gives a singular fibre of type IV* in
Z and the 30 divisors over {x = 0} in HY!(Y) restrict to the 6 classes in
HY“(Z) coming from the first IV* fibre.

(3) The intersection of C' with the line at infinity gives a singular fibre of type
I15 in Z and the 51 divisors over the line at infinity in H'1(Y) restrict to
the 14 classes in H'1(Z) coming from the I5 fibre.

(4) The 6 monodromy invariant divisors in H%!(Y') coming from components
of the IV* fibre in an Ms-polarized K3 surface lie over the line {y = 1}.
The intersection of C' with {y = 1} gives the second IV* fibre in Z, so these
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6 divisors restrict to the 6 classes in H!(Z) coming from this IV* fibre.
The 12 monodromy invariant divisors in H''1(Y") coming from components
of the I;5 fibre in an Ms-polarized K3 surface all lie over the base point at
infinity of the linear system {a = ¢}, and C does not pass through this point,
so these restrict trivially to H*1(Z). Finally, the 2 monodromy invariant
divisors in H1(Y') coming from a section and fibre in an Ma-polarized K3
surface restrict to a section and fibre of the elliptic fibration on Z; of these
two we already accounted for the fibre in (1), above. Combining everything,
we thus see that the 19 monodromy invariant divisors arising from the M-
polarization restrict to 7 classes on Z that have not already been accounted

for.

Combining all of the above together, we conclude that the image of the pull-back
i*: HY1(Y) — HY1(Z) spans a subspace of H!'!(Z) with dimension 1+6+14+7 =

28.

Using this, together with a diagram chase in the localization exact sequence
(Proposition [Z4]), we can compute the mixed Hodge structures (W,, F'*) on the
graded pieces of the perverse filtration P,. For the cohomology of Y we have the

following.

Gry HO(Y)

Gry H?(Y)

Gr H2(Y)

CGry H2(Y)

Grd H3(Y)

w
F

0 w

01

74 1
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Gry HY(Y)

Gry HY(Y)

Gry HY(Y)

ANE

N

N

2 1

2126

2 |74

Finally, for the compactly supported cohomology of U we have the following
filtrations. The filtrations on the cohomology of U can be obtained from these by
Poincaré-Verdier duality.

Gr) H2(U)
FW 2
173
Gry HA(U)|Gry H}(U)|Gry HA(U)||Gry HS(U)
N N R RE
2 |1 2 |26 2|73 3]1

Comparing to the computation in the previous subsection, one can verify that
Conjecture [4.3] holds in this setting.
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